
© WJEC CBAC Ltd. 

 
 

 

 
 
 

 
 

 
 

 GCE AS MARKING SCHEME 
 
 

 
SUMMER 2023 
 
 
AS 
MATHEMATICS 
UNIT 1 PURE MATHEMATICS A 
2300U10-1 
 
 

 



 

© WJEC CBAC Ltd. 

INTRODUCTION 
 
This marking scheme was used by WJEC for the 2023 examination. It was finalised after 
detailed discussion at examiners' conferences by all the examiners involved in the 
assessment. The conference was held shortly after the paper was taken so that reference 
could be made to the full range of candidates' responses, with photocopied scripts forming 
the basis of discussion. The aim of the conference was to ensure that the marking scheme 
was interpreted and applied in the same way by all examiners. 
 
It is hoped that this information will be of assistance to centres but it is recognised at the 
same time that, without the benefit of participation in the examiners' conference, teachers 
may have different views on certain matters of detail or interpretation. 
 
WJEC regrets that it cannot enter into any discussion or correspondence about this marking 
scheme. 
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GCE AS MATHEMATICS  
 

UNIT 1 PURE MATHEMATICS A 
 

SUMMER 2023 MARK SCHEME 
 
 
 

Q Solution     Mark Notes 

 

1(a) 1 + 
9

1C (-3x)1 + 
9

2C (-3x)2   B1 
9

1C (-3x)1 

       B1 
9

2C (3x)2, oe 

 1 – 27x + 324x2    B1 cao Ignore extra terms 

 

 

1(b) Put x = 0.001     M1 sub x = 0.001 into either side. si 

 (1 − 3 × 0.001)9  

= 1 – 27(0.001) + 324(0.001)2 A1 correct sub, ft their (a), for equivalent 

 difficulty 

 (0.997)9 = 1 – 0.027 + 0.000324   

(0.997)9 = 0.973(324)     

(0.997)9 = 0.973 to 3dp   A1 cao for their expression in (a),  

        provided 0 < answer < 1  

        3dp required 
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Q Solution     Mark Notes 

 

2 3sin2 𝜃 – 5cos2 𝜃 = 2cos 𝜃    

 3(1 – cos2 𝜃) – 5cos2 𝜃 = 2cos 𝜃  M1 sin2 𝜃 + cos2 𝜃 = 1 

 8cos2 𝜃 + 2cos 𝜃 − 3 = 0 

 (2cos 𝜃 – 1)(4cos 𝜃 + 3) = 0   m1 factorisation, oe 

        ax2 + bx + c = (dx + e)(fx + g) 

        df = a and eg = c 

 cos 𝜃 = 
1

2
, −

3

4
     A1 

  

 cos 𝜃 = 
1

2
 

𝜃 = 60     B1 ft 

𝜃 = 300     B1 ft 

 

 cos 𝜃 = −
3

4
 

𝜃 = 138.59     B1 ft, Accept 139 

𝜃 = 221.41     B1 ft, Accept 221 

 

Notes 

Mark each branch separately. 

FT 2 branches only if different signs. 

For each branch, −1 for a 3rd root in the range 0° < 𝜃 < 360°, 

     −1 for a 4th root in the range 0° < 𝜃 < 360°. 

Ignore roots outside the range 0° < 𝜃 < 360°. 

  



 

3 
© WJEC CBAC Ltd. 

Q Solution     Mark Notes 

 

3(a) Gradient of AB = 
8 − 5

3−(−2)
 (=

3

5
)  B1 

 Correct method for finding the equ AB  M1 

 Equation of AB is y  – 5 = 
3

5
(𝑥 − (−2)) A1 or y – 8 = 

3

5
(𝑥 –  3)               

    ft grad AB, any correct form. ISW 

 5y = 3x + 31 

 

3(b) Gradient AC = −
5

3
    M1 −1/grad AB, ft their grad AB 

 Equation of AC is y – 5 = −
5

3
(𝑥 − (−2)) m1 correct method 

 3y + 5x = 5 

 At C, y = 0, 5x = 5, x = 1 

 C has coordinates (1, 0)  A1 Convincing 

 

