11

@mathemateg

Ysgol y Creuddyn

Chapter
Surds

AER, APR

Histograms

/adolygumathemateg

The Mathematics Department

Mathematics

Page Number

Rational and irrational numbers. Surds. Simplifying surds.
Expanding with surds.

3

Annual Equivalent Rate (AER). Alternative method of
calculating AER. Annual Percentage Rate (APR).

7

Frequency density. Drawing a histogram. Interpreting a
histogram. Estimating the median from a histogram.
Estimating the quartiles from a histogram. Comparing
histograms.

13

Page 2

Ysgol y Creuddyn

The Mathematics Department

Rational and Irrational Numbers
𝑎
𝑏

A number is a rational number if it can be written in the form of a fraction , where 𝑎 and 𝑏 are integers, and 𝑏 ≠ 0.
4
5

6
1

1
2

7
2

1
3

For example, , 6 = , 3 = and 0. 3̇ = are rational numbers.
𝑎

A number is an irrational number if it cannot be written in the form of a fraction 𝑏 , where 𝑎 and 𝑏 are integers, and
𝑏 ≠ 0. For example, 𝜋, √2 and 0.202002000200002.... are irrational numbers.
Exercise 1
H

Circle the rational numbers below.
8

√3

3

4

√2

5
6

2
3

3

√27

√4

𝜋

𝜋2

(√2)

2

0. 4̇52̇

0.45445444544445...

2
0

0.27277277727777

Surds
A surd is a number that contains a root that does not correspond to a rational number. Here are some examples.
𝑎

√2

Surd (it is not possible to write √2 as a fraction 𝑏 ).

3√2

Surd (a multiple of the surd √2).
Not a surd (corresponds to 3).
𝑎
3
Surd (it is not possible to write √4 as a fraction 𝑏 ).

√9
3
√4
3

Not a surd (corresponds to 4).

√64

Exercise 2

H

Circle the surds below.
√5

√16

√49

√32

3

√4

3

4

4

9√2

2√4

3√10

6√8

√2

√16

3

√25

√1
3

3

4√36

Working with surds
It is possible to collect like surds together, exactly as we can collect like terms in algebra.
Example
2√3 + 4√3 = 6√3
3

7√2 − √2 = 6√2

3

3

4√5 + 2√5 + 6√5 + 7√5 = 10√5 + 9√5

5√6 + √16 − 2√6 − 1 = 3√6 + 3

Exercise 3

H

Simplify the following.
(a) 5√2 + 3√2
3

(b) 7√2 + √2

3

4

(d) 8√7 + 2√7
3

4

(e) 10√2 − 3√2
3

(g) 5√7 + 2√4 + 2√7 + 6√4
4

(c) 6√2 − 2√2

4

(j) √10 + 3√3 − 3√10 + √3
@mathemateg

3

(f) √3 + 2 + √3 + 9
3

(h) 7√5 + √11 − 4√5 + 2√11
3

3

(k) √7 + √7 − √7 + √7

(i) 3√4 + 2√6 + 8
(l)

100

√10 +

100

√1
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A Venn diagram showing different types of numbers

Irrational
numbers

Rational
numbers
4

3
7

9.51
−8

𝜋

0.37̇

𝑒

Surds

𝜑

√5
3

4√11

𝜀
Simplifying Surds
It is possible to use the following rules to simplify surds.
√𝒂 × √𝒂 = 𝒂,

√𝒂𝒃 = √𝒂 × √𝒃

Example
√3 × √3 = 3

√8 = √4 × 2
√8 = √4 × √2
√8 = 2 × √2
√8 = 2√2

√15 × √12 = √5 × 3 × √3 × 4
√15 × √12 = √5 × √3 × √3 × √4
√15 × √12 = √5 × 3 × 2
√15 × √12 = 6√5

Exercise 4

H

Complete the following table to show the surds in their simplest form. (Hint: look for a factor that is a square
number.)
√1

