Ysgol y Creuddyn The Mathematics Department

Applications
Sometimes, the area between a graph and the x—axis has a special meaning.
e In avelocity-time graph, the area between the graph and the x—axis gives the distance travelled.

e In agraph that plots time (in years) against yearly salary, the area between the graph and the x—axis gives

the total earnings.
e Inagraph that plots time (in minutes) against the rate of filling a petrol tank (in litres per minute), the area

between the graph and the x—axis gives the volume of petrol that has been added to the petrol tank.

In general, the area between the graph and the x—axis represents the measure that has unit given by multiplying the
unit on the vertical axis by the unit on the horizontal axis.

Exercise 10 App\y'“"g

The following graph shows the velocity of a car as it travels between Bangor and Caernarfon. @
Velocity-time graph to show the journey of a car travelling between Bangor and Caernarfon

Velocity (mph)
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Use the trapezium rule and the ordinates x = 0, x = 0.1, x = 0.2 and x = 0.3 to estimate the distance that the car

has travelled during this journey.

Exercise 11 @ A graph to show Trefor’s salary during the past 20 years
. Salary (x £1000)
The graph on the right shows how Trefor’s yearly 50«
salary has increased during the past 20 years. N
Use the trapezium rule and the ordinates
x=-20,x=-15,x=-10,x =—-5andx =0 40-r
to estimate Trefor’s total earnings over the past
20 years.
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Exercise 12 (Revision) @

Non conducted an experiment. She used equipment to measure the velocity, v, of an object during the first 10
minutes of the experiment.
The velocity-time graph for the experiment is shown below.

A graph to show the velocity of an object during an experiment
Velocity v (m/minutes)
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(a) Write down the gradient of the curve when the time is 7.6 minutes.
(b) Find an estimate for the acceleration of the object when the time is 4.5 minutes.

(c) Use the trapezium rule and the ordinatest = 0,t = 2,t =4,t = 6,t = 8 and t = 10 to estimate the area
enclosed by the curve, the positive time axis and the line t = 10.

(d) Calculate an estimate of the distance travelled by the object during the first 10 minutes of Non’s experiment,
giving your answer in kilometres.

» Eud\uat‘\on ®
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purther Changing the Supje.,

The purpose of changing the subject is to re-arrange a formula so that a particular variable appears on its own on
the left-hand side of the formula.

Revision
Exercise 13 /@)
(a) Make x the subject of the formula 2y = 3z + 5x (b) Make s the subject of the formula t = %
(c) Make a the subject of the formula F = c(a — b) (d) Make z the subject of the formula g =y
(e) Make r the subject of the formula C = gm‘:“ (f) Make e the subject of the formula g = £ +c

Changing the subject where the subject appears more than once
Example

(a) Make x the subject of the formula 3z + 4x = yx + 6y.

Answer: 3z + 4x = yx + 6y

4x —yx = 6y — 3z [Subtract 3z from both sides; subtract yx from both sides]
x(4—y)=6y—3z [Factorise x on the left-hand side]
6y—3z .. .
=—-— Divide both sides by 4 — ,
4-y [ Y y] @ﬂg 2 3
2x+ 6’368 6
(b) Make x the subject of the formula Y = 2. 72613 iz
3—-5x 247 2
20ty 527\0)
Answer: ——— = 2 “‘45 &,
2x +y = 2(3 - 5x) [Multiply both sides by 3 — 5x] 175
2x+y=6-—10x [Expand the bracket]
2x+10x=6—y [Subtract y from both sides; add 10x to both sides]
12x=6-—y [Collect like terms]
x = 61_—2y [Divide both sides by 12]
Exercise 14 Sh'\“
(a) Make x the subject of the formula 5z + 3x = xz + 3y /@)
\\z

(b) Make y the subject of the formula 5y — 3x = 2y + 3z

4z-5y
6—3z

(c) Make z the subject of the formula =6
(d) Make f the subject of the formula 11f — 1 = 4g(3f + e)
(e) Make f the subject of the formula 7f —5 = 3g(2f + h)

(f) Make k the subject of the formula 5(2k —m) = ck + 5

(g) Make w the subject of the formula 8(w — 3y) = 3(w + 2y)
(h) Make u the subject of the formula % =3z
(i) Make r the subject of the formula 5(r + 3t) = 7(2 — 6r)

(j) Make v the subject of the formula %v + 5w = %(3 —2v)

YulB /adolygumathemateg Page 12
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Example
(a) Make x the subject of the formula z = % + i
Answer: z = = + =
Xy
11 .
o + 5= z [Swap sides]
1 1 1 .
—=z—=- [Subtract — from both sides]
X y y
X = Ll [Take reciprocal of both sides]
R
y
Exercise 15
(a) Make x the subject of the formula z = % - %

(c) Make x the subject of the formula z = y_TW

. a _ b
(e) Make f the subject of the formula YTty

4
x2-p

(g) Make p the subject of the formula g =

(i) Make h the subject of the formula A = nrvh? + r2

(k) Make b the subject of the formulam = %
. _x-np
(m) Make q the subject of the formula y = Nor
(o) Make x the subject of the formula y = x% -5
» puduaton &
Key words Corrections
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(b) Make x the subject of the formulaz =y + \/%

Answer: Z=y+\/%

w

y + ~=z [Swap sides]

\/g =z—y [Subtract y from both sides]
% = (z —y)? [Square both sides]
w=x(z —y)? [Multiply both sides by x]
x(z—y)?=w [Swap sides]

X = # [Divide by (z — y)?]

@

(b) Make x the subject of the formula z = -y

=

(d) Make x the subject of the formulaz =y +

HR

(f) Make p the subject of the formulay = 1_x

p

(h) Make x the subject of the formulaw = /%

(j) Make [ the subject of the formulat = Zn\g

(I) Make y the subject of the formula s = W

x2

(n) Make x the subject of the formula F = -

(p) Make a the subject of the formulaa — b = aT+z

| am happy with... | need to revise...
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Z A A
The Quadratic Formyjq

Factorise using the splitting
method or the detective method

It is possible to solve some quadratic equations by factorisation.

Example

Difference between
two squares ™

Solve the following equations.

(@a)x?+9x+14=0 (b)3x2+13x+4=0 o (c)4x?>—-9=0 O
X2+9x+14=0 3x2+13x+4=0 ° 4x? -9 =0 o
x+2)x+7)=0 Bx+1Dx+4)=0 2x+3)2x—3)=0
Eitherx +2=00rx+7=0 Either3x+1=00rx+4=0 Either2x +3 =00r2x—3 =0
x=-=2 x=-=7 3x=-1 x=-4 2x = =3 2x =3
1 3 3
x=—§ x:—z x:E
Exercise 16
Revision
Solve the following equations. /@>
(@) x?>+10x+24=0 (b) 2x? +21x+40=0 (c)x?—-16=0 Y/
(d)x?+3x—54=0 (e)2x2+7x—15=0 (f)25x2 —-36 =0
(8)x>*—8x+16=10 (h)4x?> —14x +6 =0 ()8y?—-98=0

If we cannot solve a quadratic equation through factorisation, then we can attempt to solve the equation using the
quadratic formula.

002100 04 2 0L 0L 00 N 0D 00 N L 8L .0 S0 N
v °

R

‘&J//\\ i

SN

~

The solutions of ax? + bx + ¢ = O where
a # 0 are given by the quadratic formula

—b +Vb? — 4ac
x:
2a

NAAAAA

A~

=Y

The symbol + means ‘plus or minus’.

If b — 4ac < 0, there are no real solutions.
Round off your answers to 2 decimal places at the end.

A S
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4
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Exercise 17 S\Q'\“

The general form of a quadratic equation is ax? + bx + ¢ = 0. /@)

Write a, b and c¢ for each of the following quadratic equations.

(@Q)x?+3x+7=0 (b)2x2 —8x+11=0 (c)9x2—4=0
(d)5x —3x2+17=0 ()23 +5x+3x%2=0 (f)4x? —3x =0
Example

Using the quadratic formula, solve the equation 5x2 + 10x — 3 = 0.

Answer: In this case, we havea = 5, b = 10 and ¢ = —3.
Substituting these values into the quadratic formula:

_ —b+VbZ-4ac
- 2a
_ —10+V10%2-4x5x-3
- 2X5
_ —10+y/100+60
x= 10
__ —10+v/160
- 10

X

. —10+v160 —-10—/160
Either x = 1—OOFX = T

Eitherx = 0.26to 2 d.p.,,orx = —2.26 to 2 d.p.

Exercise 18

Using the quadratic formula, solve the following equations.
Round off your answers correct to two decimal places.
If there are no real solutions, state this.

(a)x?2+8x+5=0 (b)x>?—8x+5=0 (c)x>+8x—-5=0
(d)x?—8x—-5=0 (e)x?+8x+25=0 (f)2x2+10x+5=0
(g)3x*+8x+1=0 (h)3x2—6x—4=0 ()2x2—-9x+8=0
(2x2+x—-20=0 (k) 7x?>+3x—1=0 ()x?—-2x—-100=0
(m)5x2+11x+3=0 (nN4x2+7x+6=0 (0)4x2—=12+3x=0
Exercise 19

Applyind
The area of the right-angled triangle shown on the right is 45 cm?. /@)

(a) Show that x satisfies the equation x? + 4x — 90 = 0.