OR 

 Assuming that C is (1,0) 

 Gradient AC  =
5 − 0

−2−1
 = −

5

3
  (M1)   

 Grad AC × Grad AB = −
5

3
×

3

5
 = −1  (m1) 

 Hence AC and AB are perpendicular  (A1) 

 

OR 

 Gradient AC = −
5

3
  (M1)  −1/grad AB 

 C has coordinates (p, 0)   

 
5 − 0

−2 − 𝑝
 = −

5

3
  (m1) 

 15 = 10 + 5p,  p = 1  (A1) 
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Q Solution     Mark Notes 

 

3(c) AB = √(8 − 5)2 + (3 + 2)2 = √34  M1 correct method for distance 

 AC = √(0 − 5)2 + (1 + 2)2 = √34  A1 one correct distance 

 Area of ABC = 
1

2
× 𝐴𝐵 × 𝐴𝐶  M1 correct method for area used 

 Area of ABC = 
1

2
× √34 × √34 = 17  A1 cao 

 

OR 

 Area ABC  

  = 
1

2
(5 + 8)×(3 − (−2)) − 

1

2
 ×3×5 − 

1

2
×8×2 (M1) 

       (M1) correct area identified 

       (A1) correct expression 

   = 
65

2
 − 

15

2
 – 8 

   = 17    (A1) cao 

 

OR 

 Triangle ABC is isosceles with AC = AB and base = BC. 

 Midpoint of base = (2, 4)   (M1) 

 Length of base(BC) = √(3 − 1)2 + (8 − 0)2 

= 2√17 

 Height = √(2 − −2)2 + (4 − 5)2 = √17 (A1) One correct length 

 Area of ABC = 
1

2
× base × height  (M1) correct method for area used 

 Area of ABC = 
1

2
× 2√17 × √17 

   = 17    (A1) cao 
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Q Solution     Mark Notes 

 

3(d) BC is diameter of required circle  M1 si 

 Method to find the centre   M1 

 Centre = (
3 + 1

2
,

8 + 0

2
 )      

Centre = (2, 4)    

Method to find the radius   M1 from same diameter  

Radius = 
1

2
√82 + 22     √42 + 12, or radius2 

 Radius = √17       

 Method for the equation of a circle   m1 Dependent on all previous 3 M1s 

 (x – 2)2 + (y – 4)2 = 17   A1 oe, cao, ISW 

 

OR 

 Equation of circle is x2 + y2 + ax + by + c = 0 (M1) used, or (x – p)2 + (y – q)2 = r2 

 For C(1, 0), a + c = −1   (A1) one correct equation 

 For A(-2, 5), −2a + 5b + c = −4 − 25 

 For B(3, 8), 3a + 8b + c = −9 – 64  (A1) 3 correct equations 

 Correct method for solving equations  (M1) 

 a = −4, b = −8, c = 3    (A1) cao 

x2 + y2 − 4x − 8y + 3 = 0  
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Q Solution     Mark Notes     

 

4(a) Attempt at long division   M1 oe, si 

 3x2 + 11x (+ 34)    A1 implied by 101 

 Remainder = 101    A1 cao 

 

4(b)(i) Attempt to use f(−2) = 0.   M1 

 f(−2) = 2(−2)3 – 3(−2)2 + a(−2) + 6 = 0 A1 correct equation, si 

 a = −11     A1 

 

  



 

7 
© WJEC CBAC Ltd. 