√2

√3

√4

√5

√6

√7

√8
= 2√2

√9
=3

√10

√11

√12

√13

√14

√15

√16

√17

√18

√19

√20

√21

√22

√23

√24

√25

√26

√27

√28

√29

√30

√31

√32

√33

√34

√35

√36

√37

√38

√39

√40

√41

√42

√43

√44

√45

√46

√47

√48

√49

√50

√51

√52

√53

√54

√55

√56

√57

√58

√59

√60

√61

√62

√63

√64

√65

√66

√67

√68

√69

√70

√71

√72

√73

√74

√75

√76

√77

√78

√79

√80

√81

√82

√83

√84

√85

√86

√87

√88

√89

√90

√91

√92

√93

√94

√95

√96

√97

√98

√99

√100
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Exercise 5

H

Simplify the following.
(a) √2 × 5√2

(b) 4√2 × √8

(c) √125

(d) 5√32

(e) √12 + 4√3

(f) 7√5 − √45

(g) √60 × 2√3

(h) √300

(i) √32 × √18

(j) 5√30 × √60

(k) 6√5 − √20

(l) √48 + 4√3

(m) √18 + 8√2

(n) √8 × √24

(o) 5√15 × √3

Exercise 6

H

Simplify the following.
(a)

√2×√2×√5
√5

(b)

1

√12×√3
2

(c)

(e) (4√2)2

(d) √7 × 72

3×√7×√2×√7
7√2

(f) (√3)5

Expanding with surds
Example
√5(4 + √5) = √5 × 4 + √5 × √5
√5(4 + √5) = 4√5 + 5

2√3(5√3 − 4) = 2 × √3 × 5 × √3 − 2 × √3 × 4
2√3(5√3 − 4) = 10 × 3 − 8 × √3
2√3(5√3 − 4) = 30 − 8√3

(√3 + 2)(√7 − 5) = √3 × √7 − √3 × 5 + 2 × √7 − 2 × 5
(√3 + 2)(√7 − 5) = √21 − 5√3 + 2√7 − 10
(4 − 2√3)2
(4 − 2√3)2
(4 − 2√3)2
(4 − 2√3)2

= (4 − 2√3)(4 − 2√3)
= 4 × 4 − 4 × 2 × √3 − 2 × √3 × 4 + 2 × √3 × 2 × √3
= 16 − 8√3 − 8√3 + 4 × 3
= 28 − 16√3

Use the acronym
FOIL

Exercise 7

H

Expand and simplify the following.
(a) √2(3 + √2)

(b) 4√2(3 + √2)

(c) 4√2(3 + 2√2)

(d) √3(√5 + √3)

(e) 2√5(√2 + √5)

(f) 4√7(3 + √14)

(g) 5√2(√8 + √6)

(h) 2√11(1 + √22)

(i) 3√3(√6 + √12)

Exercise 8

H

Expand and simplify the following.
(a) (2 + √3)(4 + √2)

(b) (2 + √3)(4 + √3)

(c) (2 + 3√3)(4 + √3)

(d) (2 + √3)(4 − √2)

(e) (4 − √2)(1 + √2)

(f) (4 − 3√5)(1 + √5)

(g) (√7 + 5)(√7 − 5)

(h) (2 + 3√7)(3√2 − 5)

(i) (10 − 5√7)(√7 + 4)

(j) (3 + √5)2

(k) (5 − √2)2

(l) (4 + 9√5)2

@mathemateg
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Exercise 9

H

(a) Given that 𝑎 = √2, 𝑏 = √3 and 𝑐 = √12, find the value of 𝑎𝑏𝑐. Write your answer in the form 𝑛√2 where 𝑛 is a
whole number.
(b) Given that 𝑝 = √5, 𝑞 = √10, 𝑟 = √50, find the value of the following. Note clearly whether your answers are
rational or irrational.
𝑝𝑞
(i) 𝑝𝑟
(ii) 𝑟
(iii) 𝑝𝑞 + 𝑟
(c) Evaluate
(d) Simplify

(3+√5)(3−√5)
.
2
3√12
√3

(2√5)2 −
2

Note clearly whether your answer is rational or irrational.

and note whether your answer is rational or irrational.

(e) Simplify (𝜋√24 − 𝜋√6)2 , leaving your answer in terms of 𝜋.
3

(f) Write a value for 𝑥 (with 𝑥 > 1) so that 𝑥 2 is rational.
Challenge!

1 cm

1 cm

Pattern 1

Pattern 2

1 cm

1 cm

1 cm

1 cm

Patterns are produced as shown in the following diagrams.

