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What is the work?  Revising how to work with powers and indices. 

   

What is required before 

starting? 
 

GCSE Work: Pythagoras’ Theorem; expansion of brackets; rules of 

indices; surds. 

   

Where does this lead to?  

Unit 1: Special values in trigonometry; logarithm proofs; curve fitting. 

Unit 3: Proof; binomial expansion. 
 

Applications: Electrical engineering; digital signal processing. 

 

 

Welcome to the A Level Mathematics course! During the course you will build on your GCSE studies to solve 

increasingly more complex problems, in and out of context.  
 

Mathematics is the art of changing the complex to the simple. 

 

In studying mathematics at A Level, you will develop your analytical skills and your problem solving skills. These skills 

are valued in the workplace, and are transferable to a number of different areas.  

Exercise 1 

Solve the Sudoku puzzle below. 

 

  4   8 7   2  

 8     4   

  6 3   8  1 

7   1    8  

6 1 2  9 8 7 3 4 

    6   1 9 

1 9 3 4 2 7 5   

8  7  1  3  2 

 2    3    

 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 3 

Exercise 2 

Imagine that you are standing at the seaside and looking out to sea. How far can you see? 

(When does the sea disappear?) 

Next, imagine that you are standing on the top of Yr Wyddfa. How far can you see? Is it 

possible to see Blackpool Tower? 

Here is a method for estimating the distance to the horizon. 

 

 

(a) Use the above instructions to estimate the distance to the horizon if you are standing at the seaside. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

(b) Use the above instructions to estimate the distance to the horizon if you are standing on top of Yr Wyddfa.  

(The height of Yr Wyddfa is 1,085 m.) 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

(c) Is it possible to see Blackpool 

Tower from the top of Yr Wyddfa?  

.................................................................................................. 

.................................................................................................. 

.................................................................................................. 

.................................................................................................. 

.................................................................................................. 

.................................................................................................. 

.................................................................................................. 
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(d) Use the diagram below to explain why the method on the previous page works. 

(You will need to use Pythagoras’ Theorem, and the fact that the radius of the earth is approximately 6,500 km.) 

 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 
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During the course, you will need to use the following rules of indices. 

    𝑛𝑎 × 𝑛𝑏 = 𝑛𝑎+𝑏   𝑛𝑎 ÷ 𝑛𝑏 = 𝑛𝑎−𝑏 =
𝑛𝑎

𝑛𝑏
  

   

𝑛0 = 1     (𝑛𝑎)𝑏 = 𝑛𝑎𝑏 

    (𝑛𝑚)𝑎 = 𝑛𝑎𝑚𝑎    (
𝑛

𝑚
)
𝑎
=

𝑛𝑎

𝑚𝑎 

    𝑛−𝑎 =
1

𝑛𝑎
    (ξ𝑛

𝑏
)
𝑎
= 𝑛

𝑎

𝑏 = ξ𝑛𝑎
𝑏

 

Exercise 3 

Simplify the following. 

(a) 𝑥4 × 𝑥3      (b) 
𝑦12

𝑦2
 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

(c) 𝑧0       (d) (𝑥5)3 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

(e) (𝑥2𝑦)4      (f) (
2

5
)
3
 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

(g) 3−2       (h) 25
1

2 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

(i) 16
3

4       (j) 27−
2

3 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

(k) 
𝑥4×𝑥−2

𝑥−8
      (l) 

2−1

(
1

4
)

1
2

 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

 
GCSE Playlist 
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The following rules build upon the GCSE work on surds. 

ξ𝑛 × ξ𝑛 = 𝑛 

ξ𝑛
𝑎

× ξ𝑚
𝑎

= ξ𝑛𝑚
𝑎

    ξ𝑛
𝑎

÷ ξ𝑚
𝑎

= √
𝑛

𝑚

𝑎
=

ξ𝑛
𝑎

ξ𝑚
𝑎  

Rationalising the denominator: 
𝑎

𝑏ξ𝑐
=

𝑎×ξ𝑐

𝑏ξ𝑐×ξ𝑐
=

𝑎ξ𝑐

𝑏𝑐
,   

𝑎+𝑏ξ𝑐

𝑑+𝑒ඥ𝑓
= (

𝑎+𝑏ξ𝑐

𝑑+𝑒ඥ𝑓
) × (

𝑑−𝑒ඥ𝑓

𝑑−𝑒ඥ𝑓
) 

Example    Exercise 4 

5−2ξ5

3+7ξ10
      Simplify the following. 

= (
5−2ξ5

3+7ξ10
) × (

3−7ξ10

3−7ξ10
)    (a) ξ6 × ξ6 

=
15−35ξ10−6ξ5+14×ξ5×ξ10

9−21ξ10+21ξ10−49×ξ10×ξ10
   ................................................................................................................................................................................................... 