(b) Use the quadratic formula to solve the equation

x? + 4x — 90 = 0, giving your answers correct to two decimal places. ¥ ¢M

(c) Using your answer to (b), find the base and height of the triangle.

(d) Calculate the length of the hypoteuse of the triangle. _|
Give your answer correct to one decimal place.
% x+4cm

Challenge! A

Solve the equation 5x3 + 2x2 — 11x = 0

d @minutemaths314 Page 15
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®

Exercise 20

The diagram shows a triangular prism.

The cross-sectional area of the triangular prism is 3x cm? and its length is
(x + 4) cm. The volume of the prism is 89 cm?.

(a) Show that x satisfies the equation 3x2 + 12x — 89 = 0.

(b) Use the formula method to solve the equation 3x% + 12x — 89 = 0, giving your answer correct to one decimal
place. Hence, write the length of the prism correct to one decimal place.

Exercise 21 (2x —3)cm @
The diagram shows a trapezium. ?

The lengths of the parallel sides of the trapezium are 10 cm and (2x — 3) cm. | (4x +6) cm

The height of the trapezium is (4x + 6) cm and its area is 70 cm?. i

(a) Show that 4x? + 20x — 49 = 0. 10 cm

(b) Use the quadratic formula to solve the equation 4x? + 20x — 49 = 0.
Give your answers correct to two decimal places.
Hence, write the height of the trapezium correct to two decimal places.

Exercise 22 @
A length of plastic tube has a uniform circular cross-section. @
! 1
1

The radius of the circular hole in the middle is x cm.
The thickness of the plastic is 3 cm and the length of the plastic tube is 5x cm.

! 1

! 1

! 1

(a) Show that the volume of the plastic used to make the tube is : '
1

(30mx? + 45mx) cm?. ! :

1

! 1
I

(b) Given that the volume of plastic used to make the tube is 88w cm?, -
find the length of the tube correct to one decimal place.

/‘ Evd\ucﬁon .

Key words Corrections | am happy with... I need to revise...

YulB /adolygumathemateg Page 16



Ysgol y Creuddyn

A 4

The Mathematics Department

Ao A

Algebraic Fractiong

Numerical Fractions

In order to be able to work with fractions that include algbebraic expressions, it is a good idea to first revise how to

work with numerical fractions.

Example
. 3.1
Here are two methods of calculating " + p

The Traditional Method

Step 1: Find the lowest common denominator of the
two fractions. Here, the lowest common multiple of 4
and 6is 12.

Step 2: Write equivalent fractions for % and %, using 12 as

the common denominator.
3 x3 9 x 2

—_—
4 12 6 12

|

Step 3: Add the two new fractions.
9 2 11
[PRETIRED

Step 4: Check to see if it is possible to simplify the
answer. (It is not possible in this case.)

Exercise 23

e

Step 1: Draw the following template. (Note that the first
fraction goes on the top and the second fraction goes
on the left.)

y»,
=

The Peanut Method

3 4

Step 2: Fill in the gaps in the table by multiplying the
numbers.

3 4
1 X 4
6 18 24

Step 3: Add the two numbers that form the peanut
shape.

\ 3 4 18+4=22
1 4 -
6 18 24 The answer is a

Step 4: Check to see if it is possible to simplify the
22 . . . . 11
answer. Here, 22 simplifies to give the final answer o

Revision

--—'Cb

Calculate the following. Give your answers in their simplest form.

03+ 043
32 02!

Algebraic Fractions

3 @3+

1

11 1 3
€53 (h25+4;

Algebraic fractions contain at least one numerator or denominator that is an algebraic expression.

. . 3 4 12 4

Examples of numerical fractions — — f— -
4 9 5 5

2 7 1

Examples of algebraic fractions X+ 5 L —
3 x—2 x2+x—1 y

d @minutemaths314
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Example

. 2 3 ) L
Here are two methods of writing Fv— + —— as a single fraction in its simplest form.

x+2
The traditional method

Step 1: Find the lowest common denominator of

3x + 4 and x + 2. Here, the smallest expression that
is a multiple of both 3x + 4 and x + 2 is the product
Bx+4)(x +2).

Step 2: Write equivalent fractions for szﬁ and =

x+2’
with (3x + 4)(x + 2) appearing in the denominator.
2 Xx+2) k2
3x+4 T (B3x+4)(x+2)
3 XBx+4) 3k
X+2 T (Bx+4)(x+2)

Step 3: Add the two new fractions.

2(x+2) 3(3x+4)
(Bx+4)(x+2)  (Bx+4)(x+2)
_ 2(x+2)+3(3x+4)

(Bx+4)(x+2)
_ 2x+4+9x+12

T (3x+4)(x+2)
11x+16

= Gxia)(x+2)

Step 4: Check to see if it is possible to simplify the
answer, e.g. through factorising. (This is not possible
in this case.)

The Mathematics Department

The peanut method

Step 1: Draw the following template. (Note that the first
fraction goes on the top and the second fraction goes on the
left.) | 2 3x + 4
3 X
x+2

Step 2: Fill in the gaps in the table by multiplying the

expressions.
| 2 3x + 4

3 X 33x+4)
x+2|2(x+2) (x+2)3x+4)

Cam 3: Add the two expressions that form the peanut
shape.

2(x+2)+33Bx+4)
=2x+4+9x+ 12
=11x+ 16

11x+16

The answer |sm

Step 4: Check to see if it is possible to simplify the answer,
e.g. through factorising. (This is not possible in this case.)

Exercise 24 Skill
Write each of the following as a single fraction. Give your answers in their simplest form. \| / @
(a) 3x5+2 ﬁ (b) 2x7+3 x% (c) ﬁ + 2x2+7

(d) 3x5+2 + ﬁ (e) 2x7—3 + ﬁ () x_-lrs N 2x2+7

€ s~ s M) 5~ 05+ 5

() ==+ 2= (k) 22— 2= =+ 22

(m)3x:1+2x2—5 ( )XT-I-2+% (O)x%z_l_xTH

P55 (@5 +5 Ub=ts

(5) <+ == M2+ =+

(v) 2;:“-33 B i_:i (w) ;:24 i_i (x) 2x2+1 + 3;:25

v) 42;7 B 2:25 (z) Zxx_+13 + 34x—_x5 (c) 3;:14 B 5);23

YulB /adolygumathemateg Page 18
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Solving Equations involving Algebraic Fractions

One fraction equal to another fraction

Example

" 3x+1

4x(x+5)

3x+1

4x(x+5)=3CBx+1)

4x%2 +20x =9x + 3

4x2 +11x -3 =0
(4x—1Dx+3)=0
Either4x —1=0o0orx+3 =0

1
x=-

Exercise 25

Solve the following equations.

X
@ ==

3

(d) 2(2x—-1) = 3xt2
3x x+4
@i~ =

3x—-2 x—4

The Mathematics Department

Technique: Multiply by
each denominator in
turn.

[Multiply both sides by x + 5] Cﬁ,?

[Multiply both sides by 3x + 1]
[Expand the brackets]
[Subtract 9x from both sides; subtract 3 from both sides]
[Factorise]
[Solve]

s 11
—4 x-3 (c) 2x+3  3x-2
1 3x 2
4x+3  2x49 (f) —x x4
2x+3 ) 5
= =0 () ——5=0
3x+1  x43

Fractions where all the denominators are numbers

Example

2x+3
6

Solve

2x+3
6

Answer:

12 (2x6+3

5

X ==
8

Exercise 26

Solve the following equations.

x+3 2x-5
(a) ==+ =3

2x

(d) 2

x=2
6
2x+5 x—4
€= +=

TikTok

x—1
+ — =
3

)+12(5) =12(3;)
22x+3)+4(x—-1) =7
4x+6+4x—4=7
8x+2=7

8x =25

d @minutemaths314

Technique: Multiply by the
lowest common denominator
of the fractions.

[Multiply each term by 12]
[Simplify]

[Expand the brackets]
[Collect like terms]
[Subtract 2 from both sides]

[Divide both sides by 8]

2x+5 1
=2 (c) == 1
4 4 4 3
x—3 2x-3 x+1 3
(e) 5~ ——-=2 === =3
3x+2 (I) 3x+5 _ Z;x _ 3
4 10 25 5

Page 19
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Example
Technique: Multiply by the lowest
Solve the equation 2x [ x4l _ g common denominator of the fractions.
x+3 2x—-1
Answer: 2% 4341 — 3
x+3 | 2x-1
(x +3)(2x — 1) x % +(x+3)(2x — 1) x Zj =3(x+3)2x—1) [Multiply by (x + 3)(2x — 1)]
Cx—-—12x+(x+3)Bx+1)=3(x+3)2x—-1) [Simplify]
4x% —2x + (3x®> + x + 9x + 3) = 3(2x% — x + 6x — 3) [Expand the brackets]
4x% — 2x + (3x% 4+ 10x + 3) = 3(2x? + 5x — 3) [Collect like terms]
7x%2+8x+3=6x>+15x—9 [Collect like terms; expand)]

x> —7x+12=0

(x—3)(x—4)=0 {}“
Eitherx =3 =0o0rx—4=20

[Subtract 6x? + 15x — 9]
[Factorise]

Solve
x =3 x=4 Hi:g ol
Exercise 27 @
Solve the following equations.
(a)2x2+3+ﬁ=3 (b)%+5§f2=§ (C);sz_x%:6
(d) 3:1 + 2;i3 =5 (e) sziz + 3x3+1 - () i_: + % =2
)52+ 2= 10 =2 02+

Challenge! A

Ava runs a distance of 26 miles at an average speed of x mph.
Delyth runs the same distance at an average speed that is 2 mph slower than Ava.
The difference between their times is exactly 1 hour.