1 cm

1 cm

Pattern 3

Pattern 4

The diagrams are not drawn to scale.
Find the perimeter of Pattern 6 in the form 𝑎 + √𝑏, where 𝑎 and 𝑏 are whole numbers. Show all your working.

Key Words

Further Questions

What went well?

To reach my target
grade I will…

Grade ❑ Target ❑
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When borrowing or investing money, it is important to consider the interest rate that is used to calculate the
interest that is added to the loan or investment. Another factor is important however – how frequently interest is
added. This makes it difficult to directly compare interest rates if the periods for adding interest are different. For
example, consider that you want to invest a sum of money. Which option is best for you: an interest rate of 4% paid
every six months, or an interest rate of 2% paid every quarter? In order to compare interest rates of this type fairly,
we use the special percentages AER and APR.
AER = Annual Equivalent Rate

AER is used to note the percentage of interest earned in a period of one year. It allows you to compare different
accounts that pay interest at different times, e.g. every month, every quarter, every six months. The following
method for calculating AER is given on page 2 of the examination paper.
𝒊 𝒏
𝒏

AER, as a decimal, is calculated using the formula (𝟏 + ) − 𝟏, where 𝒊 is the nominal interest
rate per annum as a decimal and 𝒏 is the number of compounding periods per annum.
Note that sometimes the ‘nominal interest rate’ is referred to as the ‘gross interest rate’.
Exercise 10
H

Complete the following table. (The first row has been completed for you.)
Interest rate
3%
4%
2.5%

Number of compounding periods per annum
4
2

Nominal interest rate per annum
12%
7.5%
6%

12
Example

Calculate the AER for the following two savings accounts: one with an interest rate of 4% paid every six months, and
another with an interest rate of 2% paid every quarter.
Interest rate 4% paid every six months

Interest rate 2% paid every quarter

There are 2 compounding periods during the year.
The nominal interest rate per annum is 4% × 2 = 8%.
As a decimal, this is 0.08.

There are 4 compounding periods during the year.
The nominal interest rate per annum is 2% × 4 = 8%.
As a decimal, this is 0.08.

0.08 2

0.08 4

AER = (1 +
) −1
2
AER = 0.0816

AER = (1 +
) −1
4
AER = 0.08243216

As a percentage, the AER is 8.16%.

As a percentage, the AER is 8.24%, correct to 2 decimal
places.

By comparing the two AER values, it is possible to see that the second account (2% interest paid every quarter) is the
better option, as the AER is higher.
@mathemateg
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Exercise 11

H

Calculate the AER for the following savings accounts.
(a) An interest rate of 5% paid every six months.

(b) An interest rate of 3% paid every quarter.

(c) An interest rate of 7% paid every 4 months.

(d) An interest rate of 2% paid every month.

(e) An interest rate of 8.4% paid every quarter.

(f) An interest rate of 0.25% paid every quarter.

Example
Susan intends to invest £2,500 into a savings account for one year.
HSBC bank offer a nominal interest rate of 3% a year, with interest paid every quarter.
(a) Calculate the AER for HSBC’s account.
(b) If Susan decides to invest her money with HSBC for one year, how much money will be in her account at the end
of the year?
Answer: (a) With interest paid every quarter, there are 4 compounding periods during the year.
AER = (1 +

0.03 4
)
4

−1

AER = 0.03033919066 …
AER = 3.03%, to 2 decimal places.
(b) Method 1: Use the AER.
£2,500 × 103.033919066% = £2,575.85, to the nearest penny.

Use the percentage
before rounding off for
an accurate answer.

Method 2: Use the nominal interest rate.
3% a year so 3 ÷ 4 = 0.75% a quarter.
£2,500 × 100.75%4 = £2,575.85, to the nearest penny.

The £2,500 increases by
0.75% four times.

Exercise 12
(a) Dave intends to invest £4,000 into a savings account for one
year. Barclays bank offer a nominal interest rate of 2% a year,
with interest to be paid every quarter.