= 
15−35ξ10−6ξ5+14×ξ5×ξ5×ξ2

9−49×10
  (b) ξ5

3
× ξ25

3
 

=
15−35ξ11−6ξ5+14×5×ξ2

−481
   ................................................................................................................................................................................................... 

=
15−35ξ11−6ξ5+70ξ2

−481
    ................................................................................................................................................................................................... 

 

(c) ξ96
5

÷ ξ3
5

      (d) ξ45 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

(e) 
5

ξ2
       (f) 

7+ξ2

3+ξ2
 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

............................................................................................................................. ............. .......................................................................................................................................................... 

 
Simplifying 

Surds 

Expanding 

with Surds 
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(C1 Winter 2005) 
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............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

(C1 Winter 2006) 
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............................................................................................................................. ............................................................................................................................................................................. 
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............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 
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(C1 Summer 2006) 
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(C1 Summer 2005) 
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(C1 Winter 2007) 
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(C1 Summer 2010) 
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(C1 Winter 2010) 
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(C1 Summer 2011) 
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(Unit 1 Summer 2019) 
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(Unit 1 Summer 2018) 
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(C2 Summer 2006) 
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 sin cos tan 

0° 0 1 0 

30° 
1

2
 

√3

2
 

1

√3
 

45° 
1

√2
 

1

√2
 1 

60° √3

2
 

1

2
 √3 

90° 1 0 Not defined 

 

 

The Sine Rule 

𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
 

 

The Cosine Rule 

𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴 

 

Area of a Triangle = 
1

2
𝑎𝑏 sin 𝐶 
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What is the work?  
Introduce the exact values of sin, cos and tan for certain angles.  

Use the sine rule, the cosine rule and the formula for the area of a 

triangle to solve problems. 

   

What is required before 

starting? 
 

GCSE Work: Trigonometry; solving quadratic equations.  

A Level Unit 1: Surds; Trigonometry Part 1. 

   

Where does this lead to?  Applications: Navigation; engineering; programming computer games. 

 

 

Exact Values 

In a question containing a right-angled triangle and angles 30°, 45° or 60°, you are expected to use the exact values 

of sin, cos and tan for these angles. 

 

To begin, consider a right-angled triangle where the length of the shortest sides  

are 1 unit.  

It is possible to use this triangle to calculate the exact values of sin, cos and tan  

for the angle 45°.  

  sin(45°) =
opposite

hypotenuse
  cos(45°) =

adjacent

hypotenuse
 tan(45°) =

opposite

adjacent
 

 sin(45°) =
1

√2
   cos(45°) =

1

√2
  tan(45°) = 1 

 

Next, consider an equilateral triangle where the length of the sides are 2 units.  

By splitting this triangle in half, it is possible to calculate the exact values of  

sin, cos and tan for the angles 30° and 60°. 

 sin(30°) =
opposite

hypotenuse
  cos(30°) =

adjacent

hypotenuse
 tan(30°) =

opposite

adjacent
 

  sin(30°) =
1

2
   cos(30°) =

√3

2
  tan(30°) =

1

√3
 

 

 sin(60°) =
opposite

hypotenuse
  cos(60°) =

adjacent

hypotenuse
 tan(60°) =

opposite

adjacent
 

sin(60°) =
√3

2
   cos(60°) =

1

2
  tan(60°) = √3 

 

  

45° 

45°  

1  

30°  30°  

60°  60°  

2  2  

1  1  
opposite 

ad
ja

ce
n

t 

o
p

p
o

si
te

 

adjacent 

√3 

1  
√2 

o
p

p
o

si
te

 

adjacent 
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Summary 

 sin cos tan 

0° 0 1 0 

30° 
1

2
 

√3

2
 

1

√3
 

45° 
1

√2
 

1

√2
 1 

60° 
√3

2
 

1

2
 √3 

90° 1 0 Not defined 

 

We can find the value of sin, cos and tan for multiplies of the above angles by using the symmetry in the graphs of 

sin, cos and tan. 

Note that the values in the yellow cells are different to the ones shown on your calculator. (Why?) 

Exercise 1 

The diagram on the right shows two connected triangles.  

If the common length of the triangles is 10 cm, calculate the combined 

height of the two triangles. Write your answer as a surd. 
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............................................................................................................................. .................................................................. 

45°  

60°  
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The Sine Rule and the Cosine Rule are used to calculate the size of angles and sides in triangles that are not  

right-angled triangles. 

