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What is the work?  
Understanding the purpose of logarithms, and their use in solving 

equations. 

   

What is required before 

starting? 
 GCSE Work: Solving equations; rules of indices. 

   

Where does this lead to?  

Unit 1: Curve fitting. 
 

Applications: Measuring the magnitude of an earthquake; calculating 

the time taken to repay a loan; finding population growth. 

 

 

The meaning of a logarithm 

Consider the sum 23 = 8. To undo this sum, at GCSE level we have been taking the cube root of 8, to go back to 

the base 2. Now in the A Level course, we introduce another way of undoing the sum, to go back to the power 3. 

The technique to go back to the power 3 is to take a logarithm base 2 of 8. 

log2(8) = 3 

To take a logarithm base 2 of 8, we consider the question “2 to which power gives the answer 8?” 

2? = 8 

Only 2 to the power 3 gives the answer 8, so log2(8) = 3. 

In general,  

if 𝑏𝑦 = 𝑥, then 𝑦 = log𝑏(𝑥). 

 

We say that 𝑏 is the base of the logarithm. 

Important logarithms 

• Base 10: For log10(𝑥), we do not usually write the 10, and write log(𝑥) only. 

• Base 𝑒: We will soon come across the important number 𝑒 = 2.71828 …, which appears so often in 

mathematics log𝑒(𝑥) has its own special notation, namely ln(𝑥). 

Exercise 1 

Complete the following table. 

log2(16) log3(9) log (100) log3(81) log4(16) log16(16) log5(1) log3 (
1

9
) log4(2) log2 (

1

64
) 

          

 

 
Theory 
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Solving Equations 

It is possible to use logarithms to solve equations where the variable appears in the exponent. 

Example 1 

Solve the equation 52𝑥+1 = 8. 

Answer: Because the equation has the base 5 on the left hand side, we must take a logarithm base 5 of each side in 

order to work with the power 2𝑥 + 1. 

log5(52𝑥+1) = log5(8) 

2𝑥 + 1 = log5(8) 

2𝑥 = log5(8) − 1 

𝑥 =
log5(8) − 1

2
 

𝑥 = 0.146 to 3 decimal places 

Exercise 2 

Solve the equation 73𝑥−2 = 18. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

Example 2 

Use the substitution 2𝑥 = 𝑢 to solve the equation 22𝑥 − 2𝑥+3 + 16 = 0. 

Answer: If 2𝑥 = 𝑢, then 22𝑥 = (2𝑥)2 = 𝑢2, and 2𝑥+3 = 2𝑥 × 23 = 8 × 2𝑥 = 8𝑢. 

So, we need to solve the equation  

𝑢2 − 8𝑢 + 16 = 0 

(𝑢 − 4)(𝑢 − 4) = 0 

Either 𝑢 − 4 = 0 or 𝑢 − 4 = 0 

𝑢 = 4 

2𝑥 = 4 

log2(2𝑥) = log2(4) 

𝑥 = 2 

Exercise 3 

Use the substitution 5𝑥 = 𝑢 to solve the equation 52𝑥 − 5𝑥+2 + 100 = 0. 
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Rules of Logarithms 

You need to learn the following logarithm rules, including learning the proof for each rule. 

(1) The multiplication rule 

Given that 𝑥 > 0, 𝑦 > 0,  

log𝑎(𝑥𝑦) = log𝑎(𝑥) + log𝑎(𝑦) 

Proof 

Let 𝑚 = log𝑎(𝑥), 𝑛 = log𝑎(𝑦).   

Then, by the definition of a logarithm, 𝑎𝑚 = 𝑥, 𝑎𝑛 = 𝑦.  

So, 𝑥𝑦 = 𝑎𝑚 × 𝑎𝑛.      

So, 𝑥𝑦 = 𝑎𝑚+𝑛 (rules of indices).     

So, log𝑎(𝑥𝑦) = 𝑚 + 𝑛.  