H

(i) Calculate the AER for Barclays’ account.
(ii) If Dave decides to invest the money with Barclays for one
year, how much money will be in his account at the end of the
year?
(b) Victoria intends to invest £2,500 into a savings account for
one year. HSBC bank offer a nominal interest rate of 5% a year, with interest to be paid every month.
(i) Calculate the AER for HSBC’s account.
(ii) If Victoria decides to invest the money with HSBC for one year, how much money will be in her account at the
end of the year?
(c) Which is better: investing money into an account that offers AER at a rate of 4%, or investing money into an
account that offers an interest rate of 1% paid every three months?
(d) Always / sometimes / never: AER is always greater than the nominal interest rate.
/adolygumathemateg
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Example
(a) Morgan invests £400 with Barclays bank at an AER of 2.4%.
How much money will Morgan have in the bank after 3 years?
(b) Four years ago, Mari invested a sum of money into HSBC bank at an AER of 4.5%. The money is
now worth £4,000. What is the minimum amount of money that Mari had to invest in order to accomplish this?
Answer: (a) £400 × 102.4%³ = £429.50, to the nearest penny.

(b) ? × 104.5%4 = £4,000
(b) ? = £4,000 ÷ 104.5%4
(b) ? = £3,354.25, to the nearest penny.

Exercise 13

H

(a) Ffion invests £800 into Lloyds bank at an AER of 3.1%.
How much money will Ffion have in the bank after 5 years?
(b) Three years ago, Jac invested a sum of money into
Santander bank at an AER of 2.3%. The money is now worth
£1,400. What is the minimum amount of money that Jac had
to invest in order to accomplish this?
(c) Meical invests £6,500 into Halifax bank at an AER of 1.7%.
How much money will Meical have in the bank after 2 years?
(d) Nine years ago, Catrin invested a sum of money into
Barclays bank at an AER of 6.25%. The money is now worth
£20,000. What is the minimum amount of money that Catrin had to invest in order to accomplish this?
(e) Megan has £5,000 to invest in HSBC bank at an AER of 6.4%. In how many years will Megan’s money be worth
more than £7,000?
Alternative method of calculating AER
As well as the method shown on page 2 of a GCSE examination paper, it is possible to use the
following method for calculating AER.
AER =

Interest accrued over one year
×
Initial value

𝟏𝟎𝟎%

Example
Calculate the AER for a savings account that offers an interest rate of 4% paid every quarter.
Answer: Imagine that we decide to invest £1,000 into this savings account. After one year, the money will be worth
£1,000 × 104%4 = £1,169.86 (to the nearest penny), so the interest accrued over one year is £169.86 (to the nearest
penny). So, the AER is

169.86
×
1000

100% = 16.99%, to 2 decimal places.

(The previous method gives the same answer, as (1 +

0.16 4
)
4

− 1 = 0.16985856 = 16.99%, to 2 decimal places.)

Exercise 14
Use the alternative method of calculating AER to calculate the AER for the following savings accounts.
(a) An interest rate of 5% paid every six months.

(b) An interest rate of 3% paid every quarter.

(c) An interest rate of 7% paid every 4 months.

(d) An interest rate of 2% paid every month.

(e) An interest rate of 8.4% paid every quarter.

(f) An interest rate of 0.25% paid every quarter.

@mathemateg
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APR = Annual Percentage Rate

APR is used to compare accounts where there is a charge for the account, or these are additional costs associated
with the account.
For a savings account,
APR =

Interest accrued over one year − costs
×
Initial value

𝟏𝟎𝟎%

APR =

Interest accrued over one year + costs
×
Initial value

𝟏𝟎𝟎%

For a borrowing account,

In most cases, there are no costs associated with a savings account, so the AER and APR rates are equal to each
other. This explains why we see AER rates advertised alongside savings accounts.
In most cases, there are costs associated with a borrowing account, so we must use the APR rate. This explains why
we see APR rates advertised alongside borrowing accounts such as mortgages, credit cards and loans from the bank.
Example
Huw intends to borrow £4,800 from the company Loans4U. The company offers an interest rate of 4% a month, and
charges an annual fee of £150 to use the account.
(a) How much interest will this loan accrue over a period of one year?
(b) Calculate the APR for this loan.
Answer: (a) There are 12 compounding periods during the year. £4,800 × 104%12 = £7,684.95, to the nearest penny.
Answer: (a) So, £7,684.95 – £4,800 = £2,884.95 of interest is accrued during the year.
Answer: (b) APR =
Answer: (b) APR =