 

 

 

 

 

 

 

Sine Rule for finding sides:    Cosine Rule for finding sides: 

𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
      𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴 

Sine Rule for finding angles:    Cosine Rule for finding angles: 

sin 𝐴

𝑎
=

sin 𝐵

𝑏
=

sin 𝐶

𝑐
  [Take the reciprocal]  cos 𝐴 =

𝑏2+𝑐2−𝑎2

2𝑏𝑐
 [Re-arrange the formula] 

 

Proof1 (for triangles without an obtuse angle2) Proof1 (for triangles without an obtuse angle2) 

Draw the perpendicular from 𝐶 to the base 𝐴𝐵.  Draw the perpendicular from 𝐶 to the base 𝐴𝐵. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

1 You are not required to memorise this proof. 
2 Search on the internet for a proof in the case of a triangle that includes an obtuse angle. 

𝐴 𝐵 

𝐶 

𝑎 𝑏 

𝑐 

𝐴 𝐵 

𝐶 

𝑎 
𝑏 

𝑐 

ℎ 

𝐴 𝐵 

𝐶 

𝑎 
𝑏 

𝑐 

ℎ 

𝐷 𝐷 

Using the triangle 𝐶𝐷𝐵, sin 𝐵 =
ℎ

𝑎
  

so that ℎ = 𝑎 sin 𝐵. 

Using the triangle 𝐶𝐴𝐷, sin 𝐴 =
ℎ

𝑏
  

so that ℎ = 𝑏 sin 𝐴. 

Using the two expressions for the height of the 

triangle ℎ, we have 𝑎 sin 𝐵 = 𝑏 sin 𝐴. 

Therefore, 
𝑎

sin 𝐴
=

𝑏

sin 𝐵
   [Divide by sin 𝐴 and sin 𝐵] 

It would be possible to repeat the above (“Draw 

the perpendicular from 𝐴 to the base 𝐵𝐶...”) to 

obtain 
𝑏

sin 𝐵
=

𝑐

sin 𝐶
. We can combine the two 

formulae that use fractions to obtain the Sine Rule: 

𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
  

 

Pythagoras’ Theorem for triangle 𝐵𝐶𝐷: 

𝑎2 = (𝑐 − 𝑥)2 + ℎ2 so that ℎ2 = 𝑎2 − (𝑐 − 𝑥)2. 

Pythagoras’ Theorem for triangle 𝐴𝐶𝐷: 

𝑏2 = 𝑥2 + ℎ2 so that ℎ2 = 𝑏2 − 𝑥2. 

Using the two expressions for ℎ2: 

𝑎2 − (𝑐 − 𝑥)2 = 𝑏2 − 𝑥2 

𝑎2 − (𝑐 − 𝑥)(𝑐 − 𝑥) = 𝑏2 − 𝑥2 

𝑎2 − (𝑐2 − 𝑐𝑥 − 𝑐𝑥 + 𝑥2) = 𝑏2 − 𝑥2 

𝑎2 − 𝑐2 + 2𝑐𝑥 − 𝑥2 = 𝑏2 − 𝑥2 

𝑎2 = 𝑏2 + 𝑐2 − 2𝑐𝑥 

Using the triangle 𝐴𝐶𝐷, cos 𝐴 =
𝑥

𝑏
  

so that 𝑥 = 𝑏 cos 𝐴. 

So, 𝑎2 = 𝑏2 + 𝑐2 − 2𝑐(𝑏 cos 𝐴) which gives the Cosine 

Rule 

𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴 

A general triangle 

with sides 𝑎, 𝑏, 𝑐 

and angles 𝐴, 𝐵, 𝐶. 

𝑥 𝑐 − 𝑥 
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The Sine Rule 

Example 1 

Calculate the missing side 𝑥 or the missing angle 𝜃. (The diagrams are not drawn to scale.)  

(a)                  (b) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 2 

Calculate the length 𝑥 in the triangle shown on the right.  

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

Answer: To start, label the angles and then the 

corresponding sides. Becasuse we want to find the 

length of the side 𝑥, we write the Sine Rule for 

finding sides: 

𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
  

We do not know the length of the side 𝑐 nor the 

size of the angle 𝐶, so we cross out this fraction 

from the formula: 

𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
  

By substituting into the two fractions that ae left, 

we obtain 

𝑥

sin 57°
=

5

sin 34°
  

We can solve this equation by multiplying each side 

by sin 57°: 

 𝑥 = (
5

sin 34°
) × sin 57°  

 𝑥 = 7.50 cm to 2 decimal places. 

