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In order to understand how to find upper and lower bounds, it’s a good idea to first revise different
techniques of rounding off a number.
Exercise 1
I

Complete the following table.

E.g.
(a)
(b)
(c)
(d)
(e)
(f)
(g)

Number

Round off to the nearest 10

825.94
523.86
49.15
5,284.792
3.67
284.99
43,704.75
726

830

Round off to 1 decimal
place
825.9

Round off to 1 significant
figure
800

Given a number rounded off in a particular way, we can consider what the original number was, before rounding
occurred. For example, consider the number 470, which has been rounded off to the nearest 10. What could the
original number have been? All the numbers between 465 and 474.9999⋯ round off (to the nearest 10) to be 470.
If 𝑥 represents the original number, then we can say that
465 ≤ 𝑥 < 475.
We can also write
𝑥 = 470 ± 5
but we must remember that 𝑥 cannot be exactly 475, since this number would round off to give 480. We say that the
lower bound is 465, and the upper bound is 475.
One place where upper and lower bounds are used are when taking measurements, since every measurement is an
approximation. For example, measure the line below with a ruler.

You should measure the line to be 8.2 cm, but is the line exactly 8.2 cm? How do you know that the line isn’t truly
8.19 cm, or 8.21 cm? We would need a more accurate measuring instrument than a ruler to check this, therefore the
best we can say (by using a ruler and our eyes) is that the line is 8.2 cm, correct to the nearest 0.1 cm (or mm).
The accuracy limit of a measurement, approximation or calculation uses upper and lower bounds. To measure the
above line with a ruler, the lower bound is 8.15 cm and the upper bound is 8.25 cm. The true measurement lies
between these two limits. If 𝑙 denotes the true length of the line in cm, then we can say that
8.15 ≤ 𝑙 < 8.25
or
𝑙 = 8.2 ± 0.05.
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Example
Measurement
42 cm (to the nearest cm)
85 km (to the nearest 5 km)
60 m (to the nearest 10 m)

Lower Bound
41.5 cm
82.5 km
55 m

Upper Bound
42.5 cm
87.5 km
65 m

Exercise 2
I

Complete the following table.
(a)
(b)
(c)
(d)
(e)
(f)
(g)
(h)
(i)
(j)
(k)
(l)
(m)
(n)
(o)
(p)
(q)
(r)
(s)
(t)
(u)

Measurement
34 cm (to the nearest cm)
5 m (to the nearest m)
148 kg (to the nearest kg)
25 cm (to the nearest 5 cm)
420 ml (to the nearest 5 ml)
1,825 km (to the nearest 5 km)
40 m (to the nearest 10 m)
80 cm (to the nearest 10 cm)
180 g (to the nearest 10 g)
400 cm (to the nearest 100 cm)
5,400 m (to the nearest 100 m)
27,800 litres (to the nearest 100 litres)
8,000 km (to the nearest 1,000 km)
45,000 miles (to the nearest 1,000 miles)
3,000 tons (to the nearest 1,000 tons)
6 cm (to the nearest even number)
154 cl (to the nearest even number)
4,250 ml (to the nearest even number)
80 cm (to the nearest 20 cm)
250 ml (to the nearest 50 ml)
320 kg (to the nearest 40 kg)

7

Lower Bound

8

Upper Bound

9

Challenge!
How does the above picture explain how to find upper and lower bounds?
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Example
Measurement
7.6 kg (to one decimal place)
50 cm (to one significant figure)
740 ml (to two significant figures)

Lower Bound
7.55 kg
45 cm
735 ml

Upper Bound
7.65 kg
55 cm
745 ml
I

Exercise 3
Complete the following table.
(a)
(b)
(c)
(d)
(e)
(f)
(g)
(h)
(i)
(j)
(k)
(l)
(m)
(n)
(o)
(p)
(q)
(r)
(s)

Measurement
5.2 cm (to one decimal place)
6.7 m (to one decimal place)
92.0 inches (to one decimal place)
8.24 m (to 2 decimal places)
15.28 km (to 2 decimal places)
104.09 m (to 2 decimal places)
9.258 km (to 3 decimal places)
435.205 miles (to 3 decimal places)
9.984 seconds (to 3 decimal places)
40 m (to one significant figure)
400 cm (to one significant figure)
4,000 cl (to one significant figure)
430 cm (to two significant figures)
6,500 ml (to two significant figures)
5.2 cm (to two significant figures)
500 cm (to two significant figures)
7,450 kg (to three significant figures)
7,300 kg (to three significant figures)
7,000 kg (to three significant figures)

Lower Bound

Upper Bound

Exercise 4
Usain Bolt’s 100 m record is 9.58 seconds, correct to 2 decimal places.
How fast could Bolt have run the race, in reality?