Q Solution     Mark Notes     

 

4(b)(ii) f(x) = (x + 2)(2x2 + px + q)   M1 at least one of p, q correct, ft if poss. oe 

 f(x) = (x + 2)(2x2 − 7x + 3)   A1 

 f(x) = (x + 2)(2x – 1)(x − 3)    

 x = −2      

 x =  
1

2
      A1 or x = 3 

x = 3      A1 all three roots 

 

OR 

Use of factor theorem where x  −2  (M1)  

1st correct root  −2    (A1)  

2nd correct root  −2    (A1) 

All three roots     (A1) 

 

OR for (b)(i) and (b)(ii) 

 2x3 − 3x2 + ax + 6 = (x + 2)(2x2 + px + q) (M1) 

 Comparing coefficients   (M1) 

 For x2: −3 = 4 + p; p = −7   (A1) 

 constant term 6 = 2q; q = 3   (A1) 

 f(x) = (x + 2)(2x2 − 7x + 3)     (x − 3)(2x2 + 3x − 2), (2x − 1)(x2 − x − 6) 

 f(x) = 2x3 − 3x2 − 11x + 6 

 a = −11     (A1) 

 f(x) = (x + 2)(2x – 1)(x − 3)   (A1) 

 x = −2, 
1

2
, 3     (A1) 
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Q Solution     Mark Notes     

 

5 √512𝑎23
 − 

𝑎
7
6 × 𝑎

−
1
3

𝑎
1
6

 

√512𝑎23
 = 8𝑎

2

3     B1 oe 

 
𝑎

7
6 × 𝑎

−
1
3

𝑎
1
6

=  𝑎(
7

6
 − 

1

3
 − 

1

6
)
    B1 some correct simplification of indices 

  =  𝑎
2

3     B1 2nd term correct, oe 

√512𝑎23
 − 

𝑎
7
6 × 𝑎

−
1
3

𝑎
1
6

 = 8𝑎
2

3 − 𝑎
2

3 

 = 7𝑎
2

3    or  7√𝑎23
    B1 cao 
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Q Solution     Mark Notes 

 

6 Cosine rule used correctly   M1 

 AC2 = AB2 + BC2 − 2(AB)(BC)cosB 

 (4 + √3)2 = (3)2 + (2√5)2 − 2(3)(2√5)cosB A1 All correct 

19 + 8√3 = 9 + 20 − 12√5 cosB  B1 16 + 8√3 + 3 

      B1 9 and 20 

      B1 12√5 

 12√5 cosB = 10 − 8√3    

 cosB = 
10 − 8√3

12√5
  

 cosB = 
5 − 4√3

6√5
     A1 a = 5 

       A1 b = 4 

       If A0A0, award A1 for cosB = 
10 − 8√3

12√5
  or  

       cosB = 
−10+ 8√3

−12√5
 

       ISW 
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Q Solution     Mark Notes 

 

7(a)(i) 2x2 + 5x – 12 = mx – 14   M1 

 2x2 + (5 – m)x + 2 = 0    A1 Allow 2x2 + 5x – mx + 2 = 0 

 Discriminant = (5 – m)2 − 4×2×2  m1 si 

 For tangent discriminant = 0   m1 used 

 25 – 10m + m2 – 16 = 0 

 m2 – 10m + 9 = 0    A1 convincing 

 

7(a)(ii) (m – 1)(m – 9) = 0     oe  (5 – m) = ±4 

 m = 1, 9     B1B1  

When m = 1  when m = 9 

2x2+5x–12 = x–14   or  2x2+5x–12 = 9x–14 B1 

 2x2 + 4x + 2 = 0    or 2x2 – 4x + 2 = 0  

 (x + 1)2 = 0 or (x − 1)2 = 0  B1 si 

 x = −1  and x = 1   B1 or  (−1, −15) or (1, −5) 

 y = −15 and y = −5 

 Points are (−1, −15) and (1, −5)  B1 2nd correct pair 

 

OR for final 4 B1 marks 

 m = 1, 
d𝑦

d𝑥
 = 4x + 5 = 1   (x = −1)  (B1) 

 m = 9, 
d𝑦

d𝑥
 = 4x + 5 = 9   (x = 1)  (B1) 

 x = −1  and x = 1   (B1) or  (−1, −15) or (1, −5) 

 y = −15 and y = −5 

 Points are (−1, −15) and (1, −5)  (B1) 2nd correct pair 
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Q Solution     Mark Notes 

Alternative solution for Q7 (using the gradient function) 

7(a)(i) At point of intersection 

 2x2 + 5x – 12 = mx – 14   (M1) 