Answer: To start, label the angles and then the 

corresponding sides. Because we want to find the 

size of the angle 𝜃, we write the Sine Rule for 

finding angles: 

sin 𝐴

𝑎
=

sin 𝐵

𝑏
=

sin 𝐶

𝑐
  

We do not know the length of the side 𝑏 nor the 

size of the angle 𝐵, so we cross out this fraction 

from the formula: 

sin 𝐴

𝑎
=

sin 𝐵

𝑏
=

sin 𝐶

𝑐
  

By substituting into the two fractions that ae left, 

we obtain 

sin 125°

17
=

sin 𝜃

11
  

We can solve this equation by multiplying each side 

by 11: 

   sin 𝜃 = (
sin 125°

17
) × 11 

   𝜃 = sin−1 ((
sin 125°

17
) × 11) 

   𝜃 = 32.01° to 2 decimal places. 

𝐶 

5 cm 𝑥 

34° 57° 

𝜃 

125° 

17 cm 

11 cm 

𝐶 

𝐵 𝐵 𝐴 𝐴 

𝑎 𝑎 𝑏 𝑏 

𝑐 𝑐 

𝑥 

80° 60° 

7.2 cm 
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The Cosine Rule 

Example 2 

Calculate the missing side 𝑥 or the missing angle 𝜃. (The diagrams are not drawn to scale.)   

(a)                  (b) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 3 

Calculate the size of the angle 𝜃 in the triangle on the right.  

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

............................................................................................................................. .................................................................. 

Answer: To start, label the angles and then the 

corresponding sides. Because we want to find the 

length of the side 𝑥, we write the Cosine Rule for 

finding sides: 

𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴  

The formula does not fit the labels we have chosen, 

so we change the variables in the Cosine Rule by 

cycling around the following circle once. 

 

 

𝑏2 = 𝑐2 + 𝑎2 − 2𝑐𝑎 cos 𝐵 

We can now substitute in the values from the 

triangle: 

𝑥2 = 62 + 52 − 2 × 6 × 5 × cos 36° 

𝑥 = √12.45898034 

𝑥 = 3.53 cm to 2 decimal places. 

 

Answer: To start, label the angles and then the 

corresponding sides. Because we want to find the 

size of the angle 𝜃, we write the Cosine Rule for 

finding angles: 

cos 𝐴 =
𝑏2+𝑐2−𝑎2

2𝑏𝑐
  

The formula does not fit the labels we have chosen, 

so we change the variables in the Cosine Rule by 

cycling around the following circle twice. 

 

 

 

cos 𝐶 =
𝑎2+𝑏2−𝑐2

2𝑎𝑏
  

We can now substitute in the values from the 

triangle: 

 cos 𝜃 =
142+72−92

2×14×7
 

 𝜃 = cos−1 (
41

49
) 

 𝜃 = 33.20° to 2 decimal places. 

5 cm 
𝑥 

36° 

𝜃 
14 cm 

9 cm 

𝐶 
𝐶 

𝐵 𝐵 𝐴 𝐴 

𝑎 𝑎 

𝑏 
𝑏 

𝑐 𝑐 6 cm 

𝑎 

𝑏 𝑐 

7 cm 

𝑎 

𝑏 𝑐 

𝜃 

7 cm 

4 cm 

8 cm 
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Sine Rule or Cosine Rule?  

We know: 
We want to 

find: 

Sine Rule or 

Cosine Rule? 
Examples 

Three of the 

four values in 

two pairs of 

corresponding 

sides/angles. 

The missing 

angle or side in 

the two pairs. 

The Sine Rule. 

 

(a)                                (b) 

Two sides and 

the angle 

between the 

sides. 

The side 

opposite the 

known angle. 

The Cosine 

Rule. 

 

(c) 

All the sides. Any angle. 
The Cosine 

Rule. 

 

(d) 

Two sides and 

an angle that is 

not between the 

sides. 

The other side. 

The Sine Rule 

twice (easier), 

or the Cosine 

Rule (harder). 

 

(e) 

 

Exercise 4 

Calculate the missing side 𝑥 or the missing angle 𝜃 in the above triangles. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

5 cm 
𝑥 

62° 
16° 

4.9 m 
3.2 m 76° 

𝑥 

8 cm 
4 cm 𝜃 

10 cm 

9 km 
5.3 km 

75° 

𝑥 

7 cm 

6 cm 53° 

𝜃 
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The Sine Rule: the ambiguous case 

Sometimes, it is possible to find two different angles for a missing angle using the Sine Rule.  

This is because the sin ratio is positive for angles between 0° and 180°, so there are two different answers to the 

equation sin 𝜃 = 𝑥 when 𝑥 is positive. 