Interest accrued over one year + costs
×
Initial value
2884.95+150
× 100%
4800

100%

Answer: (b) APR = 63.2%, to one decimal place.
Exercise 15

H

(a) Lisa intends to borrow £7,000 from the company BestLoans. The company offers an interest rate of 2% a month,
and charges an annual fee of £200 to use the account.
(i) How much interest will this loan accrue over a period of one year?
(ii) Calculate the APR for this loan.
(b) Deiniol intends to borrow £24,000 from the company LoanKing. The company offers an interest rate of 3% every
six months, and charges a monthly fee of £15 for using the account.
(i) How much interest will this loan accrue over a period of one year?
(ii) Calculate the APR for this loan.
(c) Sophie intends to borrow £154,000 from the company MorgaisGorau.
The company offers an interest rate of 0.4% a month, and charges an annual
fee of £300 for using the account.
(i) How much interest will this loan accrue over a period of one year?
(ii) Calculate the APR for this loan.

/adolygumathemateg
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Example
Calculate the AER or APR for each of the following situations.
Situation 1: Savings account with no costs.

Situation 2: Savings account with costs of £40 a year.

𝑖 𝑛
𝑛

Method 1: Use the formula AER = (1 + ) − 1

We must use the formula

Nominal interest rate per annum 3% × 4 = 12%.

APR =

AER = (1 +

0.12 4
)
4

−1

Method 2: Use the formula
Interest accrued over one year
Initial value

× 100%

APR =

Value at the end of the year
= £2,500 × 103%4
= £2,813.77 to the nearest penny.
Interest accrued over one year
= £2,813.77 − £2,500
= £313.77
AER =

£313.77
×
£2,500

× 100%

Value at the end of the year
= £2,500 × 103%4
= £2,813.77 to the nearest penny.
Interest accrued over one year
= £2,813.77 − £2,500
= £313.77

AER = 0.12550881 …
AER = 12.55% to 2 decimal places.

AER =

Interest accrued over one year − costs
Initial value

£313.77−£40
×
£2,500

100%

APR = 10.95% to 2 decimal places.

100%

AER = 12.55% to 2 decimal places.

£2,500
Interest rate 3%
every quarter
Situation 4: Borrowing account with costs of
£40 a year.
We must use the formula
APR =

Situation 3: Borrowing account with no charges.
The calculations are exactly the same as for situation
1. So, the AER is 12.55% to 2 decimal places.
Because there are no costs, the APR is also 12.55% to
2 decimal places.
@mathemateg

Interest accrued over one year + costs
Initial value

× 100%

Loan at the end of the year
= £2,500 × 103%4
= £2813.77 to the nearest penny.
Interest accrued over one year
= £2,813.77 − £2,500
= £313.77
APR =

£313.77+£40
×
£2,500

100%

APR = 14.15% to 2 decimal places.
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Exercise 16

H

Calculate the AER or APR for each of the following situations.
(a) An investment of £1,500 into a savings account that offers an interest rate of 2% per quarter.
(b) An investment of £2,400 into a savings account that offers an interest rate of 5% per year and annual costs of
£50.
(c) A loan of £3,500 from an account that offers an interest rate of 3.2% per quarter.
(d) A loan of £15,000 from an account that offers an interest rate of 1.2% per month and annual costs of £150.
(e) A loan of £140,000 from an account that offers an interest rate of 1.8% per quarter and quarterly costs of £50.
(f) An investment of £250,000 into a savings account that offers an interest rate of 0.4% per month and monthly
costs of £5.
Challenge!
HSBC’s website shows the following information for a personal loan of £10,000 taken over 12 months.

https://www.hsbc.co.uk/loans/products/personal/ , 30/12/2019
3.3% of £10,000 is £330. Why is the total amount payable not £10,330? Investigate...

Key Words

Further Questions

What went well?

To reach my target
grade I will…

Grade ❑ Target ❑

/adolygumathemateg

Page 12

Ysgol y Creuddyn

The Mathematics Department

Consider the following data that shows the heights
of parcels in an office one morning.
Frequency
4

Height (h cm) Frequency
0 < h ⩽ 10
3
10 < h ⩽ 20
2
20 < h ⩽ 30
2

Frequency diagram to show the
heights of parcels in an office

3

1

0

0
Height (h cm) Frequency
0 < h ⩽ 10
3
10 < h ⩽ 30
4

Frequency
5

Frequency Density =

Frequency
Class width

Height (h cm) Frequency Frequency Density
0 < h ⩽ 10
3
3 ÷ 10 = 0.3
10 < h ⩽ 30
4
4 ÷ 20 = 0.2

3
2
1

0
10

20

30

40

Histogram to show the heights of
Frequency Density parcels in an office
0.5
0.4

The area of a bar in a histogram gives the
frequency of the class under consideration.