I

Exercise 5
Square tiles are to be laid onto the floor of a room.
The side length of each of these tiles is 45 cm, measured to the nearest cm.
(a) Write down the least possible value and the greatest possible value for the length
of a tile in cm.
(b) Calculate the least possible value and the greatest possible value for the perimeter of a tile in cm.
Exercise 6
Two boxes are stacked on top of each other.
The height of one box is 57 cm, correct to the nearest cm.
The height of the other box is 28 cm, correct to the nearest cm.
Calculate the least possible height and the greatest possible height of the boxes
stacked on top of each other.
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Exercise 7

Legroom

Height 50 cm

Leg length 80 cm

I

The legroom between a table and a chair is calculated by finding the difference between the leg length of the table
and the height of the seat of the chair. In the diagram, the height of the seat of the chair and the leg length of the
table are given to the nearest cm. Find, in centimetres, the least and greatest possible values of the legroom.
Exercise 8
A DIY shop sells lengths of kitchen worktops. There are two different suppliers for the worktops. One supplier,
Worktop Magic, notes that the length of each worktop is 4,000 mm, measured to the nearest 5 mm. The other
supplier, Worktops 4 U, notes that the length of each worktop is 4,000 mm ± 3 mm.
(a) Complete the following table.
Shortest Possible Length

Longest Possible Length

Worktop Magic
Worktops 4 U
(b) A customer wants a worktop measuring at least 4.02 m. Would Worktop Magic or Worktops 4 U be able to supply
a suitable worktop? Give a reason for your answer.
Exercise 9
Steffan measures the width of a table. He does this correct to the nearest cm.
Meinir measures the width of the same table. She does this correct to the nearest mm.
(a) What is the smallest possible difference between Steffan and Meinir’s measurements?
(b) What is the largest possible difference between Steffan and Meinir’s measurements?
Exercise 10
The diameter of the alloy wheel shown on the right is 15 inches ± 0.1 inches.
(a) Write down the smallest possible diameter of the alloy wheel.
(b) Write down the largest possible diameter of the alloy wheel.
(c) Calculate the smallest possible circumference of the alloy wheel.
(d) Calculate the largest possible circumference of the alloy wheel.
(e) Copy and complete the following sentence:
The circumference of the alloy wheel is ∅∅∅∅∅ inches ± ∅∅∅∅∅ inches.
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Exercise 11

The length of a rectangle is 20 cm, correct to the nearest cm.
The width of the rectangle is 15 cm, correct to the nearest 5 cm.
(a) What is the longest possible length of the rectangle?
(b) What is the widest possible width of the rectangle?
(c) What is the smallest possible perimeter of the rectangle?
(d) What is the smallest possible area of the rectangle?
Exercise 12
The capacity of a paint pot is 250 ml, correct to the nearest 10 ml.
(a) What is the lowest possible capacity of the paint pot?
(b) What is the largest possible capacity of the paint pot?
(c) Dewi purchases three of these paint pots. The total volume of the paint is 𝑉 ml.
Copy and complete this statement: ∅ ≤ 𝑉 < ∅ .
Exercise 13
A car travels 84 miles in 2.4 hours. The distance is measured correct to the
nearest mile and the time is measured correct to the nearest 0.1 hours.
Calculate the smallest possible average speed for the car over this distance.
Give your answer in m.p.h. correct to one decimal place.
Exercise 14
Wall tiles for sale
Length 30 cm

Width 15 cm

All measurements to the nearest cm

Is it always possible to tile an area up to 8,500 cm² using 20 of these tiles?
You must give a reason for your answer and show your method.

Key Words

Further Questions

What went well?

To reach my target
grade I will…

Grade ❑ Target ❑
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Measurements and calculations should not be too precise for their purpose. For example, advertising a television of
size 39.97 inches would be too precise (it would be better to say that the television was 40 inches in size).
As a general rule, if a question asks you to give an answer to an appropriate degree of accuracy,
do not give an answer that is more precise than the values used in the calculation.
Example
Calculate the area of the following rectangle. Give your answer to an appropriate degree of accuracy.

2.2 cm

7.6 cm
Answer: The area of the rectangle is 7.6 × 2.2 = 16.72 cm². Because the numbers in the question have been rounded
off to one decimal place, then our answer should also be rounded off to one decimal place. Therefore, the area of
the rectangle (to an appropriate degree of accuracy) is 16.7 cm².
Exercise 15
I

Calculate the area of the following shapes. Give your answers to an appropriate degree of accuracy.
(a)

(b)

2.3 cm

1.95 cm

6.8 cm

6.1 cm
(c)

(d)

(e)
2 cm

4.1 cm

4.32 cm

3 cm

5 cm
4.7 cm
Exercise 16
Mabli has a cuboid that measures 5.2 cm by 8.9 cm by 12.8 cm. Calculate, to an appropriate degree of accuracy, the
volume of the cuboid.
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Exercise 17

I

(a) Calculate 𝑥 to an appropriate degree of accuracy.