Example 3 

In a triangle 𝐴𝐵𝐶, given that 𝐴𝐵 = 5 cm, 𝐵𝐶 = 4 cm and 𝐵𝐴̂𝐶 = 38°, what are the possible values of 𝐴𝐶̂𝐵? 

Looking at the diagram on the right, 𝐶 lies somewhere on the horizontal line. 

Using the Sine Rule,  
sin 𝐴

𝑎
=

sin 𝐵

𝑏
=

sin 𝐶

𝑐
  

sin 38°

4
=

sin 𝐶

5
  

sin 𝐶 = 5 ×
sin 38°

4
  

𝐶 = sin−1 (5 ×
sin 38°

4
)  

Either 𝐶 = 50.32° or 𝐶 = 129.68° (to 2 decimal places). 

Exercise 5 

The triangle 𝐴𝐵𝐶 is such that 𝐴𝐵 = 12 cm, 𝐵𝐶 = 10 cm and 𝐶𝐴̂𝐵 = 43°.  

Find the possible values of 𝐵𝐶̂𝐴 and 𝐴𝐵̂𝐶. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

𝐵 

5 cm 

38° 

𝐴 𝐶? 𝐶? 

4 cm 
4 cm 

S A 

T C 

 

50.32° 50.32° 
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Area of a Triangle 

The following diagram shows a general triangle with sides 𝑎, 𝑏, 𝑐 and angles 𝐴, 𝐵, 𝐶.  

 

 

 

 

 

Let us draw the perpendicular from the vertex 𝐶 to the base 𝐴𝐵. Using the triangle 𝐶𝐴𝐷 that is formed, we see that 

sin 𝐴 =
ℎ

𝑏
, and so ℎ = 𝑏 sin 𝐴. Using the formula Area of a Triangle =

base × height

2
, 

Area of a Triangle =
𝑐×𝑏 sin 𝐴

2
 

Area of a Triangle = 
1

2
𝑏𝑐 sin 𝐴 

Or, changing the variables using                 , 

 Area of a Triangle = 
1

2
𝑎𝑐 sin 𝐵 

Area of a Triangle = 
1

2
𝑎𝑏 sin 𝐶 

Example 4 

(a) Calculate the area of the triangle below.           (b) Given that the area of the triangle below is 27 cm², 

                 (b) calculate the length 𝑥 of the base of the triangle.  

 

 

 

 

 

 

 

 

 

 

 

 

We can use the formula 

Area of a Triangle = 
1

2
𝑎𝑏 sin 𝐶 

if we know the length of two of the sides of a triangle, and the size of the angle between the sides. 

 

 

𝐴 𝐵 

𝐶 

𝑎 
𝑏 

𝑐 

ℎ 

𝐷 

𝑎 

𝑏 𝑐 

Answer: To start, we label the angles and then the 

corresponding sides. Using the formula 

      Area of a Triangle = 
1

2
𝑎𝑐 sin 𝐵 

      Area of a Triangle =
1

2
× 4.7 × 5.2 × sin 34° 

      Area of a Triangle = 6.83 cm² to 2 decimal places. 

 

Answer: To start, we label the angles and then the 

corresponding sides. Using the formula 

Area of a Triangle =
1

2
𝑏𝑐 sin 𝐴 

  27 =
1

2
× 9 × 𝑥 × sin 128°  

  27 × 2 = 9 × 𝑥 × sin 128°  

  
54

9×sin 128°
= 𝑥 

 𝑥 = 7.61 cm to 2 decimal places. 

 

9 cm 

𝐶 

𝐵 
𝐴 

𝑎 

𝑏 

𝑐 

4.7 cm 

34° 

𝐶 

𝐵 𝐴 

𝑎 𝑏 

𝑐 5.2 cm 

128° 

𝑥 
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What is the work?  
Understand and use the two forms of the equation of a circle. 

Find the equation of a particular tangent to a circle. 

   

What is required before 

starting? 
 

GCSE Work: Pythagoras’ theorem; trigonometry.  

A Level Unit 1: Cartesian coordinate geometry; completing the 

square. 

   

Where does this lead to?  
Further Maths Unit 1: Complex transformations. 
 

Applications: Mechanical engineering; astronomy; architecture. 

 

 

Equation of a circle 

There are two ways of writing the equation of a 

circle. 

(1) ሺ𝑥 − 𝑎ሻ2 + ሺ𝑦 − 𝑏ሻ2 = 𝑟2 

The equation of a circle with radius 𝑟 and 

centre ሺ𝑎,  𝑏ሻ.  
This is a special case of Pythagoras’ 

theorem.  

 

(2) 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0  

The general equation of a circle with 

centre ሺ−𝑔,−𝑓ሻ and radius √𝑔2 + 𝑓2 − 𝑐. 