0.2

0.3

0.1

0
For the histogram shown on the right, the
0
frequency corresponding to the first class is 10 × 0.3 = 3,
and the frequency corresponding to the second class is 20 × 0.2 = 4.
@mathemateg

40

4

We can then draw the histogram on the right to
illustrate the data. The histogram gives a fairer
reflection of the data, as it takes into account that
the second class is wider than the first class.

Frequency = Class width × Frequency Density

30

Frequency diagram to show the
heights of parcels in an office

0
For the second set of data above, we can calculate
the frequency density using the table below.

20

Height (cm)

On drawing a frequency diagram for this data
(shown on the right), the diagram does not give a
fair reflection of the data – it is unfair to compare
classes of different widths. To deal with this, we
introduce the idea of drawing a histogram to show
the data, where we plot not the height against the
frequency, but the height against the frequency
density.

10

Height (cm)

Consider now that the same data is grouped as
shown below.

2

Height (cm)

It would be possible to draw a frequency diagram for
this data; this is shown on the right.

10

20

30

40
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Exercise 17

Histogram to show the heights of parcels
in an office
Frequency Density

H

0.6

Height (h cm) Frequency Frequency Density
0 < h ⩽ 10
5
10 < h ⩽ 30
6
30 < h ⩽ 40
2

0.5
0.4
0.3

(a) Complete the ‘Frequency Density’ column
in the table.

0.2

(b) Use the squared paper to draw a histogram
for the data.

Height (cm)

The following data shows the heights of
parcels in an office one morning.

0.1
0
H

Exercise 18

0

10

20

30

40

50

The histogram below shows the length of boats in a marina.
Frequency
Density
3.5

Histogram to show the lengths of boats in a marina

Label the
axis.

A suitable
underlined
title.

3

2.5
Arrow at
the end of
the axis.

Bars of the
correct
height.

2

1.5

1

Length (m)

A suitable
scale.
Labels on
the lines,
not in the
gaps.

Label the
axis.

0.5

0
0

5

10

15

20

25

30

35

40

Arrow at
the end of
the axis.

45

(a) How many boats had a length between 0 m and 10 m?
(b) Complete the frequency table:
(c) How many boats had a length of
less than or equal to 20 m?
(d) How many boats were measured
in total?
/adolygumathemateg

Length (l m)
0 < l ⩽ 10
10 < l ⩽ 15
15 < l ⩽ 20
20 < l ⩽ 25
25 < l ⩽ 30
30 < l ⩽ 40

Frequency
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Care with the
class width.

Exercise 19

H

Draw histograms for the following sets of data.
(a) The sum raised by a group of people for a charity.
Sum raised (£s)
0 < s ⩽ 50
50 < s ⩽ 100
100 < s ⩽ 200
200 < s ⩽ 500
500 < s ⩽ 1,000

(b) The age of people in a hockey club.

Frequency
6
22
31
42
15

Age in years
11–15
16–18
19–24
25–34
35–49
50–64

(c) The earnings of a group of students during one week.
Earnings (£e)
0 < e ⩽ 20
20 < e ⩽ 40
40 < e ⩽ 70
70 < e ⩽ 100
100 < e ⩽ 150

Frequency
7
10
15
20
12
7

(d) The weights of passengers’ bags on an aircraft.

Frequency
5
15
27
30
6

Weight (w kg)
0<w⩽5
5 < w ⩽ 10
10 < w ⩽ 20
20 < w ⩽ 40
40 < w ⩽ 50

Frequency
7
12
24
15
3

Exercise 20
The histogram below shows the lengths of telephone calls made to a directory enquiries
service between 9.00 a.m. and 9.05 a.m. on the 5th of March this year.

