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What is the work?  
Considering the meaning of the trigonometric ratios sin, cos and tan,  

and their interconnections. Solving trigonometric equations. 

   

What is required before 

starting? 
 GCSE Work: Trigonometry, solving quadratic equations. 

   

Where does this lead to?  

Unit 3: Solving equations containing the trigonometric ratios  

sec, cosec and cot. 
 

Applications: Finding the equation of path of a projectile;  

simple harmonic motion. 

 

 

Trigonometry is the branch of mathematics studying the relationship between lengths and angles in triangles.  

The word derives from the Greek for “triangle” and “measure”.  

Here are the trigonometric ratios for a right-angled triangle. 

sin 𝜃 =
opposite

hypotenuse
 

cos 𝜃 =
adjacent

hypotenuse
 

tan 𝜃 =
opposite

adjacent
 

Definitions 

Consider the unit circle shown on the right.  

Considering the triangle 𝐴𝐵𝐶, 

• The length of the hypotenuse is 1 unit  

(because the radius of the circle is 1 unit). 

• sin 𝜃 =
opposite

hypotenuse
 

sin 𝜃 =
height of the triangle

1
  

height of the triangle = sin 𝜃  

• cos 𝜃 =
adjacent

hypotenuse
 

cos 𝜃 =
base of the triangle

1
  

base of the triangle = cos 𝜃  

• tan 𝜃 =
opposite

adjacent
 

tan 𝜃 =
sin 𝜃

cos 𝜃
  

So, we can think of sin 𝜃 as the height of a right-angled triangle in a unit circle, and we can think of cos 𝜃 as the base 

of a right-angled triangle in a unit circle. 

𝜃 

O
p
p
o
si

te
 

Adjacent 

SH
OCH

ATA
O 

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

-1.2 -1 -0.8-0.6-0.4-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

𝑥 

𝑦 

cos 𝜃 

si
n

𝜃
 

𝜃 

𝜃 

𝐴 

𝐵 𝐶 
𝐷 

https://www.geogebra.org/classic/wgz7wc5a


Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 3 

Considering the right-angled triangle 𝐴𝐶𝐷, 

• cos 𝜃 =
adjacent

hypotenuse
 

cos 𝜃 =
sin 𝜃

hypotenuse
  

hypotenuse × cos 𝜃 = sin 𝜃  

hypotenuse =
sin 𝜃

cos 𝜃
  

hypotenuse = tan 𝜃   

So, we can think of tan 𝜃 as the length of the tangent, measuring from the point 𝐴 to the 𝑥–axis. 

Using Pythagoras’ Theorem on the right-angled triangle 𝐴𝐵𝐶, 

• 𝐵𝐶2 + 𝐴𝐶2 = 𝐴𝐵2 

sin2 𝜃 + cos2 𝜃 = 12  

sin2 𝜃 + cos2 𝜃 = 1  

To summarise, here are the two identities that will be useful to us in the work that follows. 

tan 𝜃 =
sin 𝜃

cos 𝜃
,     sin2 𝜃 + cos2 𝜃 = 1 

 

Trigonometric Graphs 

Look again at the unit circle on the previous page. When we drag the point 𝐴 anticlockwise around the circle, the 

values of sin 𝜃, cos 𝜃 and tan 𝜃 will follow these paths: 
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The CAST Diagram 

S A 

T C 

 
 

The CAST diagram summarises the sign of sin 𝜃, cos 𝜃 and tan 𝜃 as the angle 𝜃 varies between 0° and 360°. 

• Between 0° and 90°, all the values of sin 𝜃, cos 𝜃 and tan 𝜃 are positive. 

• Between 90° and 180°, only the value of 𝐬𝐢𝐧 𝜽 is positive. (cos 𝜃 and tan 𝜃 are negative.) 

• Between 180° and 270°, only the value of 𝐭𝐚𝐧 𝜽 is positive. (sin 𝜃 and cos 𝜃 are negative.) 