(a) Show that x satisfies the equation x? — 2x — 52 = 0.

(b) Use the quadratic formula to find Ava’s speed.
Give your answer correct to 2 decimal places.

/‘ Evd‘ucﬁon '

Key words Corrections | am happy with... | need to revise...
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Giant Sudoku Puzzle
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A A
DeveloP™ Reflection
A I know I need to Question | Correct
pro NaME: ..o
No® this. revise this. in the in the
Percentage in the test: .................. :_: = test: test?
| know how to draw a tangent to a function and measure its 1
gradient.
| know and can use the definitions for velocity and 1
acceleration.
| know how to find the area between a graph and the x—axis 1
using the trapezium rule.
| know when the area between a graph and the 1
x—axis has a special meaning.
| can change the subject of a formula when the subject appears 5
more than once in the formula.
| can change the subject of a formula in questions involving 34
fractions and roots. !
| can use the quadratic formula to solve quadratic equations. 5,7
| can combine two algebraic fractions to give a single fraction in 7
its simplest form.
| can solve equations that include algebraic fractions. 7,8,9
YulB /adolygumathemateg Page 22
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3-D Trigonometry

2-D Trigonometry (Revision)

~

In mathematics, we worship the King SOHCAHTOA.

opposite _ adjacent _ opposite

Sino = hypotenuse " hypotenuse ~ adjacent

/

Example
Calculate the missing side x or the missing angle 8. (The diagrams are not drawn to scale.)

(a) (b) (c)
42 m Adjacent

L]

23°

a1usoddp

X

4,
N o,
Us,
®

Oppposite

11em  Qpposite

Adjacent

Answer: Label the sides in red. Answer: Label the sides in red. Answer: Label the sides in red.
We know the hypotenuse, and need  We know the adjacent, and need We know the opposite and
to find the opposite: choose to find the hypotenuse: choose adjacent: choose
sinf = opposite cosf = adjacent tan@ = opPosite

hypotenuse hypotenuse adjacent
sin 36° =§ cos23° =22 tan @ =%
x =9 X sin 36° x =4.2 +cos23° 0 = tan~! (%)
x = 5.29 cm to 2 decimal places. x = 4.56 m to 2 decimal places. 6 = 53.97° to 2 decimal places.

x on top of the fraction leads x at the botton of the fraction
to a multiplication sum. leads to a division sum.

& @minutemaths314 Page 3
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Exercise 1 (Revision)
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Calculate the missing side x or the missing angle 8. (The diagrams are not drawn to scale.)

(a) (b)

(c)

Revision

—/@>

19 cm
0 7.3cm
X
7 cm 16 cm
_| 34° 38° |_
X
(d) (e) (f)
6 mm
\‘ / X

3-D Trigonometry

It is possible to use trigonometry to find missing sides and angles in three dimensional shapes.

Example

For the cuboid shown on the right, calculate the size of
the angle ABC.

Answer: To start, let us use Pythagoras’ Theorem to
calculate the length of the diagonal on the base of the
cuboid, which is the diagonal of this rectangle:

g a? 52= 25
§ b?| 8% =+64
JPiad Ln c? 89

8cm

Next, we need to consider the red right-angled triangle
shown on the right.

__ opposite
tand = adjacent
4
tan@ = \[ﬁ
— tan-1 i)
6 = tan ( N

6 = 22.98° to 2 decimal places.

Yo /adolygumathemateg

4 cm

B

\/89 = 9.43 cm to 2 decimal places.

4 cm

8cm

Opposite

Page 4
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Exercise 2

For the following cuboids, calculate the size of the angle ABC.

(a) (b)

Cc
1
1
1
£ e | __JA
(&) //
< ,, (5(\
15}
B 12 cm
Exercise 3

The diagram on the right shows a cuboid.
Calculate the size of the following angles.

(a) ABC
(b) AEC
(c) AFE
(d) GAB
(e) DAH
(f) GDE

Exercise 4

(a) Calculate the size of the angle ABC.

B puoluction

Key words

d @minutemaths314

TikTok

The

Mathematics Department

Corrections

N}/ staill
C
B (@ B
1
A )
£ |
_____________ € [ B
ol .
«~ L7
<& ,‘\@
15m 9.4 mm cv
G
® .
1
1
E : F
|
1
1
1
1
£ 1
o 1
(aV] 1
— 1C D
) __________________________
/, b‘é(\
A 16cm B

| am happy with...

I need to revise...
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The Sine Rule, The Cosine Rule

The Sine Rule and the Cosine Rule are used to calculate the size of angles and sides in triangles that are not right-

angled triangles. c

A general triangle
with sides a, b, ¢
and angles 4, B, C. b

The formulae for

sides are given on

a page 2 of the Unit
3 paper.

Sine Rule for finding sides:

a b _ ¢
sin A sin B sinC

Sine Rule for finding angles:

sinA _ sinB _ sinC
a b

[Take the reciprocal]

Proof (for triangles without an obtuse angle?)

Draw the perpendicular from C to the base AB.
C

A D c B

Using the triangle CDB, sin B = g
sothat h = asinB.

Using the triangle CAD, sinA = %
sothat h = bsinA.

Using the two expressions for the height of the
triangle h, we have asin B = b sin A.

Therefore, 2 = [Divide by sin 4 and sin B]

sin A sinB

It would be possible to repeat the above (“Draw the

perpendicular from A to the base BC..."”) to obtain
.b = _C . We can combine the two formulae that
sinB sinC

use fractions to obtain the Sine Rule:

a b _ ¢

sin A sinB sinC

C B
Cosine Rule for finding sides:
a? = b? + c? — 2bccos A

Cosine Rule for finding angles:

b2+4c2—qa?

he [Re-arrange the formula]

CosA =

Proof (for triangles without an obtuse angle?)

Draw the perpendicular from C to the base AB.

A

Pythagoras’ Theorem for triangle BCD:
a? = (c —x)? + h? sothat h? = a® — (c — x)2.

Pythagoras’ Theorem for triangle ACD:
b? = x? + h? so that h? = b? — x2.

Using the two expressions for h?:
a? — (c —x)? = b? — x?
a? —(c—x)(c —x) = b? — x?
a? —(c?—cx—cx+x?) =b%—x
az—cz+2cx—\v\2=b2—\K2
2

a? =b% +c? - 2cx

2

Using the triangle ACD, cos A = %

so that x = b cos A.
So, a’> = b% + ¢? — 2¢(b cos A) which gives the Cosine Rule

a® = b? + c%? —2bccos A

1Search on the internet for a proof in the case of a triangle that includes an obtuse angle.

Yu® /adolygumathemateg
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The Sine Rule

Example

The Mathematics Department

Calculate the missing side x or the missing angle 6. (The diagrams are not drawn to scale.)

(a)

Answer: To start, label the angles and then the
corresponding sides. Becasuse we want to find the
length of the side x, we write the Sine Rule for
finding sides:

a b _ ¢

sinA ~ sinB _ sinC
We do not know the length of the side ¢ nor the

size of the angle C, so we cross out this fraction
from the formula:

a b \¢
sin A sinB n

By substituting into the two fractions that ae left,
we obtain

x 5

sin57° ~ sin34°

We can solve this equation by multiplying each side
by sin 57°:

5 .
x = ( - ) X sin 57°
sin 34°

x = 7.50 cm to 2 decimal places.

Exercise 5

Answer: To start, label the angles and then the
corresponding sides. Because we want to find the
size of the angle 6, we write the Sine Rule for
finding angles:

sinA _ sinB _ sinC

a b c

We do not know the length of the side b nor the
size of the angle B, so we cross out this fraction
from the formula:

sinA __sinC
a /N ¢

By substituting into the two fractions that ae left,
we obtain

sin125° _ sin@
17 11

We can solve this equation by multiplying each side
by 11:

sin 125°

sin9=( - )><11

. _ ..—1{(sin125°
Sh\“ 0 = sin ((T) X 11)
@ 6 = 32.01° to 2 decimal places.

Calculate the length of the missing side x. (The diagrams are not drawn to scale.)

(a) A7z (b)

7 cm X

48° 37°

(d)

0.8 km

d @minutemaths314

TikTok

X

(c)

9 mm

Page 7
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Exercise 6 @

Calculate the size of the missing angle 6. (The diagrams are not drawn to scale.)