H

Histogram to show the lengths of telephone calls made to a directory enquiries
Frequency Density service between 9.00 a.m. and 9.05 a.m. on the 5th of March this year
7
6

Length of telephone call (seconds)

5
4
3
2
1
0
0

5

10

15

20

25

30

35

40

45

Use the histogram to calculate how many telephone calls were made to the directory enquiries service between
9.00 a.m. and 9.05 a.m. on the 5th of March this year.
@mathemateg

Page 15

Ysgol y Creuddyn

The Mathematics Department

Exercise 21

H

The following histogram shows the height distribution of 70 plants in a greenhouse.
Frequency
Density
5

Histogram to show the heights of 70 plants in a greenhouse

4

3

2

Height (cm)

1

0

0

5

10

15

20

25

30

(a) Complete the missing scale on the vertical axis.
(b) How many plants had a height of between 15 cm and
20 cm?
(c) Complete the following frequency table.
Height (h cm)
0<h⩽5
5 < h ⩽ 15
15 < h ⩽ 20
20 < h ⩽ 25

Frequency

(d) Calculate an estimate of the amount of plants of height
less than 10 cm.
(e) What is the modal class of the data?
(f) Calculate an estimate of the mean height of the plants.
(g) Calculate an estimate of the range of the heights of the plants.
(h) What percentage of all the plants have a height of more than 20 cm?
(i) What fraction of all the plants have a height of more than 5 cm? Give your answer in its simplest form.
(j) Which class is the median class of the data?
/adolygumathemateg
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Estimating the median from a histogram
For any histogram,
The estimate of the median is the vertical line in the
histogram that halves the total area of the histogram.
Example
Let us consider the following histogram that represents the results of collecting and measuring the lengths of
driftwood on a beach.

Histogram to show the lengths of driftwood on a beach
10

Frequency Density

8

6

4

20 × 8 = 160

Length (cm)

2
20 × 3 = 60
40 × 2 = 80

40 × 1.5 = 60

0
0

10

20

30

40

50

60

70

80

90

100

110

120

130

By calculating the area of each bar in the histogram (shown above in red), and adding the results, we see that a total
of 80 + 60 + 160 + 60 = 360 pieces of driftwood were collected and measured.
To estimate the median length of a piece of driftwood, we need to draw a vertical line in the histogram that halves
the total area of the histogram. Because 360 ÷ 2 = 180, we need to draw a vertical line in the histogram so that an
area of 180 squared units is found on either side of the vertical line. This line must be in the third bar, as
80 + 60 = 140 is less than 180, and 80 + 60 + 160 = 300 is greater than 180.
We need to travel across the third bar by the fraction

180−140
160

=

40
160

1
4

= .

The width of the third bar is 20 cm, so we need to travel across the third
1
4

bar by a distance of 20 × = 5 cm.
So, the estimate of the median length of a piece of driftwood is
60 + 5 = 65 cm.
@mathemateg
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Exercise 22

H

The histogram below represents the results of recording the length of a number of telephone calls.

Histogram to show the lengths of telephone calls

Frequency Density

14
12
10

8
Time (minutes)

6
4
2
0
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

(a) Use the histogram to calculate the total number of telephone calls.
(b) Find an estimate for the median length of a telephone call, in minutes.
Exercise 23

H

The histogram below represents the results of recording the length of a number of twigs.
Frequency Density

Histogram to show the lengths of twigs

9
8
7
6
5
4
3

Length (cm)

2
1
0
0

10

20

30

40

50

60

70

80

(a) Use the histogram to calculate the total number of twigs.
(b) Find an estimate for the median length of a twig, in cm.
/adolygumathemateg
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Estimating the quartiles from a histogram
For any histogram,
The estimate of the lower quartile is the vertical line in the
histogram that splits the histogram’s area into the ratio 1 : 3.
The estimate of the upper quartile is the vertical line in the
histogram that splits the histogram’s area into the ratio 3 : 1.
Example
Let us again consider the histogram from page 17 that represents the results of collecting and measuring the lengths
of driftwood on a beach.
By calculating the area of each bar in the histogram, and adding the results, we see that a total of
80 + 60 + 160 + 60 = 360 pieces of driftwood were collected and measured.
To estimate the lower quartile, we need to draw a vertical line in the histogram that splits the histogram’s area into
the ratio 1 : 3. Because 360 ÷ 4 = 90, we need to draw a vertical line in the histogram so that an area of 90 squared
units lies to the left of the vertical line, and an area of 90 × 3 = 270 squared units lies to the right of the vertical line.
This line must be in the second bar, as 80 is less than 90, and 80 + 60 = 140 is greater than 90.
We need to travel across the second bar by the fraction

90−80
60

10

1

= 60 = 6.