 

It is possible to show that these two ways are 

equivalent: 

Start with method (2): 

𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0  

Completing the square: 

ሺ𝑥 + 𝑔ሻ2 − 𝑔2 + ሺ𝑦 + 𝑓ሻ2 − 𝑓2 + 𝑐 = 0  

Re-arrange: 

ሺ𝑥 + 𝑔ሻ2 + ሺ𝑦 + 𝑓ሻ2 = 𝑔2 + 𝑓2 − 𝑐  

Comparing with ሺ𝑥 − 𝑎ሻ2 + ሺ𝑦 − 𝑏ሻ2 = 𝑟2: 

𝑔 = −𝑎     𝑓 = −𝑏    𝑔2 + 𝑓2 − 𝑐 = 𝑟2  

−𝑎 = 𝑔     −𝑏 = 𝑓    𝑟2 = 𝑔2 + 𝑓2 − 𝑐 

𝑎 = −𝑔     𝑏 = −𝑓    𝑟 = √𝑔2 + 𝑓2 − 𝑐 

         (take the positive root as we have a radius here) 
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Exercise 1 

Complete the following table to find the centre and the radius of each circle. 

Circle Centre Radius 

ሺ𝑥 − 3ሻ2 + ሺ𝑦 + 7ሻ2 = 25   

ሺ𝑥 + 8ሻ2 + ሺ𝑦 − 4ሻ2 = 20   

ሺ𝑥 − 2ሻ2 + ሺ𝑦 + 11ሻ2 = 49   

𝑥2 + 𝑦2 = 144   

𝑥2 + 𝑦2 + 6𝑥 + 2𝑦 − 6 = 0   

𝑥2 + 𝑦2 + 14𝑥 − 4𝑦 − 5 = 0   

2𝑥2 + 2𝑦2 − 24𝑥 + 16𝑦 + 6 = 0   

𝑥2 + 𝑦2 + 7𝑦 + 3.25 = 0   

 

Intersecting circles  

Consider the two circles 𝐶1 and 𝐶2 with radii 𝑟1 and 𝑟2, respectively.  

Let 𝑝 represent the distance between the centre of 𝐶1 and the centre of 𝐶2.  

• If 𝐶1 and 𝐶2 intersect at two distinct points, then 𝑝 < 𝑟1 + 𝑟2. 

 

• If 𝐶1 and 𝐶2 meet at one point only, then either 𝑝 = 𝑟1 + 𝑟2 (they touch externally)  

If 𝐶1 and 𝐶2 meet at one point only, then or 𝑝 = |𝑟1 − 𝑟2| (they touch internally).  

(|𝑟1 − 𝑟2| is the positive difference between the radii.) 

 

• If 𝐶1 and 𝐶2 do not intersect, then either 𝑝 > 𝑟1 + 𝑟2 (separate circles)  

If 𝐶1 and 𝐶2 do not intersect, then either or 𝑝 < |𝑟1 − 𝑟2| (one circle within another).  

You may explore these relationships on the GeoGebra website. 

Circle Theorems  

The following circle theorems (from GCSE work) can appear in the work on the equation of a circle.  

• The angle in a semicircle is a right angle. 

• The perpendicular from the centre to a chord bisects the chord. 

• The radius of a circle at a given point on its circumference is perpendicular to the tangent to the circle at that 

point.  

 

 

           

 

  

https://www.geogebra.org/m/gpPhx6B3
https://www.geogebra.org/m/aBB3qZC6
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Equation of the tangent 

Let 𝑃 = ሺ𝑐, 𝑑ሻ be a point on a circle with centre 𝐶 = ሺ𝑎, 𝑏ሻ. 

• The gradient of the radius 𝑃𝐶 is 
𝑦2−𝑦1

𝑥2−𝑥1
=

𝑏−𝑑

𝑎−𝑐
. 

• Radius and tangent meet at a right angle, so the gradient of the tangent to the 

circle at the point 𝑃 is −
𝑎−𝑐

𝑏−𝑑
. 

• The equation of the tangent to the circle at the point 𝑃 is 𝑦 − 𝑦1 = 𝑚ሺ𝑥 − 𝑥1ሻ 

          𝑦 − 𝑑 = −
𝑎−𝑐

𝑏−𝑑
ሺ𝑥 − 𝑐ሻ. 

Example (C2 Summer 2005) 

The circle 𝐶 is given by the equation  

𝑥2 + 𝑦2 − 8𝑥 + 4𝑦 − 5 = 0. 
 

(a) Find the radius and the coordinates of the centre of 𝐶. 

(b) (i) Show that 𝑃ሺ1,−6ሻ lies on 𝐶. 
 