(a)
o 7.3cm
52°
7 cm

(d)

Exercise 7 @

Calculate the missing side x or the missing angle 8. (The diagrams are not drawn to scale.)

(a) (b) (c)

20 km

Exercise 8 @

Calculate the size of each of the missing sides and angles in the following diagrams.

(The diagrams are not drawn to scale.)

14.5cm
24 cm
12 em 28.6 cm

You/adolygumathemateg Page 8
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The Cosine Rule

Example

The Mathematics Department

Calculate the missing side x or the missing angle 6. (The diagrams are not drawn to scale.)

(a) C

A
6cm .

Answer: To start, label the angles and then the
corresponding sides. Because we want to find the
length of the side x, we write the Cosine Rule for
finding sides:

a? = b? + c? — 2bccos A

The formula does not fit the labels we have chosen,
so we change the variables in the Cosine Rule by
cycling around the following circle once.

(v
CF/b
b? =c?+a? —2cacosB

We can now substitute in the values from the
triangle:

x%2 =6%24+5%2—-2x%x6X5Xcos36°

x =V12.45898034

x = 3.53 cm to 2 decimal places.

Exercise 9

A 9cm

Answer: To start, label the angles and then the
corresponding sides. Because we want to find the
size of the angle 8, we write the Cosine Rule for
finding angles:
b%+c?-a?

2bc

CosA =

The formula does not fit the labels we have chosen,
so we change the variables in the Cosine Rule by
cycling around the following circle twice.

[

a?+b?—c?

cosC =
2ab

We can now substitute in the values from the
triangle:

14247292
cosf = ———
2X14x7

0 = cos™! (:—;)

6 = 33.20° to 2 decimal places.

\\lz @

Calculate the length of the missing side x. (The diagrams are not drawn to scale.)

(a) (b)

6 cm X
83m
48°
10cm

d

(d 11 mm
X

19°
12 mm

d @minutemaths314

TikTok
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Exercise 10 @

Calculate the size of the missing angle 6. (The diagrams are not drawn to scale.)

(a) (b)
9cm

(d) 13.6 cm (e)
%

10 cm

1lem 19.4 cm

Exercise 11
Calculate the missing side x or the missing angle 8. (The diagrams are not drawn to scale.)

(a) (b) (c)

5cm
40
X

8
2cm

. 3.7 mm
4.6 mm

10.2cm

(d)

13 mm

4.5 mm

25 mm
Exercise 12

Calculate the size of each of the missing sides and angles in the following diagrams.
(The diagrams are not drawn to scale.)

1.8 cm

(a) (b)
2.6cm
10 em 4.3 cm
9cm
O

Yu{B /adolygumathemateg Page 10
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Sine Rule or Cosine Rule?

The Sine Rule works for any triangle where we know The Cosine Rule works for any triangle where we know
e The lengths of two sides and the size of an angle e The lengths of the three sides
that is not between the two sides e The lengths of two of the sides and the size of
o The length of one side and the size of any two the angle between the sides. E L

angles (because that means in reality we know ——
all three angles). @n oy
Exercise 13 5 E o ot

For the following triangles, decide whether we need to use the Sine Rule or the Cosine Rule to calculate the length of
the missing side x or the size of the missing angle 6.

(a) (b) (c)
78° .
52°
4.2 m
(d) sm =
6m 11m

Exercise 14

For the triangles in Exercise 13, calculate the missing side x or the missing angle 6.
(The diagrams are not drawn to scale.)

Exercise 15 @

The following diagram shows two triangles PQR and PRS with PQ = 24 cm, QR = 18 cm, PQR = 124°, SPR = 36°
and PSR = 112°. 0

Find the length of the side RS.

& @minutemaths314 Page 11
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Exercise 16 (The diagrams are not drawn to scale) % @

(a) (b)

A
82° 353X
7.8cm
D
18.3cm
B
Find the size of the angle CAB. Find the length of the side CD. C
o d
(c) 2 (d)
7.9cm
8.7cm
82°
B D 36cm ¢

Given that BC is a straight edge, find the length AC. Find the size of the angle CDB.

(e) 5 (f)
A E 4cm B

5cm
)
‘0
[¢)
>
D C 8cm D
Find the size of the angle DBC. Given that ABCD is a rectangle, calculate the size of CEB.

Yu{B /adolygumathemateg Page 12
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Exercise 17 (Triangulation of a Mobile Phone Location) @

A
v

o FYTII'EI:_ C
-ianrhos6
O

I:"'; Maklel L4 X (Fea - g i/
R S Al ‘ ik

sV R v

) ST oI s
@'\ 3 Castle ‘.5\_: ST

trems:of) -~

'-:
o (2
Vi i)

&7

i ) . ‘-&.';’/‘/

7 4

d V‘éo ’.-‘-.’ Y R

/ Hendré/Wen ¥ 4 ,<\< EA
Y S a ' Hendré "4 7 S g
-, & L | i, 4. | Qi ds > e

The above map shows the location of three mobile phone masts A, B, C belonging to Vodafone.

(a) Steve’s mobile phone reports that it is exactly 3 km from mast A. Use a compass to plot Steve’s possible locations
on the map.

(b) Steve’s mobile phone also reports that it is exactly 2 km from mast B. Use a compass to find Steve’s two possible
locations.

(c) Given that Steve is around 3 km from mast C, mark Steve’s location on the map with the letter S.
(d) Given that the distance between masts A and B is 4,064 m, find the size of the angle ASB. %

/‘ Eud‘uaﬂon .

Key words Corrections | am happy with... | need to revise...
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A 4 Ao A
Area of a Triangje

The following diagram shows a general triangle with sides a, b, c and angles A, B, C.

C

=

A D c B

Let us draw the perpendicular from the vertex C to the base AB. Using the triangle CAD that is formed, we see that

i h i H . base x heigh
sinA =+, and so h = b sin A. Using the formula Area of a Triangle = Dase x helght

2 7’
Area of a Triangle = cxbsinA This is the
Area of a Triangle = %bc sinA4 version given on
a\/ page 2 of the
Or, changing the variables using Z L Unit 3 paper.
c
Al . 1 .
Area of a Triangle = S acsin B
Area of a Triangle = % absin C
Example
(a) Calculate the area of the triangle below. (b) Given that the area of the triangle below is 27 cm?,
c calculate the length x of the base of the triangle.
C
b 4.7(;:m a
9cm
b 128°
A 34°
52cm ¢ B A X c B
Answer: To start, we label the angles and then the Answer: To start, we label the angles and then the
corresponding sides. Using the formula corresponding sides. Using the formula
Area of a Triangle = %ac sin B Area of a Triangle = %bc sin A
Area of a Triangle = % X 4.7 X 5.2 X sin 34° 27 = % X 9 X x X sin128°
Area of a Triangle = 6.83 cm? to 2 decimal places. 27 X2 =9Xx Xsin128°
.54 —
9xsin 128°

x = 7.61 cm to 2 decimal places.

We can use the formula

Area of a Triangle = % absinC

if we know the length of two of the sides of a triangle, and the size of the angle between the sides.

Yu{B /adolygumathemateg Page 14
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Exercise 18 Skill

Calculate the area of the following triangles. (The diagrams are not drawn to scale.) /

(a) (b) A /
va ~ A

(d) 25.2 cm

31.7cm

Exercise 19

Calculate the length of the missing side x. (The diagrams are not drawn to scale.)

(a) (b) (c)

Area = 25 cm?
Area =16 cm?

3cm

4 36°

(d)

Area =70 m?

Exercise 20 A

140°
8.6 cm 6.7 cm

B

(a) Find the length of the side BC.
(b) Calculate the area of the triangle ABC.
(c) Hence, find the perpendicular distance between A and BC.

& @minutemaths314 Page 15
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Exercise 21 (The diagrams are not drawn to scale.)

(a) Calculate the area of the triangle PQR.

P
9.7cm 21.6cm
0 R

26.3cm

(c) Calculate the area of the quadrilateral ABCD.

ChaIIenge!A

L

Corrections

Evd\uation

»

Key words

Yu® /adolygumathemateg

A A
A
25°
C B B
The area of the segment on the right is 50 cm?.
Calculate the length of the radius of the circle.
‘ ‘

The Mathematics Department

= ©

(b) The following diagram shows the triangle ABC.
A

4
6.2cm

Area
=42.6 cm?

Calculate the length BC. C

(d) Calculate the area of the AB.

| am happy with... | need to revise...
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A 4 A A :
Trigonometric Grapp,

The Unit Circle

Let us consider a unit circle (a circle where the A
radius is 1 unit) where the centre of the circle O is
located at the origin of a set of x and y axes.

