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Considering the meaning of the trigonometric ratios sin, cos and tan,
and their interconnections. Solving trigonometric equations.

GCSE Work: Trigonometry, solving quadratic equations.

Unit 3: Solving equations containing the trigonometric ratios
sec, cosec and cot.

Applications: Finding the equation of path of a projectile;
simple harmonic motion.

T
Trigonometry is the branch of mathematics studying the relationship between lengths and angles in triangles.
The word derives from the Greek for “triangle” and “measure”.

Here are the trigonometric ratios for a right-angled triangle.
) opposite
sinf = ——
hypotenuse p=
, 8
adjacent o
cosf = —— )
hypotenuse
opposite
tan@ = L
adjacent
Definitions Adjacent
Consider the unit circle shown on the right. y
—T T T T %
Considering the triangle ABC, A

e The length of the hypotenuse is | unit

(because the radius of the circle is | unit).
. opposite
e sing = pposte
hypotenuse
. height of the triangle
sin@ = %

height of the triangle = sin 6 cosd | C!
v cocp _ _adincont 0.20.40.60.8 1 1.21.41.6
- hypotenuse
cosf = base ofthle triangle
base of the triangle = cos 6
adjacent 19
sin@ N T
tanfd = s

So, we can think of sin 8 as the height of a right-angled triangle in a unit circle, and we can think of cos 8 as the base
of a right-angled triangle in a unit circle.
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Considering the right-angled triangle ACD,

e Cosf = adjacent
" hypotenuse From the triangle ABC
sin@
cosf=—22_ . o @
hypotenuse
hypotenuse X cos 8 = sin 6
hypotenuse = sin 0 From the fourth bullet point above
cos @
) °

hypotenuse = tan 6 *
So, we can think of tan 8 as the length of the tangent, measuring from the point A to the x—axis.
Using Pythagoras’ Theorem on the right-angled triangle ABC,

e BC?+ AC? = AB?
sin? 0 + cos? 0 = 12
sin? 8 + cos?0 =1

To summarise, here are the two identities that will be useful to us in the work that follows.

(=) tanf = z::z, sin? 0 + cos?6 =1 o))
T —

Trigonometric Graphs

Look again at the unit circle on the previous page. When we drag the point A anticlockwise around the circle, the
values of sin @, cos 8 and tan 6 will follow these paths:
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The CAST Diagram

180°

270°

The CAST diagram summarises the sign of sin 8, cos 8 and tan 0 as the angle 6 varies between 0° and 360°.

e Between 0° and 90°, all the values of sin 8, cos 8 and tan @ are positive.

e Between 90° and 180°, only the value of sin 0 is positive. (cos 8 and tan 8 are negative.)
e Between 180° and 270°, only the value of tan 0 is positive. (sin 8 and cos @ are negative.)
e Between 270° and 360°, only the value of cos 0 is positive. (sin 8 and tan 8 are negative.)

We can use the CAST diagram to find all the angles satisfying a trigonometric equation.

Example | 122
Solve 3sin B = 1 between 0° and 360°. y = sinf
3sinf =1 m
ing =1 o it
sinf = - (sin is positive) g A /
- 1 [ 1 1 ]
6 = sin™" (g) 19.47° 19.47° > 0
6 = 19.47° to 2 decimal places. T c i A A i
Also, considering the graph of sin 6 or the CAST
diagram (where the vertical axis is a symmetry line),
6 = 180° —19.47°
0 = 160.53° to 2 decimal places.
Example 2
y
Solve 3 cos 26 = —1 between —180° and 180°. 1.2
1
= cos 6
c0s20 = —- (cos is negative) 0. Y
¥ 0
— -1(_1
20 = cos ( 3) 4
26 = 109.47° to 2 decimal 2
! 1 1 C 1 1 > 9
places. X ﬁ !
-450 =360 -2A0 -180 02 90 180 370 360 450
Also, considering the graph of cos 8 or the CAST 0:4
diagram (where the horizontal axis is a symmetry line), '82
20 = —250.53,—-109.47°,109.47°,250.53° -1
to 2 decimal places. 12
60 = —125.26°,—54.74°,54.74°,125.26° -
to 2 decimal places.
Note: Your calculator, when calculating the value of - -

sin™1, cos™! and tan™?, will find the angle closest to —

zero, positive or negative. w— S
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Example 3

Solve 4 tan(2x + 40°) = 3 between 0° and 180°.

tan(2x +40°) = 0.75 (tanis pOSim
2x + 40° = tan~1(0.75)

2x + 40° = 36.87°
to 2 decimal places.

Also, considering the graph of tan x or the CAST
diagram (where we need to reflect in the vertical and
horizontal axes, or rotate through 180°),

2x +40° = 36.87°,216.87°,396.87°
to 2 decimal places.

2y :;3_/13{’ 176.87°,356.87° to 2 d.p. Because x is between 0° and 180°,
we must consider values of 2x + 40°

x = 88.43°,178.43° to 2 decimal places. between 40° and 400°.

Example 4
Solve 2cos?6 + sinf — 1 = 0 between 0° and 360°.

Because sin” 6 + cos? 6 = 1 we can use
cos? 8 = 1 — sin? @ to change the equation
to be in sin 8 only.