(b) (ii) Find the equation of the tangent to 𝐶 at 𝑃. 

Answer:  (a) Method 1: Completing the square.  Method 2: Comparing to 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. 

ሺ𝑥 − 4ሻ2 − 42 + ሺ𝑦 + 2ሻ2 − 22 − 5 = 0 2𝑔 = −8,    2𝑓 = 4,     𝑐 = −5  

ሺ𝑥 − 4ሻ2 − 16 + ሺ𝑦 + 2ሻ2 − 4 − 5 = 0    𝑔 = −4       𝑓 = 2  

ሺ𝑥 − 4ሻ2 + ሺ𝑦 + 2ሻ2 = 4 + 5 + 16  Radius 𝐶 = √𝑔2 + 𝑓2 − 𝑐  

ሺ𝑥 − 4ሻ2 + ሺ𝑦 + 2ሻ2 = 25   Radius 𝐶 = √ሺ−4ሻ2 + 22 −−5  

Comparing to ሺ𝑥 − 𝑎ሻ2 + ሺ𝑦 − 𝑏ሻ2 = 𝑟2, Radius 𝐶 = √16 + 4 + 5  

Radius 𝐶 = √25    Radius 𝐶 = √25  

Radius 𝐶 = 5     Radius 𝐶 = 5       

Centre coordinate 𝐶 = ሺ𝑎, 𝑏ሻ   Centre coordinate 𝐶 = ሺ−𝑔, −𝑓ሻ 

Centre coordinate 𝐶 = ሺ4,−2ሻ   Centre coordinate 𝐶 = ሺ4,−2ሻ 

(b) (i) Substituting 𝑥 = 1, 𝑦 = −6 into the left-hand side of the equation of the circle: 

12 + ሺ−6ሻ2 − 8ሺ1ሻ + 4ሺ−6ሻ − 5 

= 1 + 36 − 8 − 24 − 5 

= 0 

So, ሺ1, −6ሻ is on 𝐶. 

(ii) The gradient of the radius from ሺ4, −2ሻ to ሺ1, −6ሻ is 

𝑦2−𝑦1

𝑥2−𝑥1
=

−6−−2

1−4
  

𝑦2−𝑦1

𝑥2−𝑥1
=

−4

−3
  

𝑦2−𝑦1

𝑥2−𝑥1
=

4

3
  

So, the gradient of the tangent is −
3

4
 (which is the negative of the reciprocal). 

  Equation of the tangent:  𝑦 − 𝑦1 = 𝑚ሺ𝑥 − 𝑥1ሻ 

       𝑦 − −6 = −
3

4
ሺ𝑥 − 1ሻ 

       𝑦 + 6 = −
3

4
𝑥 +

3

4
 

          𝑦 = −
3

4
𝑥 −

21

4
  

𝑃 = ሺ𝑐, 𝑑ሻ 

𝐶 = ሺ𝑎, 𝑏ሻ 

 
Theory 

 

https://www.geogebra.org/m/W7Pby5sd
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What is the work?  Factorising and solving cubic equations by dividing out a known factor. 

   

What is required before 

starting? 
 GCSE Work: Substitution; solving quadratic equations. 

   

Where does this lead to?  
Unit 3: Simplifying rational expressions. 
 

Applications: Drawing shapes on a computer using Bezier curves. 

 

 

Algebraic Division 

What is 14 ÷ 5? One way of writing the answer is 14 ÷ 5 = 2 remainder 4, because 14 = (2 × 5) + 4. 

We can express algebraic division sums in a similar fashion, with the division performed using a division frame. 

Example 1 

(5𝑥3 + 8𝑥2 − 6𝑥 + 3) ÷ (𝑥 − 2)  

      5𝑥3 + 15𝑥2 + 18𝑥 + 30 

               𝑥 − 2 5𝑥3 + 18𝑥2 − 16𝑥 + 13 

        5𝑥3 − 10𝑥2 

        5𝑥3 + 18𝑥2 − 16𝑥 + 13 

        5𝑥3 + 18𝑥2 − 36𝑥 

       5𝑥3 + 18𝑥2 + 30𝑥 + 13 

      5𝑥3 + 18𝑥2 + 30𝑥 − 60 

      5𝑥3 + 18𝑥2 + 30𝑥 + 63 

So, (5𝑥3 + 8𝑥2 − 6𝑥 + 3) ÷ (𝑥 − 2) = 5𝑥2 + 18𝑥 + 30 remainder 63, or  

5𝑥3 + 8𝑥2 − 6𝑥 + 3 = (5𝑥2 + 18𝑥 + 30)(𝑥 − 2) + 63 

We can use the Remainder Theorem to find the remainder quickly. 