𝑥

(b) Calculate 𝜃 to an appropriate degree of accuracy.

3.7 cm

4.2 cm

𝜃
6.4 cm

6.0 cm
Exercise 18

Lisa wants to invest £6,000 into Barclays Bank at a compound interest rate of 3% per year.
Lisa wants to withdraw all the money from the bank after four years. How much money
will Lisa be able to withdraw after four years? Give your answer to an appropriate degree of accuracy.
Exercise 19
Rhys is going on holiday to China. The exchange rate for changing money in British pounds (£) to money in Chinese
yuan (CYN) is shown below.
£1 = 9.28 CYN
Whilst in China, Rhys catches a taxi that costs 200 CYN. How much is this in pounds? Give your answer to an
appropriate degree of accuracy.
Exercise 20
During an experiment, a scientist notices that the number of bacteria halves each second.
There were 2.3 × 1030 bacteria at the start of the experiment. Calculate how many bacteria
were present after 5 seconds. Give your answer to an appropriate degree of accuracy.
Exercise 21
Cynan has a cylinder with diameter 5.3 cm and height 14 cm.
Calculate, to an appropriate degree of accuracy, the volume of the cylinder.

Key Words

Further Questions

What went well?

To reach my target
grade I will…

Grade ❑ Target ❑
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A compound measure is a type of measure that combines two different measures.
In the “Movement with Sphero” workbook, we saw an example of a compound measure, namely speed.

D
T S

Distance = Time × Speed
Time = Distance ÷ Speed
Speed = Distance ÷ Time

To use the triangle, hide
the letter that you want
to find.

Example
1

(a) Iwan cycles a distance of 32 km in 2 hours.

(b) Moli runs an 800 m race in 2 minutes 48 seconds.

Calculate Iwan’s average speed in km/hour.

What is Moli’s average speed in metres per second?

Answer: Speed = Distance ÷ Time
Ateb: Buanedd = 32 ÷ 2.5
Ateb: Buanedd = 12.8 km/hour

Answer: Speed = Distance ÷ Time
Ateb: Buanedd = 800 ÷ 168
Ateb: Buanedd = 4.8 metres per second (to one decimal place)

2

Exercise 22
1

(a) Hannah cycles a distance of 49 km in 3 hours.

F

2

Calculate Hannah’s average speed in km/hour.
(b) Elin runs a 400 m race in 1 minute 12 seconds.
What is Elin’s average speed in metres per second?
(c) A bus travels the 12 miles from Llandudno to Abergele in 30 minutes.
Find the average speed of the bus in miles per hour.
(d) A train travels at an average speed of 90 km/hour for 2 hours 15 minutes.
How far has the train travelled during this time?
(e) In a 100 m race Dilwyn ran at an average speed of 7.1 metres per second.
How much time did Dilwyn take to finish the race?
(f) An aeroplane flies at an average speed of 885 km/hour. How far did the aeroplane travel between the times 0820
and 0900?
(g) The following chart shows the travelling distance for a car, in miles, between some places in Wales.
Swansea
Aberystwyth

70

Aberystwyth

Bangor

157

86

Bangor

Cardiff

41

98

180

Cardiff

Wrexham

130

79

70

139

(i) What is the travelling distance for a car between Cardiff and Bangor?
(ii) Dewi travels between Cardiff and Bangor, and then between Bangor and Wrexham. How far has Dewi travelled in
total?
(iii) Elis travels between Bangor and Aberystwyth in 2 hours and a half. What is Elis’ average speed, in mph?
(iv) Esyllt travels between Wrexham and Swansea at an average speed of 32 miles per hour.
How much time did Esyllt take to travel between Wrexham and Swansea?
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Population Density
Population density compares the population of a place to its area.

P
A D

Population = Area × Population Density
Area = Population ÷ Population Density
Population Density = Population ÷ Area

Population density is (usually) measured in people per square kilometre, and is used to compare how developed
different areas are.
Example
Paris has a population of 2,265,886 and an area of 105.4 km². What is Paris’ population density?
Answer: Population Density = Population ÷ Area
Answer: Population Density = 2,265,886 ÷ 105.4
Answer: Population Density = 21,498 people per km² (correct to the nearest whole number)
Exercise 23
(a) Mumbai has a population of 12,478,447 and an area of 603 km².
What is Mumbai’s population density?