If A represents a general point on the circle’s
circumference, let 8 represent the angle between
the radius OA and the positive x—axis. Then

L L L L f\O
© X
e sin@ is the vertical displacement from the -1.25 - —0.75—0.5;8.%&
x—axis to the point 4; '
e cosf is the horizontal displacement from -05
the origin to the x—coordinate of A4; -0.75
e tan @ is the length of the tangent to the
point A, measuring from A to the x—axis.
-1.25
Why is this true?
Let us consider the right-angled triangle OAB to begin with.
. _ ) A
sin@ = opposite cosf = adjacent tan g = opposite
hypotenuse hypotenuse adjacent
sing =22 cosg =2 tan @ = 22
1 1 0B
1 Xxsinf = AB 1 X cosf = 0B tan@zsme
cos @
AB =sin@ . OB = cos @ 0 B
So, the height of the triangle is sinf.  So, the base of the triangle is cos 6.
Next, let us consider the right-angled triangle ABC.
We have BAC = 6 because the triangles 0AB, OAC and ABC are all similar triangles
(they share the same angles). 2
cos 6 = adjacent 2]
hypotenuse
AB
cosf =—
AC
AC X cosO = AB
AB
AC = cos6 B —l ¢
sin 6 .
C= p— [from the triangle OAB] .
But the triangle OAB also tells us that tan 8 = %, so we must have AC = tan 6.
Exercise 22 Skill
Experiment with the unit circle using GeoGebra: https://www.geogebra.org/m/fGsz9sfN /GD

Move the point 4 around the circle.
What happens to the values of sin 8, cos 8 and tan 8 as you move A?
When are sin 6, cos 8 and tan 8 positive, and when are they negative? What are their lowest and highest values?

Write a paragraph summarising your findings.

& @minutemaths314 Page 17
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Exercise 23 @

Use your calculator to complete the following table. Give your answers correct to 4 decimal places.

Angle 6 sin @ cos @ tan @
0° 0

30° 0.8660

60° 1.7321

90°

120° 0.8660

150° —0.8660

180° 0

210°

240° —0.8660

270° 0

300° -1.7321

330°

360° 0

Trigonometric Graphs

y =sin6

1.5

y =sinf

0.5

-450 60 -270 -1 -90 90 18 270 60 450

-1.5-+

Properties

e The greatest amplitude (height) of the graph is 1 unit. The graph varies between -1 and 1.
e The period of the graph is 360°. (The graph repeats every 360°.)

Yu{B /adolygumathemateg Page 18
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y = cosf

1.5

y = cos 6

0.5

-450 -360 -2 -180 90 ] 9 180 70 360 450

D
(o)

-1.5-+

Properties

e The greatest amplitude (height) of the graph is 1 unit. The graph varies between -1 and 1.
e The period of the graph is 360°. (The graph repeats every 360°.)

D>

P 4

B T

180 2 360

o

HESES SN SENSN SNSES i\ BRSNS SNNS SNNSN ANEEN ANy
o
g

T T

[T S T T D . ...
o

|
|
|
|
|
|
|
|
|
|
-4§o -360 -2%0 -180
|
|
|
|
|
|
|
|
i

Properties

e The amplitude (height) of the graph is not defined. The graphs varies between —oo and co.
e The period of the graph is 180°. (The graph repeats every 180°.)
e The graph has asymptotes every 180°, e.g. at —90° or at 90°. y = tan @ is not defined at these angles.

& @minutemaths314 Page 19
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Solving Trigonometric Equations

Example

The following diagram shows a sketch of y = cos x for values of x between 0° and 360°.

1 y
N
05 F
0 107.46° 252.54° > X
¢ y=-0.3 90 360
-0.5 F
107.46° 107.46° .
1 L
Find all the solutions of the following equation between 0° and 360°.
cosx =—0.3
Answer: To begin, draw the horizontal line y = —0.3 on the graph. This line intersects the blue curve at two different

points, so there are two solutions to the equation between 0° and 360°. We can find one of the solutions by using a
calculator:

x = cos™1(—0.3)
x = 107.46° to 2 decimal places

We can find the second solution by using the symmetry of the graph of y = cos x. If 107.46° is a solution, then
360° — 107.46° = 252.54° must also be a solution. So, the answers (to 2 decimal places) are 107.46° and 252.54°.

Exercise 24 N V/ @

The following diagram shows a sketch of y = sin x for values of x between 0° and 360°.

14

0.5

360

1 L

Find all the solutions of the following equation between 0° and 360°.

sinx = 0.75

Yu(B /adolygumathemateg Page 20
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Exercise 25 @

The following diagram shows a sketch of y = tan x for values of x between 0° and 360°.

y
/

180 2 360

_

=
____._.._8_._..___._.._
| NS SN S SN Al i ST SR S ——

o

Find all the solutions of the following equation between 0° and 360°.

tanx =3

Exercise 26 @

The following diagram shows a sketch of y = cos x for values of x between —180° and 180°.

-180

-1

Find all the solutions of the following equation between —180° and 180°.

cosx = —0.8

Exercise 27 @

Use suitable graphs to solve the following trigonometric equations.

(a) sinx = 0.1 between 0° and 360°

(b) cos x = 0.83 between 0° and 360°

(c) tanx = 3.14 between 0° and 360°

(d) sinx = 0.36 between —180° and 180°
(e) cosx = —0.4 between —180° and 180°
(f) tan x = —1.3 between —180° and 180°

& @minutemaths314 Page 21
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n |
Function Transformations @p 'n' ;
L ) .‘. - "

Here are some examples of transformations that use trigonometric functions. 5
(@) y = sin(x) + 3 between —180° and 180°. (b) y = 2 cos(x) between 0° and 360°.
y y
S 3R
Stretch in the
4 2 direction of the
y—axis, scale factor 2.
1 F
2 Translate 0 1 > X
r units up. 1 F
[ 1 sl 1 >|x 2 F
-180 -90 ([ 90 180
-1 3 L
(c) y = tan(x — 45°) between —180° and 180°. (d) y = sin(2x) between 0° and 360°.
y
| | 1> K
! !
| | 1 F
I I
| |
I I 05 F
! !
L 1 : 1 : >| x 0 S5 X
—180/ -90 ! 90 ! 180 (I) 9 80 2 60
I I 0s b
| | e
Translate the |! !
graph 45° to : : -1 F
the right. i I Compress in the direction
1 1 - -
1.5 of the x—axis, scale factor 1.
Exercise 28 @ ’
Draw, on the graph paper provided, graphs for the following functions.
(@) y = cos(x) — 2 between —180° and 180°. (b) y = —3sin(x) between 0° and 360°.
y y
4R 4R
3t 3
2t 2 }
1+ 1 F
[l 1 C 1 >| X 0 L L L >lx
-180 -90 4 (] 90 180 1 (1] 90 180 270 360
2+ 2 F
3+ 3 F
-4k 4 L

Yu(B /adolygumathemateg Page 22
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(c) y = tan(2x) between —180° and 180°. (d) ¥y = cos(x + 45°) between 0° and 360°.
y y
Y/
3| LT
2 |
05 F
1 |
[1 1 C ] >l X 0 1 [ L >l X
-180 20 .0 90 180 ¢ 90 180 270 360
Pl 0.5
3
1k
4-F
-5+= -1.5 +
(e) y = —tan(x) between —180° and 180°. (f) y = sin(—x) between 0° and 360°.
y y
5 A 1.5 A
4}
1 F
3 F
2 F
05 F
1 F
L L C L >l x 0 L L L >l x
-180 -90 1 ()] 90 180 L] 90 180 270 360
EEa 05 |
3} 4l
4--F
5 L 15 L

W pucluction | ¢

Key words Corrections | am happy with... | need to revise...
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A A
\eosurind Reflection
es Name: ......coceviieeeiee e | know | need to Question | Correct
Sha® this. revise this. in the in the
Percentage in the test: .................. :_: = test: test?
| know how to use trigonometry to find angles and lengths in 1
three dimensional shapes.
| know how to use the Sine Rule to find lengths in triangles. 3
| know how to use the Sine Rule to find angles in triangles. 4,7
| know how to use the Cosine Rule to find lengths in triangles. 4
| know how to use the Cosine Rule to find angles in triangles. 2,7
| know when to use the Sine Rule or Cosine Rule to solve 2347
problems. T
| know how to use the formula %ab sin C to find the area of a 237
triangle. T
| know how to find the area of a segment of a circle. 3
| can recognise and sketch the trigonometric graphs 5
y =sinf,y = cosf andy = tan 6.
| can solve trigonometric equations with the help of a 5
trigonometric graph.
| can draw transformations of trigonometric functions. 6
Yu(B /adolygumathemateg Page 24
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A 4 A AU

Contents
Chapter Mathematics Page Number
Trial and Improvement Solving equations using trial and improvement (to the 3

nearest unit; to one decimal place; to two decimal places).
Using the table mode on a calculator.

AER, APR Annual Equivalent Rate (AER). Alternative method of 9
calculating AER. Annual Percentage Rate (APR).

Mopping Topics from the syllabus that have not appeared in 15
previous workbooks.
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A 4 S
1rial and lmprouement

If we cannot solve an equation by algebraic methods, then we can attempt to solve the equation using trial and
improvement.

In this method, we start with a sensible guess for the solution (a trial), and then improve this guess, repeating until
we find the solution to a specified degree of accuracy.