 Gradient of curve = 
d𝑦

d𝑥
 = 4x + 5  (m1) 

 When line is tangent, 4x + 5 = m  (A1) 

    x = 
𝑚−5

4
 

 2(
𝑚−5

4
)

2
 + 5(

𝑚−5

4
) − 12 = m(

𝑚−5

4
) − 14 (A1) 

 m2 – 10m + 9 = 0    (A1) convincing 

 

7(a)(ii) 2x2 + 5x – 12 = mx – 14   (M1) 

 At point of contact, m = 4x + 5  (A1) 

 2x2 + 5x – 12 = (4x + 5)x – 14   (m1) 

 2x2 – 2 = 0 

 (x + 1)(x – 1) = 0    (m1) or x2 = 1 

 x = −1, 1     (A1) one correct pair 

 y = −15, −5     (A1) all correct 

 

 

7(b) For 2 distinct points of intersection 

 Discriminant  0    M1 used, si  

 (m – 1)(m – 9)  0     OR  5 − m > 4  or  5 − m < -4 

 m  1 or m  9     A1 condone ‘,’, or nothing   

        A0 for ‘and’     

        A0 for non-strict inequality   

        Mark final answer 
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Q Solution     Mark Notes 

 

8  n = 3      M1 correct value of n (e.g. 5, 7, 8) 

 n2 +1 = 32 + 1 = 10    A1 correct value (e.g. 26, 50, 65) 

 10 (= 2 × 5) is not a prime number, 

 hence the statement is false.   A1 concluding statement    

        Condone one of ‘statement is false’  

        or e.g. ‘10 is not a prime number’ 
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Q Solution     Mark Notes 

 

9(a) y + y = (x + x)2 – 3(x + x)  B1 

 y + y = x2 + 2x(x) + (x)2 – 3x – 3x 

 Subtract y = x2 – 3x from y + y  M1 

 y = 2xx + (x)2 – 3x   A1 

 
x

y




 = 2x + x – 3 

 
x

y

d

d
 = limx→0

x

y




    M1 

x

y

d

d
 = limx→0(2x + x – 3) 

 
x

y

d

d
 = 2x – 3     A1 All correct 

 

OR 

 f(x + h) = (x + h)2 – 3(x + h)   (B1) 

 f(x + h) = x2 + 2xh + h2 – 3x – 3h 

 f(x + h) – f(x) = 2xh + h2 – 3h   (M1A1) 

 
𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
 = 2x + h – 3 

 f ′(x) = limh→0 
𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
   (M1) f ′(x) = limh→0(2x + h – 3) 

 f ′(x) = 2x – 3     (A1) All correct 
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Q Solution     Mark Notes 

 

9(b)(i) f(x) = 4𝑥
3

2 +
6

√𝑥
  

 f ′(x) = 4 ×
3

2
× 𝑥

1

2 + 6 × (−
1

2
) × 𝑥−

3

2  B1 one correct term 

       B1 second correct term   

        ISW 

 f ′(x) = 6𝑥
1

2 − 3𝑥−
3

2 

 

 

9(b)(ii) 𝑓′(𝑥) > 0 

 6𝑥
1

2 − 3𝑥−
3

2 > 0      

Multiplying by 𝑥
3

2:  6𝑥2 − 3𝑥0 > 0   M1 oe eg 3𝑥
1

2(2 − 𝑥−2) FT similar expression

        Allow  , <, =, ≥ 

 𝑥2 > 0.5     A1 Allow  , <, =, ≥, but must be same as 

        in previous M1    

        FT similar expression 

 For increasing function 𝑓′(𝑥) > 0  M1 used     

        Allow 𝑓′(𝑥) ≥ 0 

x > (0.5)
1

2 = 0.707106….. 

 k = 0.71     A1 cao needs 2 dp    

        Condone x = 0.71 
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Q Solution     Mark Notes 

 

10(a) 2x + 5 = e3  M1 Correctly removing ln 

 x = 
1

2
(e3 – 5) (= 7.5427…..)  A1 ISW, Accept 7.54   

    Answer only, M0 

 