The width of the second bar is 20 cm, so we need to travel across the second bar by a distance of
1

20 × 6 =

10
3

1

= 3 3 cm.
1

𝟏

So, the estimate of the lower quartile is 40 + 3 3 = 𝟒𝟑 𝟑 cm.
To estimate the upper quartile, we need to draw a vertical line in the histogram that splits the histogram’s area into
the ratio 3 : 1. Because 360 ÷ 4 = 90, and 90 × 3 = 270, we need to draw a vertical line in the histogram so that an
area of 270 squared units lies to the left of the vertical line, and an area of 90 squared units lies to the right of the
vertical line. This line must be in the third bar, as 80 + 60 = 140 is less than 270, and 80 + 60 + 160 = 300 is greater
than 270.
We need to travel across the third bar by the fraction

270−140
160

130

13

= 160 = 16.
13

The width of the third bar is 20 cm, so we need to travel across the third bar by a distance of 20 × 16 = 16.25 cm.
So, the estimate of the upper quartile is 60 + 16.25 = 76.25 cm.
Exercise 24

H

For the histogram in Exercise 22,
(a) Find an estimate for the lower quartile;
(b) Find an estimate for the upper quartile.
Exericse 25

H

For the histogram in Exercise 23,
(a) Find an estimate for the lower quartile;
(b) Find an estimate for the upper quartile.
@mathemateg
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Comparing histograms
Exercise 26

H

A histogram to show the weight of Wales’
rugby squad at the 2017 World Cup (women)
1.1

Frequency Density

(a) How many women weighed between 70 kg and
80 kg?

1
0.9

(b) How many men weighed between 110 kg and
120 kg?

0.8
0.7

(c) Complete the following frequency table for the
women.

0.6

Weight (w kg)
50 < w ⩽ 70
70 < w ⩽ 80
80 < w ⩽ 90
90 < w ⩽ 100

0.5
0.4

Weight (kg)

0.3
0.2
0.1
0

0 40 50 60 70 80 90 100 110 120 130 140 150
30

A histogram to show the weight of Wales’
rugby squad at the 2019 World Cup (men)
1.1

The two histograms on the left show information
about the weights of Wales’ rugby squads at the
2017 World Cup (women) and the 2019 World Cup
(men).

Frequency Density

Frequency

(d) Complete the following frequency table for the
men.
Weight (w kg)
70 < w ⩽ 90
90 < w ⩽ 100
100 < w ⩽ 110
110 < w ⩽ 120
120 < w ⩽ 140

Frequency

(e) How many women were in the squad in total?

1

(f) How many men were in the squad in total?

0.9

(g) Find an estimate for the median weight of a
woman in the 2017 rugby squad.

0.8
0.7
0.6

(h) Find an estimate for the median weight of a
man in the 2019 rugby squad.

0.5

(i) On average, which squad was heaviest?

0.4

(j) What is the greatest possible range of the
women’s rugby squad?

Weight (kg)

0.3
0.2
0.1
0

0 40 50 60 70 80 90 100 110 120 130 140 150
30

/adolygumathemateg

(k) What is the greatest possible range of the men’s
rugby squad?
(l) Use your answers to (j) and (k) above to
comment on which squad had the most consistent
weight.
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Exercise 27 (Revision)

H

The following histogram and frequency table shows some information about the time each person, in a group of
people, spent on the Internet during one day in August.
Time (t hours)
0<t⩽3
3<t⩽6
6<t⩽9
9 < t ⩽ 15
15 < t ⩽ 24

14

Frequency Density

Frequency
24
36
30

Histogram to show the time spent by a group of
people on the Internet during one day in August

12
10
8
6

Time (hours)

4
2
0
0

2

4

6

8

10

12

14

16

18

20

22

24

26

(a) Complete the frequency table and histogram shown above.
(b) Calculate an estimate for the median time spent on the Internet by the group of people during the day in August.

Key Words

Further Questions

What went well?

To reach my target
grade I will…

Grade ❑ Target ❑
@mathemateg
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Puzzle
The front of the tank below is solid and transparent.
Where will the liquid pour out if it is poured into hole 1?
What about hole 2? Hole 3? Hole 4? Hole 5?

/adolygumathemateg
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