Example ::a
Let us attempt to solve the equation E gj;
x3+4x—-29=0

As we have not seen an equation of this type before (and therefore we do not have an algebraic method of solving
the equation), let us use the trial and improvement method to solve the equation. We will find the solution correct
to the nearest unit and allow ourselves to use a calculator to perform the calculations.

To begin, let us guess that x = 5 is the solution to the equation. To see whether this is correct, we need to substitute
x = 5 into the left-hand side of the equation, and check to see whether we obtain zero.

Buttons to press (Casio fx-83GT CW) Calculator screen

Pd a

CIEEREEECERERR [

The sum gives the answer 116, which is too too high (116 is greater than zero). Therefore, we must trial a number
that is less than 5. Let us try x = 3.

Buttons to press Calculator screen
3 ! 3 orm II: 3 E

The answer is still too high (10 is greater than 0), so we must trial an even smaller number, say x = 2.

]

3*+4x3-29

4

Buttons to press Calculator screen

066 00006000

N |

234+4x2-29

a

This time, we see that the answer is too low (—13 is less than 0), so we can say that the solution to the equation is
between x = 2 and x = 3. Because we have decided to solve the equation to the nearest unit, we must now decide
whether the true solution is closer to x = 2 or to x = 3. It appears that the solution is closer to x = 3 (because 10 is
closer to zero than —13), however this is not sufficient evidence to prove that the solution (to the nearest unit) is

x = 3. Instead, we must consider the number that is half way between 2 and 3 (namely 2.5) and substitute this
number into the left-hand side of the equation.

Calculator screen

v B a

2.5°+4%2,5-29

=3.375

Because —3.375 is less than zero, we can say that the true solution to the equation lies between x = 2.5 and x = 3.
Because every number in this range would round off (to the nearest unit) to be 3, we can now state, without doubt,
that the solution to the equation, to the nearest unit, is x = 3.
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Here’s how to set out the solution in the form of a table.

Trial The value of x3 + 4x — 29 Too high / Too low?
5 116 Too high
3 10 Too high

1 1
1 1
1 1
1 1
1 1
1 1
1 1
: 2 -13 Too low :
: :
1 1
1 1
1 1
: to the nearest unit, the solution to the equationis x = 3. '
1 1

2.5 -3.375 Too low
The solution to the equation is between x = 2.5 and x = 3 so,

Exercise 1

The following equations have a solution between x = 0 and x = 10. /@)

Use the trial and improvement method to find the solution correct to the nearest unit.

(a)x* +8x—15=0 (b) x* —8x —15 =10 O —2c-15=0 N
(d)x%?+7x—100=0 (e)x?*+2x—-50=0 (f)2x®> —11x —80 =0
(g)2x3—2x—15=0 (h) 0.2x3 —10x+4 =0 (i)x*—60x2—14=0

Trial and improvement to one decimal place

Let us return to the previous example of solving the equation x3 + 4x — 29 = 0. We know, from
previous work, that the solution to the nearest unit is x = 3. Let us now find a more detailed solution, E g‘:\?

o

to one decimal place.

From the table on the top of this page, we know that substituting x = 2.5 into the equation gives an answer that is
too low (-3.375 is less than zero). Let us therefore try to substitute a value that is greater than 2.5, let’s say

Calculator screen

& B a

2.7°+ax2.7-29

1.483

As 1.483 is greater than zero, we must trial a number that is less than 2.7, let’s say x = 2.6.

Calculator screen

B B a

2.6°+4x2.6-29

-1.024

Now —1.024 is less than zero, so we can say that the solution lies between x = 2.6 and x = 2.7. As before, we must
now decide whether the solution lies closer to x = 2.6 orto x = 2.7. To do this, we must consider the number that
is half way between 2.6 and 2.7 (namely 2.65) and substitute this number into the left-hand side of the equation.
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Buttons to press Calculator screen

o B i

2.65°+4%2.65-29

0.209625

Because 0.209625 is greater than zero, we can say that the true solution to the equation lies between x = 2.6 and
x = 2.65. Because every number in this range would round off (to one decimal place) to be 2.6, we can now state,
without doubt, that the solution to the equation, correct to one decimal place, is x = 2.6.

Here’s how to set out the solution to this question in the form of a table (continuing the previous work).

to one decimal place, the solution to the equation is x = 2.6.

1 1
! Trial The value of x3 + 4x — 29 Too high / Too low? !
' 5 116 Too high !
' 3 10 Too high !
! 2 -13 Too low !
! 2.5 -3.375 Too low !
! 2.7 1.483 Too high 1
! 2.6 -1.024 Too low :
| :
1 1
1 1
1 1
1 1
1 1
1 1

2.65 0.209625 Too high
The solution to the equation is between x = 2.6 and x = 2.65 so,

We can also show the location of the true solution of the equation on a number line.

2.6 2.65 2.7

Exercise 2

The following equations have a solution between x = 0 and x = 10.
Use the trial and improvement method to find the solution correct to one decimal place.

(a)x3+8x—15=0 (b)x3 —7x—120=0 (c)x3—=3x—-93=0
(d)x3 +3x =15 (e)x?+x—-79=0 (f) x? + 3x = 39
(g)2x3—2x—11=0 (h) 2x(x +5) =110 (i)x*—43x2-25=0

Trial and improvement to two decimal places

Let us again return to the example of solving the equation x3 + 4x — 29 = 0. We know, from previous CE::%
work, that the solution to one decimal place is x = 2.6. Let us now find a more detailed solution, to
two decimal places. E g\t})

From the table on the top of this page, we see that substituting x = 2.65 into the equation gives an answer that is
too high (0.209625 is greater than zero). Let us therefore try to substitute a value that is smaller than 2.65, let’s say
x = 2.64.

Calculator screen

vir B A
2.64°+4x2,64-29

-0.040256

& @minutemaths314 Page 5

TikTok



Ysgol y Creuddyn The Mathematics Department

Now —0.040256 is less than zero, so we can say that the solution lies between x = 2.64 and x = 2.65. As before, we
must now decide whether the solution is closer to x = 2.64 or to x = 2.65. To do this, we must consider the
number that is half way between 2.64 and 2.65 (namely 2.645) and substitute this number into the left-hand side of
the equation.

Buttons to press Calculator screen

(2,0
I E@E

Because 0.084486125 is greater than zero, we can say that the true solution to the equation lies between x = 2.64
and x = 2.645. Because every number in this range would round off (to two decimal places) to be 2.64, we can now
state, without doubt, that the solution to the equation, correct to two decimal places, is x = 2.64.

V& &

2.645°+4x2, 645-29

0.0844B6125

Here’s how to set out the solution to this question in the form of a table (continuing the previous work).

@ 2.645 0.084486125 Too high
The solution to the equation is between x = 2.64 and x = 2.645 so,

to two decimal places, the solution to the equation is x = 2.64.

1 1
! Trial The value of x3 + 4x — 29 Too high / Too low? !
! 5 116 Too high '
! 3 10 Too high !
! 2 -13 Too low !
! 2.5 -3.375 Too low !
1 2.7 1.483 Too high !
i 2.6 -1.024 Too low |
: 2.65 0.209625 Too high :
! 2.64 -0.040256 Too low I
| :
1 1
1 1
1 1
1 1
1 1
1 1

We can also show the location of the true solution of the equation on a number line.

& >

Exercise 3 2.64 2.645 2.65 ORY/

The following equations have a solution between x = 0 and x = 10.
Use the trial and improvement method to find the solution correct to two decimal places.

(a)x3+8x—15=0 (b)x3 —5x—120=0 (c)x3—2x—65=0
(d)x3 + 7x = 24 (e)x?+x—43=0 (f) x? + 6x = 24
(g)2x3—3x—25=0 (h)x(24 + x) = 18 (i)x*—x%2-48=0

Using the ‘Table Mode’

Some scientific calculators have a ‘table mode’ that can be used in the solution of
trial and improvement questions. The advantage of using the table mode is to
eliminate the need for any guessing as it can show us the answer to many trials at
once.

Let us now use the table mode to solve the example from earlier in the chapter, namely to solve the equation
x3 + 4x — 29 = 0 correct to two decimal places.
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Buttons to press (Casio fx-83GT CW)

0] >)
o 6o

B EE)
S ——

Calculator screen Notes
w8 Enter the Table Mode and
f(x)= ) .
start to define the function.
| VYT
O\ 0| O OlIIF=
£ flzn a9lx)
| — - - .
; Finish defining the function.
g£(x} :None
vy
v @
1 * 2z ﬂf%S EERCESR H H
i 3 15| ERmoe Substitute different
3| 2.5|-2.295| ERROR . .
2| m— numbers into the function.
£{(x) None
mciasswig
Continue to enter numbers
v @
d Fealotm| s to solve correct to two
ECT I decimal places. (You can use
g{x> :None the arrows to see the
| lasswiz .
answers in full.)

Exercise 4

H

Trial The value of x3 + 4x — 29 Too high / Too low? :
5 -13 Too low '
3 10 Too high '
2.6 -1.024 Too low !
2.7 1.483 Too high !
2.64 —0.040256 Too low !
2.65 0.209625 Too high !
2.645 0.084486125 Too high 1
I

1

1

1

1

The solution to the equation lies between x = 2.64 and x = 2.645 so,
to two decimal places, the solution to the equation is x = 2.64.