I

(b) San Francisco has a population of 805,816 and an area of
120.93 km². What is San Francisco’s population density?
(c) Dublin has a population of 553,165 and an area of 114.99 km².
What is Dublin’s population density?
(d) The population density of London is 5,584 people per km².
If London’s population is 8,778,500, what is London’s area?
(e) The population density of Chicago is 4,582 people per km².
Is Chicago’s population is 2,695,598, what is Chicago’s area?
(f) The population density of Cairo is 19,376 people per km².
If Cairo’s area is 606 km², what is Cairo’s population?
(g) The population density of Miami is 4,324 people per km².
If Miami’s area is 92.38 km², what is Miami’s population?
(h) The following table gives information about some Spanish cities.
City
Population
Area

Madrid
3,141,991
604.3 km²

Barcelona
1,621,537
101.9 km²

Seville
703,021
140 km²

(i) Calculate the population density of the three Spanish cities.
(ii) Which city is the one where people live closest to each other?
Challenge!
Try to calculate the population density of where you live.
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Density
Density compares an object’s mass to its volume.

M
V D

Mass = Volume × Density
Volume = Mass ÷ Density
Density = Mass ÷ Volume

To use the triangle, hide
the letter that you want
to find.

Density is (usually) measured in g/cm³ or kg/m³, and is used to compare how much mass an object has per unit of
volume.
Example
(a) The mass of a 200 cm³ piece of metal is 1.2 kg.
What is the metal’s density, in g/cm³?

(b) The density of a piece of aluminium is 2.7 g/cm³.
Calculate the mass of a 20 cm³ piece of aluminium.

Answer: Density = Mass ÷ Volume
Answer: Density = 1,200 ÷ 200
Answer: Density = 6 g/cm³

Answer: Mass = Volume × Density
Answer: Mass = 20 × 2.7
Answer: Mass = 54 g

Exercise 24

I

(a) The mass of a stone is 4.4 kg.
(i) What is the mass of the stone in grams?
(ii) Find the density of the stone (in g/cm³) if its volume is 2,000 cm³.
(b) A piece of cork weighs 10 kg. Its volume is 0.04 m³.
Calculate the density of the cork, in kg/m³.
(c) The mass of a 1,200 ml piece of ice is 1,104 grams. Find its density.
(Hint: 1 ml = 1 cm³.)
(d) Gold is expensive and desirable not just for how it looks but
also because it does not rust easily. Lewis wishes to build a car
made out of gold but is worried about its mass. The density of gold
is 19,300 kg/m³ and the volume of Lewis’ car is around 1.5 m³.
(i) Calculate the mass of Lewis’ gold car.
(ii) Given that the mass of a normal car is around 1,500 kg,
comment on the practicality of Lewis’ plan.
(e) Megan is mixing and pouring concrete. She mixes and then pours a total of 2.4 m³ of concrete.
Calculate the mass of this concrete if its density is 2,500 kg/m³.
(f) The density of water is 1 g/cm³. Calculate the mass of 1.5 litres of water.
(g) A clay statue has density 1.4 g/cm³. Another statue is carved from wood
and has a density of 0.8 g/cm³. The two statues are weighed in order to
find their mass. The wood statue weighs 4,500 g. The clay statue weighs
7,700 g. Which statue has the greatest volume?
(h) The dimensions of a metal cuboid are 8 cm, 6 cm and 5 cm.
The mass of the cuboid is 0.9 kg. Calculate the density of the metal, noting
your units clearly.
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Other Compound Measures
Exercise 25
(a) The fuel consumption of Bethan’s car is 50 miles per gallon.
(i) If Bethan travels 200 miles in her car, how many gallons of petrol does she use?
(ii) Today, petrol costs 117.9 pence per litre. Given that a gallon of petrol is around
4.5 litres, calculate the cost of the petrol for Bethan’s journey. Give your answer
correct to the nearest penny.
(b) John travels 126 miles in his car, using 2.25 gallons of petrol. What is the fuel
consumption of John’s car, in miles per gallon?
(c) Janet types at a rate of 70 words per minute. How much time would Janet need
to type a report containing 3,500 words?
(d) The average person can type at a rate of 40 words per minute. Bob types a 1,200-word report in 40 minutes.
Does Bob type at a rate that is slower than the average person, or is quicker than the average person?
(e) A mill produces 20 metric tons/hour of flour.
How much flour is produced every 15 minutes?
(f) A paint tin notes that it can cover an area of 13 m²/litre.
If the paint tin contains 2.5 litres of paint, what total area can
the tin cover?
(g) A swimming pool is emptied in order to clean it. The pool
(when full) can hold 375,000 litres of water. After it is cleaned,
the pool is refilled by using a water pipe that can supply water
at a rate of 200 litres per minute. How much time will it take to
refill the pool? Give your answer in hours and minutes.
(h) During the first 20 games of a football season, Gareth Bale scored an average of 0.7 goals per game.
How many goals is it expected that Gareth Bale scores during the next 6 games?

Key Words

Further Questions

What went well?

To reach my target
grade I will…

Grade ❑ Target ❑
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Puzzle: Can you find the top view for every stand?
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