So, log𝑎(𝑥𝑦) = log𝑎(𝑥) + log𝑎(𝑦).  QED 

(2) The division rule 

Given that 𝑥 > 0, 𝑦 > 0,  

log𝑎 (
𝑥

𝑦
) = log𝑎(𝑥) − log𝑎(𝑦) 

Proof 

Let 𝑚 = log𝑎(𝑥), 𝑛 = log𝑎(𝑦).  

Then, by the definition of a logarithm, 𝑎𝑚 = 𝑥, 𝑎𝑛 = 𝑦. 

So, 
𝑥

𝑦
=

𝑎𝑚

𝑎𝑛 .   

So, 
𝑥

𝑦
= 𝑎𝑚−𝑛 (rules of indices). 

So, log𝑎 (
𝑥

𝑦
) = 𝑚 − 𝑛.   

So, log𝑎 (
𝑥

𝑦
) = log𝑎(𝑥) − log𝑎(𝑦).  QED   

(3) The power rule 

Given that 𝑥 > 0,  

log𝑎(𝑥𝑛) = 𝑛 log𝑎(𝑥) 

Proof 

Let 𝑦 = log𝑎(𝑥).  

Then, by the definition of a logarithm, 𝑎𝑦 = 𝑥.    

So, (𝑎𝑦)𝑛 = 𝑥𝑛. 

So, 𝑎𝑦𝑛 = 𝑥𝑛 (rules of indices).  

So, 𝑦𝑛 = log𝑎(𝑥𝑛).   

So, 𝑛𝑦 = log𝑎(𝑥𝑛).   

So, 𝑛 log𝑎(𝑥) = log𝑎(𝑥𝑛)  

So, or log𝑎(𝑥𝑛) = 𝑛 log𝑎(𝑥).   QED  

  

 

 

Notice how similar 

the proofs to rules 

(1) and (2) are. 

This is the minimum 

that you need to learn. 

Do not delete any 

element from the proof! 

For the proofs on this page, 𝑥 and 𝑦 

have to be positive because (e.g.) if 𝑥 is 

negative, there is no value for log𝑎 𝑥. 

Why? Consider 𝑎 = 2 as an example. 

There is no possible value for 𝑦 so that 

2𝑦 can be negative. 
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It is possible to use the rules on the previous page to combine logarithms and solve more complex equations. 

Example 3 

Express log4(2) + 2 log4(18) −
3

2
log4(36) as a single logarithm, in its simplest form. 

Answer:  log4(2) + 2 log4(18) −
3

2
log4(36) 

  = log4(2) + log4(182) − log4 (36
3

2)   use the power rule 

  = log4(2) + log4(324) − log4(216) 

  = log4(2 × 324) − log4(216)    use the multiplication rule 

  = log4(648) − log4(216) 

  = log4 (
648

216
)      use the division rule 

  = log4(3)      simplify the fraction 

Example 4 

Solve the equation log7(𝑥2 + 48) = log7(𝑥) + 2 log7(4). 

Answer:  log7(𝑥2 + 48) = log7(𝑥) + log7(42)   use the power rule 

  log7(𝑥2 + 48) = log7(𝑥) + log7(16) 

  log7(𝑥2 + 48) = log7(𝑥 × 16)    use the multiplication rule 

  log7(𝑥2 + 48) = log7(16𝑥) 

  𝑥2 + 48 = 16𝑥      if log𝑛(𝐴) = log𝑛(𝐵), then we must have 𝐴 = 𝐵 

  𝑥2 − 16𝑥 + 48 = 0 

  (𝑥 − 4)(𝑥 − 12) = 0 

  Either 𝑥 − 4 = 0 or 𝑥 − 12 = 0 

  Either 𝑥 = 4 or 𝑥 = 12 

Exercise 4 

(a) Given that 𝑥 >
4

3
, solve the equation   (b) Express log9(36) +

1

2
log9(256) − 2 log9(48) 

(a) log8(𝑥) + log8(3𝑥 + 4) = 2 log8(3𝑥 − 4).  (b) as a single logarithm, in its simplest form. 

............................................................................................................................. ............. .......................................................................................................................................................... 
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