The following equations have a solution between x = 0 and x = 10.
Using the trial and improvement method, and the table mode on your calculator,
find the solution to the required degree of accuracy.

(a)x?—4x—3=0
(b)x3+6x—-31=0
(c)x3+8x—15=0
(d)x2-vV9x—-1=0
(e)x*—63x—17=0

(flx3—6x—19=0

d @minutemaths314
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Exercise 5 5
Applyingd
(a) The length of a cuboid is (x + 2) cm, its width is (x + 1) cm and its height is x cm.

The volume of the cuboid is 140 cm?. % @

X cm

(x+1)cm

(x+2)cm
Calculate the length of the cuboid correct to one decimal place.
(b) Find the whole number that satisfies the equation x3 + 4x = 240.

(c) Huw enters a number into his calculator, before adding the cube of the same number. The calculator screen
shows 190.893. Find the number that Huw initially entered into his calculator. Show your method.

(d) Here is a graph of the equation y = x3 — 7x% + 4x + 3.
y

A

20 A

30

104

oY

-10

-20

-30

-40—

Use the trial and improvement method to find, correct to one decimal place, each of the solutions to the equation
x3—7x>+4x+3=0.

/‘ qu‘uaﬁon .

Key words Corrections | am happy with... | need to revise...
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AER, APR

calculate the interest that is added to the loan or investment. Another factor is important however —

how frequently interest is added. This makes it difficult to directly compare interest rates if the periods E gi;\;
for adding interest are different. For example, consider that you want to invest a sum of money. Which

option is best for you: an interest rate of 4% paid every six months, or an interest rate of 2% paid every quarter? In
order to compare interest rates of this type fairly, we use the special percentages AER and APR.

When borrowing or investing money, it is important to consider the interest rate that is used to {’:ID

(ab) AER = Annual Equivalent Rate (@m))
T F—

AER is used to note the percentage of interest earned in a period of one year. It allows you to compare different
accounts that pay interest at different times, e.g. every month, every quarter, every six months. The following
method for calculating AER is given on page 2 of the examination paper.

S\ T
AER, as a decimal, is calculated using the formula (1 1k i) — 1, where i is the nominal interest@
rate per annum as a decimal and n is the number of compounding periods per annum.
T | —
Note that sometimes the ‘nominal interest rate’ is referred to as the ‘gross interest rate’.
s\ Skill

_-/Q>

Exercise 6

Complete the following table. (The first row has been completed for you.)

Interest rate Number of compounding periods per annum Nominal interest rate per annum
3% 4 12%
1% 2
2.5% 7.5%
12 6%
Example

Calculate the AER for the following two savings accounts: one with an interest rate of 4% paid every six months, and
another with an interest rate of 2% paid every quarter.

Interest rate 4% paid every six months Interest rate 2% paid every quarter
There are 2 compounding periods during the year. There are 4 compounding periods during the year.
The nominal interest rate per annum is 4% x 2 = 8%. The nominal interest rate per annum is 2% x 4 = 8%.
As a decimal, this is 0.08. As a decimal, this is 0.08.
AER—(1+@)2—1 AER—(1+w)4—1
- 2 - 4
AER = 0.0816 AER = 0.08243216
As a percentage, the AER is 8.16%. As a percentage, the AER is 8.24%, correct to 2 decimal
places.

By comparing the two AER values, it is possible to see that the second account (2% interest paid every quarter) is the
better option, as the AER is higher.
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Exercise 7 @

Calculate the AER for the following savings accounts. \| /
(a) An interest rate of 5% paid every six months. (b) An interest rate of 3% paid every quarter.

(c) An interest rate of 7% paid every 4 months. (d) An interest rate of 2% paid every month.

(e) An interest rate of 8.4% paid every quarter. (f) An interest rate of 0.25% paid every quarter.
Example

Susan intends to invest £2,500 into a savings account for one year.
HSBC bank offer a nominal interest rate of 3% a year, with interest paid every quarter.

(a) Calculate the AER for HSBC's account.
(b) If Susan decides to invest her money with HSBC for one year, how much money will be in her account at the end
of the year?

Answer: (a) With interest paid every quarter, there are 4 compounding periods during the year.
0.03\%
AER=(1+27) -1

AER =0.03033919066 ...
AER = 3.03%, to 2 decimal places.

(b) Method 1: Use the AER. Method 2: Use the nominal interest rate.
£2,500 x 103.033919066% = £2,575.85, to the nearest penny. 3% ayear so 3 + 4 = 0.75% a quarter.
£2,500 x 100.75%"* = £2,575.85, to the nearest penny.

Use the percentage _

before rounding off for
) The £2,500 increases by

> 0.75% four times.

an accurate answer. —

Exercise 8

(a) Dave intends to invest £4,000 into a savings account for one
year. Barclays bank offer a nominal interest rate of 2% a year,
with interest to be paid every quarter.

(i) Calculate the AER for Barclays’ account.
(ii) If Dave decides to invest the money with Barclays for one
year, how much money will be in his account at the end of the

year?

(b) Victoria intends to invest £2,500 into a savings account for
one year. HSBC bank offer a nominal interest rate of 5% a year, with interest to be paid every month.

(i) Calculate the AER for HSBC’s account.
(i) If Victoria decides to invest the money with HSBC for one year, how much money will be in her account at the
end of the year?

(c) Which is better: investing money into an account that offers AER at a rate of 4%, or investing money into an
account that offers an interest rate of 1% paid every three months?

(d) Always / sometimes / never: AER is always greater than the nominal interest rate.
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Example

(a) Morgan invests £400 with Barclays bank at an AER of 2.4%.
How much money will Morgan have in the bank after 3 years?

(b) Four years ago, Mari invested a sum of money into HSBC bank at an AER of 4.5%. The money is
now worth £4,000. What is the minimum amount of money that Mari had to invest in order to accomplish this?

Answer: (a) £400 x 102.4%3 = £429.50, to the nearest penny. (b) ? x 104.5%* = £4,000
? = £4,000 + 104.5%*
? = £3,354.25, to the nearest penny.

Exercise 9

(a) Ffion invests £800 into Lloyds bank at an AER of 3.1%.
How much money will Ffion have in the bank after 5 years?

(b) Three years ago, Jac invested a sum of money into
Santander bank at an AER of 2.3%. The money is now worth
£1,400. What is the minimum amount of money that Jac had
to invest in order to accomplish this?

(c) Meical invests £6,500 into Halifax bank at an AER of 1.7%.
How much money will Meical have in the bank after 2 years?

(d) Nine years ago, Catrin invested a sum of money into
Barclays bank at an AER of 6.25%. The money is now worth
£20,000. What is the minimum amount of money that Catrin had to invest in order to accomplish this?

(e) Megan has £5,000 to invest in HSBC bank at an AER of 6.4%. In how many years will Megan’s money be worth
more than £7,0007?

Alternative method of calculating AER

use the following method for calculating AER.

Interest accrued over one year

@ AER = Initial value X 100%
T | —

As well as the method shown on page 2 of a GCSE examination paper, it is possible to 5
(@n))

Example
Calculate the AER for a savings account that offers an interest rate of 4% paid every quarter.

Answer: Imagine that we decide to invest £1,000 into this savings account. After one year, the money will be worth
£1,000 x 104%"* = £1,169.86 (to the nearest penny), so the interest accrued over one year is £169.86 (to the nearest

penny). So, the AER is 116(?(')16 X 100% = 16.99%, to 2 decimal places.
4
(The previous method gives the same answer, as (1 + %) —1=0.16985856 = 16.99%, to 2 decimal places.)

Skill
=l ©

Use the alternative method of calculating AER to calculate the AER for the following savings accounts.

Exercise 10

(a) An interest rate of 5% paid every six months. (b) An interest rate of 3% paid every quarter. \‘ /
(c) An interest rate of 7% paid every 4 months. (d) An interest rate of 2% paid every month.
(e) An interest rate of 8.4% paid every quarter. (f) An interest rate of 0.25% paid every quarter.
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© APR = Annual Percentage Rate (@m)) CE(U_LFH

APR is used to compare accounts where there is a charge for the account, or these are additional
costs associated with the account.

For a savings account,

__ Interest accrued over one year — costs

= 0
@ APR Initial value X 100% @
—
For a borrowing account,
__ Interest accrued over one year + costs o
@ APR = Initial value X 100% @
T ——— —

In most cases, there are no costs associated with a savings account, so the AER and APR rates are equal to each
other. This explains why we see AER rates advertised alongside savings accounts.

In most cases, there are costs associated with a borrowing account, so we must use the APR rate. This explains why
we see APR rates advertised alongside borrowing accounts such as mortgages, credit cards and loans from the bank.

Example

Huw intends to borrow £4,800 from the company Loans4U. The company offers an interest rate of 4% a month, and
charges an annual fee of £150 to use the account.