When a polynomial 𝑓(𝑥) is divided by an expression of the form  

𝑥 − 𝑎, where 𝑎 is a constant, the remainder is 𝑓(𝑎). 

 

So, in the above example, the remainder when 𝑓(𝑥) = 5𝑥3 + 8𝑥2 − 6𝑥 + 3 is divided by 𝑥 − 2 is 𝑓(2), which is 

5 × 23 + 8 × 22 − 6 × 2 + 3 = 63 

 

 
Explanation 
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Exercise 1 

Find the remainder when 4𝑥3 − 7𝑥2 + 9𝑥 − 1 is divided by 𝑥 + 3, 

(a) using a division frame; 

(b) using the Remainder Theorem. 
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The Factor Theorem 

(a) The polynomial 𝑥 − 𝑎 is a factor of the polynomial 𝑓(𝑥) if 𝑓(𝑎) = 0. 

(b) If 𝑓(𝑎) = 0, then the polynomial 𝑥 − 𝑎 is a factor of the polynomial 𝑓(𝑥). 

 

Example 2 

(a) The polynomial 𝑥 + 5 is a factor of the polynomial 2𝑥2 − 8𝑥 − 10 because 

𝑓(−5) = 2(−5)2 − 8(−5) − 10 

𝑓(−5) = 0 

(b) The polynomial 𝑥 − 3 is not a factor of the polynomial 2𝑥3 + 9𝑥2 − 11𝑥 − 30 because 

𝑓(3) = 2(3)3 + 9(3)2 − 11(3) − 30 

𝑓(3) = 72 

𝑓(3) ≠ 0 

Exercise 2 

(a) Is the polynomial 𝑥 − 4 a factor of the polynomial 3𝑥2 + 5𝑥 − 28? 

(b) Is the polynomial 𝑥 + 2 a factor of the polynomial 𝑥3 + 5𝑥2 + 6𝑥? 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 4 

Solving Cubic Equations 

In order to solve a cubic equation such as 2𝑥3 + 3𝑥2 − 45𝑥 + 54 = 0, 

(a) Use the Factor Theorem to find one of the factors of the polynomial.  

(The table mode on your calculator will be useful for this.) 

(b) Divide out the factor using a division frame, so that the cubic expression may be written as a product of a 

quadratic expression by a linear expression. 

(c) Solve the new equation by using techniques from the GCSE course. 

Example 3 

Solve the cubic equation 2𝑥3 + 3𝑥2 − 45𝑥 + 54 = 0. 

Answer: To begin, use the table mode on a calculator to substitute different values into  

2𝑥3 + 3𝑥2 − 45𝑥 + 54. 

𝑥 −5 −4 −3 −2 −1 0 1 2 3 4 5 

2𝑥3 + 3𝑥2 − 45𝑥 + 54 104 154 162 140 100 54 14 −8 0 50 154 
 

Because substituting 𝑥 = 3 into the polynomial gives the answer 0, we can say that 𝑥 − 3 is a factor of the 

polynomial. We can divide out this factor by using a division frame: 

      2𝑥3 + 2𝑥2 + 19𝑥 − 18 

               𝑥 − 3 2𝑥3 + 3𝑥2 − 45𝑥 + 54 

        2𝑥3 − 6𝑥2 

        2𝑥3 + 9𝑥2 − 45𝑥 + 54 

        2𝑥3 + 9𝑥2 − 27𝑥 

       2𝑥3 + 9𝑥2 − 18𝑥 + 54 

       2𝑥3 + 9𝑥2 − 18𝑥 + 54 

      2𝑥3 + 9𝑥2 − 18𝑥 + 50 

So, it is possible to rewrite the original equation 2𝑥3 + 3𝑥2 − 45𝑥 + 54 = 0 as 

(𝑥 − 3)(2𝑥2 + 9𝑥 − 18) = 0. 

We can use GCSE techniques to factorise the quadratic expression 2𝑥2 + 9𝑥 − 18: 

2 × −18 = −36 

2𝑥2 + 12𝑥 − 3𝑥 − 18 

= 2𝑥(𝑥 + 6) − 3(𝑥 + 6) 

= (𝑥 + 6)(2𝑥 − 3) 

It is now possible to solve the original equation: 

(𝑥 − 3)(2𝑥2 + 9𝑥 − 18) = 0 

(𝑥 − 3)(𝑥 + 6)(2𝑥 − 3) = 0 

     Either 𝑥 − 3 = 0 or 𝑥 + 6 = 0 or 2𝑥 − 3 = 0 

                      𝑥 = 3            𝑥 = −6         2𝑥 = 3 

          𝑥 =
3

2
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