10(b) (2x + 1)ln5 = ln14  M1 oe  2xln5 = ln(
14

5
) 

 2x = 
ln14

ln5
 – 1  A1 isolating x term 

 x = 
1

2
(

ln14

ln5
− 1) (= 0.31(98….))  A1 ISW, Accept 0.32   

    Answer only, M0 

OR 

 2x + 1 = log514  (M1) 

 2x = log514 – 1  (A1) isolating x term 

 x = 
1

2
(log514 – 1) (= 0.31(98….))  (A1) ISW, Accept 0.32   

    Answer only, M0 

 

10(c) log7(
8𝑥3 × 𝑥

8𝑥2 ) = 4  B1 one use power law 

   B1 one use addition law 

   B1 one use subtraction law 

        B1 log381 = 4, si 

 log7 x2 = 4,  2log7 x = 4     

 log7 x = 2     B1 x2 = 74 

 x = 49      B1 B0 for ±49     
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Q Solution     Mark Notes 

 

11(a) 

 

       B2 B1 each branch 

11(b) 

 

M1 ft shift entire graph to the right  

       B1 (0, 2) cao 

       A1 x = 2 as asymptote 

 

  

O 
x 

y = 8/x2 

2 

(0,2) 

O 
x 

y 
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Q Solution     Mark Notes 

 

11(c)  

 

       B1 correct curve y = 
8

𝑥
, both branches. 

        May be seen in (b). 

 Equation has two solutions   B1 award only if both graphs correct in  

        first quadrant. 

 

  

O 
x 

y 
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Q Solution     Mark Notes 

12(a) AB = b − a  M1 used 

 AB = 8i + 4j  A1 any notation ISW 

12(b)(i) |a| = √(−3)2 + 42 = 5  B1 si 

 Unit vector = −
3

5
𝐢 +

4

5
𝐣  B1 oe 

12(b)(ii) Position vector of C is 7(−
3

5
𝐢 +

4

5
𝐣)  B1 oe, ft from (b)(i), provided vector is  

    not a, b or AB. 

 = (−
21

5
𝐢 +

28

5
𝐣) 

 

12(c) AOB = 180 – tan-1(
8

5
) − tan-1(

4

3
)  M1 oe 

 AOB = 180 – 57.99 – 53.13  B1 any correct relevant angle, si 

 AOB = 68.9  (68.875…)  A1  

OR 

 angle AOB = tan-1(
5

8
) + tan-1(

3

4
)  (M1) oe 

 angle AOB = 32.01 + 36.87  (B1) any correct relevant angle, si 

 angle AOB = 68.9  (68.875…)  (A1)  

OR 

 OA  = √(−3)2 + 42 = √25 

 OB = √52 + 82 = √89 

 AB = √82 + 42 = √80    (B1) all correct 

80 = 25 + 89 − 2× 5 × √89cos𝜃  (M1) correct use of cosine rule with 

their distances 

 cos𝜃 = 
25 + 89 − 80

10√89
 = 0.3603992792 

 angle AOB == 68.9° (68.875 … )  (A1)  
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Q Solution     Mark Notes     

13(a) 4
𝑥

1
3

1

3

+
5

4
𝑥4 + 7𝑥 + 𝐶    B3 B1 each term ISW   

        −1 if no +C 

13(b) 

 

Curve cuts x-axis when x = −6, 0, 3  B1 maybe seen on sketch,   

  may be implied by limits 

f(x) = x3 + 3x2 – 18x    B1 

 A1 = ∫ (𝑥3  +  3𝑥2 –  18𝑥)
0

−6
d𝑥  M1 attempt to integrate, limits not required. 