(a) How much interest will this loan accrue over a period of one year?
(b) Calculate the APR for this loan.

Answer: (a) There are 12 compounding periods during the year. £4,800 x 104%' = £7,684.95, to the nearest penny.
So, £7,684.95 — £4,800 = £2,884.95 of interest is accrued during the year.

Interest accrued over one year + costs

(b) APR = — x 100%
Initial value
_ 2884.95+150 0
APR——800 X 100%
APR = 63.2%, to one decimal place. % Applying

Exercise 11 /QD

(a) Lisa intends to borrow £7,000 from the company BestLoans. The company offers an interest rate of 2% a month,
and charges an annual fee of £200 to use the account.

(i) How much interest will this loan accrue over a period of one year?
(ii) Calculate the APR for this loan.

(b) Deiniol intends to borrow £24,000 from the company LoanKing. The company offers an interest rate of 3% every
six months, and charges a monthly fee of £15 for using the account.

(i) How much interest will this loan accrue over a period of one year?
(i) Calculate the APR for this loan.

(c) Sophie intends to borrow £154,000 from the company MorgaisGorau.
The company offers an interest rate of 0.4% a month, and charges an annual
fee of £300 for using the account.

(i) How much interest will this loan accrue over a period of one year?
(ii) Calculate the APR for this loan.
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Calculate the AER or APR for each of the following situations.

Situation 1: Savings account with no costs.

N
Method 1: Use the formula AER = (1 + ﬁ) -1

Nominal interest rate per annum 3% x 4 = 12%.
0.12\%

ARR=(1+22) -1

AER = 0.12550881 ...

AER = 12.55% to 2 decimal places.

Method 2: Use the formula

Interest accrued over one year

AER =

X 100%

Initial value

Value at the end of the year

= £2,500 x 103%*

= £2,813.77 to the nearest penny.
Interest accrued over one year

= £2,813.77 — £2,500

=£313.77
£313.77
AER = £2.500 X 100%

AER = 12.55% to 2 decimal places.

—
Situation 2: Savings account with costs of £40 a year.

We must use the formula

Interest accrued over one year — costs

APR =

X 100%

Initial value

Value at the end of the year

= £2,500 x 103%*

= £2,813.77 to the nearest penny.
Interest accrued over one year

= £2,813.77 — £2,500

= £313.77
_ £313.77-£40 0
APR = —z500 % 100%

APR = 10.95% to 2 decimal places.

AN

£2,500

Interest rate 3%
every quarter

Situation 3: Borrowing account with no charges.

The calculations are exactly the same as for situation
1. So, the AER is 12.55% to 2 decimal places.

Because there are no costs, the APR is also 12.55% to
2 decimal places.

Situation 4: Borrowing account with costs of
£40 a year.

We must use the formula

__ Interest accrued over one year + costs

APR X 100%

Initial value

Loan at the end of the year

= £2,500 X 103%*

= £2813.77 to the nearest penny.
Interest accrued over one year

= £2,813.77 — £2,500

= £313.77

__ £313.77+£40

APR £2,500

X 100%

APR = 14.15% to 2 decimal places.

d @minutemaths314

TikTok

Page 13



Ysgol y Creuddyn The Mathematics Department

Exercise 12 @

Calculate the AER or APR for each of the following situations. \| V4
(a) An investment of £1,500 into a savings account that offers an interest rate of 2% per quarter.

(b) An investment of £2,400 into a savings account that offers an interest rate of 5% per year and annual
costs of £50.

(c) A loan of £3,500 from an account that offers an interest rate of 3.2% per quarter.
(d) A loan of £15,000 from an account that offers an interest rate of 1.2% per month and annual costs of £150.
(e) A'loan of £140,000 from an account that offers an interest rate of 1.8% per quarter and quarterly costs of £50.

(f) An investment of £250,000 into a savings account that offers an interest rate of 0.4% per month and monthly
costs of £5.

Challenge! A

HSBC’s website shows the following information for a personal loan of £10,000 taken over 12 months.

How much would you like to borrow? Representative example?*
Enter a value between 1,000 and 25,000

GBP 10,000 Total amount payable
GBP 10,340.09

Monthly repayment

|
GBP 861.67

GBP 1,000 GBP 25,000

Over how many months? Representative

Enter a value between 12 and 80 6.4% APR

12|

Interest rate p.a. fixed
6.4%

12 months 60 months

https://www.hsbc.co.uk/loans/products/personal/, 11/05/2025

6.4% of £10,000 is £640. Why is the total amount payable not £10,6407? Investigate...

/‘ qu‘ucﬂon .

Key words Corrections | am happy with... | need to revise...
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Mopping

Here is a collection of questions on topics from the GCSE syllabus that don’t quite fit into any of the previous

workbooks.

Exercise 13 @

(a) Which fraction of 25 is 20? Simplify your answer.

(b) Which percentage of 25 is 20?

Exercise 14 @

Simplify the following algebraic fractions.

4x 4x+6 2x+3 3x+7 2x+3 3x+7 2x+3 3x+7
(a) = (b) = () ==+ = (d) ==+ = (&) == +=

Exercise 15 @

Look at the following line graphs.

Line Graph to show the Line Graph to show the sales of a
temperature in Llandudno sales NEWspaper last week
Temperature (°c) Yesterday afternoon 130,000 &
25 A 125,000
/ 120,000
20 \ /) 115,000 /
110,000
15 105,000 )\ /
100,000
v 95,000 \) (4‘ /
5 90,000 \/
85,000
0 > 80,000 >
Time Day

12:00
13:00
14:00
15:00
16:00
17:00
18:00
Monday
Tuesday
Thursday
Friday
Saturday
Sunday

Wednesday

(a) What was the temperature in Llandudno at 4 o’clock yesterday afternoon?
(b) How many newspapers were sold on Sunday?
(c) The intermediate values in a line graph are the values on the line between any two plotted points.
(i) Do the intermediate values in Llandudno’s temperature graph have any meaning?
(ii) Do the intermediate values in the newspaper sales graph have any meaning?

(d) The owner of the newspaper says “Look! The graph shows there has been an enormous increase in sales over the
weekend.” Explain how the graph could mislead the owner to say this.

(e) List different ways that graphs can mislead people.

& @minutemaths314 Page 15

TikTok



Ysgol y Creuddyn The Mathematics Department

Exercise 16 @

Look at the following scatter diagrams. The first one shows, between 2007 and 2022, how many people named
“Tyler” were born in the USA, against the relative volume of Google searches for “desktop background”. The second
one shows the monetary value of a car against its age, over a 10 year period.

Scatter Diagram for Exercise 16 Scatter Diagram for Exercise 16
. 100 ¢ 25000 &
S A A
S
3 90 } X
& X
& 80 | X 20000 }
X
& X
£ 70 F
0 X “ X
o ©
= 60 | X S 15000
2 X S X
< 50 } c
5 )23< s X x
2 = X
S 40 s 10000 } X
2 £
o 30 o
£ 8 X
s 20 f 5000 } X
(%]
o
w 10 |
(o]
U]
0 1 1 1 >I O 1 1 1 1 1 >I
0 4000 8000 12000 16000 0 2 4 6 8 10 12
Popularity of the first name “Tyler” in the USA Age of the car in years

(a) Which type of correlation is shown in the first scatter diagram (the one on the left)?
(b) Which type of correlation is shown in the second scatter diagram (the one on the right)?

(c) Does the correlation in the first scatter diagram suggest causation? In other words, do you believe that there is
an actual connection between the popularity of the first name “Tyler” and how many people search for “desktop
background” on Google?

(d) Does the correlation in the second scatter diagram suggest causation?

Exercise 17 @
Expand the following algebraic expressions.

(@) (x + 2)(x% + 3) (b) (2x +4)(x* = 3x +5) (c) (6x — 1)(2x% + 7x — 3)

Exercise 18 @

Convert the following units.

(a) 1 m?into cm? (b) 2.4 cm? into mm? (c) 8 km? into m?
(d) 1 m?®into cm? (e) 2.4 cm? into mm?3 (f) 8 km3 into m?3
(g) 5 km?into mm? (h) 9.2 m3 into mm3 (i) 24 mm? into cm?
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Puzzle
The front of the tank below is solid and transparent.

Where will the liquid pour out if it is poured into hole 1?
What about hole 2? Hole 3? Hole 4? Hole 5?

10 20 6 b

"
=y
G

10

-
11 12
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A a4 Ay A
. .
The End Reflection
yeof " Name: ......coceviieeeiee e I kn_ow I n_eed t? Qfxestlon C_orrect
this. revise this. in the in the
4 Percentage in the test: .................. :_: = test: test?
| can use the trial and improvement method to solve equations
correct to the nearest unit; to one decimal place; or to two 1
decimal places.
| can use the trial and improvement method to solve equations,
e.g. find the whole number that satisfies the equation
x3 —2x = 115.
| can calculate the AER for a savings account using the formula
(1+3) -1
n
| can use the AER to calculate how much money is in a savings 534
account, at the end or start of an investment. '
| can calculate the APR for savings or borrowing accounts
where there is an additional charge associated with the 5
account.
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