• Between 270° and 360°, only the value of 𝐜𝐨𝐬 𝜽 is positive. (sin 𝜃 and tan 𝜃 are negative.) 

We can use the CAST diagram to find all the angles satisfying a trigonometric equation. 

Example 1  

Solve 3 sin θ = 1 between 0° and 360°. 

  3 sin 𝜃 = 1  

  sin 𝜃 =
1

3
  (sin is positive) 

  𝜃 = sin−1 (
1

3
)  

  𝜃 = 19.47° to 2 decimal places. 

Also, considering the graph of sin 𝜃 or the CAST 

diagram (where the vertical axis is a symmetry line), 

  𝜃 = 180° − 19.47°  

  𝜃 = 160.53° to 2 decimal places. 

Example 2 

Solve 3 cos 2θ = −1 between −180° and 180°. 

  cos 2𝜃 = −
1

3
     (cos is negative) 

  2𝜃 = cos−1 (−
1

3
)  

  2𝜃 = 109.47° to 2 decimal  

              places.  

Also, considering the graph of cos 𝜃 or the CAST  

diagram (where the horizontal axis is a symmetry line), 

  2𝜃 = −250.53, −109.47°, 109.47°, 250.53°  
  to 2 decimal places. 

  𝜃 = −125.26°, −54.74°, 54.74°, 125.26°  
  to 2 decimal places. 

Note: Your calculator, when calculating the value of  

sin−1, cos−1 and tan−1, will find the angle closest to 

zero, positive or negative.  
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Example 3 

Solve 4 tan(2𝑥 + 40°) = 3 between 0° and 180°. 

  tan(2𝑥 + 40°) = 0.75     (tan is positive) 

  2𝑥 + 40° = tan−1(0.75)  

  2𝑥 + 40° = 36.87°  
  to 2 decimal places.   

 

Also, considering the graph of tan 𝑥 or the CAST 

diagram (where we need to reflect in the vertical and 

horizontal axes, or rotate through 180°), 

  2𝑥 + 40° = 36.87°, 216.87°, 396.87° 
  to 2 decimal places. 

  2𝑥 = −3.13°, 176.87°, 356.87° to 2 d.p. 

  𝑥 = 88.43°, 178.43° to 2 decimal places. 

 

Example 4 

Solve 2cos2𝜃 + sin 𝜃 − 1 = 0 between 0° and 360°. 

 Because sin2 𝜃 + cos2 𝜃 = 1 we can use 

 cos2 𝜃 = 1 − sin2 𝜃 to change the equation  

  to be in sin 𝜃 only. 

  2(1 − sin2𝜃) + sin 𝜃 − 1 = 0  

  2 − 2sin2𝜃 + sin 𝜃 − 1 = 0  

  −2sin2𝜃 + sin 𝜃 + 1 = 0  

  2sin2𝜃 − sin 𝜃 − 1 = 0  

  Factorise: 2 × −1 = −2 

  2sin2𝜃 − 2 sin 𝜃 + sin 𝜃 − 1 = 0 

  2 sin 𝜃 (sin 𝜃 − 1) + 1(sin 𝜃 − 1) = 0 

  (sin 𝜃 − 1)(2 sin 𝜃 + 1) = 0 

  Either  sin 𝜃 − 1 = 0     or  2 sin 𝜃 + 1 = 0 

   sin 𝜃 = 1  2 sin 𝜃 = −1 

   𝜃 = sin−1(1)  sin 𝜃 = −
1

2
 

   𝜃 = 90°  𝜃 = sin−1 (−
1

2
) 

      𝜃 = −30° 

Also, considering the graph of sin 𝜃 or the CAST diagram (where the vertical axis is a symmetry line), 

  sin 𝜃 is positive   sin 𝜃 is negative 

 

 

 

 No more solutions. 𝜃 = 180° + 30° or 𝜃 = 360° − 30° 

     𝜃 = 210°, 330°  

Final solutions: 𝜃 = 90°, 210°, 330°. 
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