2(1 —sin%?6) +sinf -1 =10
2 — 2sin?0 +sinf —1 =0
—2sin%6 +sinf+1=10
2sin? —sinf —1=0

Factorise: 2 X —1 = =2
2sin%0 — 2sinf +sinf —1 =10 .
2sinf (sinf —1) + 1(sin6 —1) =0

(sinf —1)(2sinf +1) =0 If you like, you can substitute x = sin 8
Either sin8—-1=0 or 2sin6+1=0 to change this to 2x%> —x — 1 = 0;
sinf =1 2sinf = -1 factorise as (x —1)(2x + 1) = 0;
0 = sin~1(1) sin@ = —% and then change back to
6 = 90° 0 = sin-1 (_1) (sinf —1)(2sin6 +1) =0

6 = -30°

Also, considering the graph of sin 8 or the CAST diagram (where the vertical axis is a symmetry line),

@itive
S Ad

No more solutions. 0 = 180°+ 30° or 8 = 360° — 30°
6 = 210°,330°

sin @ is negative

Final solutions: 8 = 90°,210°,330°.

X @mathemateg Page 5



Ysgol y Creuddyn

T

2. (a) Find all values of x between 0° and 360° satisfying

(C2 Summer 2006)

The Mathematics Department

tanx = — 0-4. (2]

(b)  Find all values of x between 0° and 180° satisfying

1

cos3x = — 4
5 [4]

(c) Find all values of 6 between 0° and 360° satisfying
2cos’0 +3sin 6 =0. (5]
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(C2 Summer 2009)
2. (a) Find all values of 8 between 0° and 360° satisfying
5c0870+ 2 =3 sin’0— 2 cosb. [6]
(b) Find all values of x between 0° and 180° satisfying

sin (2x 4+ 12°) =—-0-53. [3]
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(C2 Winter 2007)

2. (a) Find the values of x in the range 0° < x < 360° satisfying

10 sin® x =3 sinx =4 cos” x + 1. [6]

(b)  Find the values of x in the range 0° < x < 180° satisfying
tan (2x + 30°) = /3. [3]
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(C2 Summer 2008)

2.  (a) Find all values of @1in the range 0° < 6 < 360° satisfying
2sinf = 3cosb.

(b) Find all values of x in the range 0° < x < 180° satisfying
cos3x =0-9.

(c) Find all values of 01in the range 0° < 0 < 360° satisfying

sin’ 0 — 4cos>6 = 8sinb.

The Mathematics Department

[3]
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(C2 Winter 2010)
2. (a) Find all values of 6 in the range 0° < 6 < 360° satisfying
3 - 7cosO=6sin” 6. 5]
(b)  Find all values of x in the range 0° < x < 180° satistying
tan(2x +45°) =0-7. (3]
(c)  Find all values of 8 in the range 0° < 6 < 360° satisfying

4tan Bcos O+ 1 =0. 3]

You® /adolygumathemateg Page 12



Ysgol y Creuddyn The Mathematics Department

X @mathemateg Page 13



Ysgol y Creuddyn The Mathematics Department

(C2 Winter 2012)
2. (a) Find all values of 8 in the range 0° <0 < 360° satisfying
10sin2 @ + 7cos@ = S5cos? 0 + 8. [6]
(b)  Find all values of x in the range 0° < x < 360° satisfying
sin(x — 50°) = —0-682. [3]

(¢) Without carrying out any calculations, explain why there are no values of ¢ which
satisfy the equation

sing + cos¢ = 3. (1]
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(C2 Summer 2014)
2. (a) Findall values of @ in the range 0° < 8 < 360° satisfying
4cos?0+ 1 = 4sin?0— 2 cosé. [6]
(b) The angle « satisfies
sin(o +40°) = %
and sin(a-35°) = g
Given that 0° < oo < 180°, find the value of c. [3]

(¢) Find all values of ¢ in the range 0° < ¢ < 360° satisfying
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(C2 Winter 2014)

2. (a) Find all values of @in the range 0° < 6 < 360° satisfying

8c0s260 — 7sin? 0 = 4¢cosB - 3. [6]

(b) The angles X, Y and Z are the three angles of a triangle. Given that tanX =-2-246 and

that tan(Y — Z) = 0-364, find the values of X, Y and Z. Give each angle correct to the
nearest degree. [4]
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(C2 Summer 2017)

2. (a) Find all values of 8in the range 0° < 6 < 360° satisfying

sinZ@+ 6¢cos?@+ 13sin 0= 0.

[2]

(b) The angles 4, B and C are the three angles of a triangle. Given that cos4 = —0-342 and

that tan(B — C) = 0-404, find the values of 4, B and C. Give each angle correct to the
nearest degree. [4]
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(C2 Summer 2018)

2. (a) Find all values of @ in the range 0° < 6 < 360° satisfying
10 sin2@ + 3sin @ = 4cos’6 - 2. [6]

(b) Find all values of ¢ inthe range 0° < ¢ < 360° satisfying

35
cosqb_m_o' 4l
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01l 1 Solve the following equation for values of @ between 0° and 360°.
3tanf + 2cosf = 0 [6]
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(C2 Summer 2012)

2. (a) Find all values of 8 in the range 0° < 68 < 360° satisfying
10cos® 0 + 3cos@ = 4sin’0 — 2. [6]
(b)  Find all values of x in the range 0° < x < 180° satisfying
sin (3x —21°) = - 0-809. (3]
(¢)  Find all values of ¢ in the range 0° < ¢ < 360° satisfying

cos¢ —5sin¢g = 0. [3]
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