        Or ∫ (𝑥3  +  3𝑥2 –  18𝑥)
3

0
d𝑥 

= [
𝑥4

4
+ 𝑥3 − 9𝑥2]

−6

0

 A1 correct integration,    

 ft similar expression,   

 limits not required 

 = (0) − (
(−6)4

4
+ (−6)3 − 9 × (−6)2) m1 correct use of limits, either −6 and 0,  

        or 0 and 3 

 = 216      A1 Must be from −6 to 0    

        Only FT for     

        f(x) = x3 – 3x2 – 18x    

        (∫ 𝑓(𝑥)d𝑥 =  −216
0

−6
)  

        or f(x) = x3 + 3x2 + 18x  

        (∫ 𝑓(𝑥)d𝑥 =  −432
0

−6
) 

 

 

 

y 

3 -6 O 
x 
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Q Solution     Mark Notes     

13(b) (continued) 

 A2 = [
𝑥4

4
+ 𝑥3 − 9𝑥2]

0

3

 

 = (
34

4
+ 33 − 9 × 32) − (0) 

 = −
135

4
 = −33.75    A1 allow (+)33.75,    

        Only FT for     

        f(x) = x3 – 3x2 – 18x    

        (∫ 𝑓(𝑥)d𝑥 =  −87.75
3

0
)  

        or f(x) = x3 + 3x2 + 18x  

        (∫ 𝑓(𝑥)d𝑥 =  128.25
3

0
) 

 

 Total area = 216 +  
135

4
   m1 si 

 Total area = 
999

4
 = 249.75   A1 cao 

 

Note:   

Must be supported by workings.          

If M0, award SC1 for sight of 216 and 33.75, OR SC2 for 249.75 
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Q Solution     Mark Notes 

 

14(a) y = Ae−kx or y = Aekx  B1 oe Accept numerical values  

    for A  0, and/or k  0. 

 

 

14(b)(i)  Y = 5e−kt  B1 for A = 5 

 1.25 = 5e−4k    

 e−4k = 0.25 

 k = −
1

4
ln(0.25) = 0.3465(735903)  B1 Convincing, answer given   

    Allow verification 

 

14(b)(ii)  0.6 = 5e−0.3466t  M1 

 e−0.3466t = 0.12 

 t = 
ln (0.12)

−0.3466
 (= 6.12 (hours))  A1 

 Additional time (= 6.12 – 4) = 2.12 (hours) A1 oe e.g. hours and minutes, ISW 

    Award A1 for “their 6.12” − 4,  

    provided “their 6.12” > 4 
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INTRODUCTION 
 
This marking scheme was used by WJEC for the 2023 examination. It was finalised after 
detailed discussion at examiners' conferences by all the examiners involved in the 
assessment. The conference was held shortly after the paper was taken so that reference 
could be made to the full range of candidates' responses, with photocopied scripts forming 
the basis of discussion. The aim of the conference was to ensure that the marking scheme 
was interpreted and applied in the same way by all examiners. 
 
It is hoped that this information will be of assistance to centres but it is recognised at the 
same time that, without the benefit of participation in the examiners' conference, teachers 
may have different views on certain matters of detail or interpretation. 
 
WJEC regrets that it cannot enter into any discussion or correspondence about this marking 
scheme. 
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WJEC GCE AS MATHEMATICS  
 

UNIT 2 APPLIED MATHEMATICS A 
 

SUMMER 2023 MARK SCHEME 
 

SECTION A – Statistics  
 

Qu. Solution Mark Notes 

1(a) P(𝐴 ∪ 𝐵) = 0.3 + 0.2 − 0.1 
 
P(𝐴 ∪ 𝐵) = 0.4 

M1 
 

A1 

Use of addition formula  
P(𝐴 ∪ 𝐵) = P(𝐴) + P(𝐵) − P(𝐴 ∩ 𝐵)  
Condone missing labels 

(b) P(𝐵 ∩ 𝐶) = 0.2 × 0.45  
P(𝐵 ∩ 𝐶) = 0.09 

M1 
A1 

Use of 𝑃(𝐵 ∩ 𝐶) = 𝑃(𝐵)𝑃(𝐶) 
Condone missing labels 

(c)  
     0.24 
        A                 B                            C 
     
 
 
       0.2          0.1            0.09       0.36 
        
                               0.01 
 
 
 
 
 
 
OR may see 
 
 
         A                                 B 
 
           0.2        0.1      0.01 
 
                          0     
                   0         0.09 
                
                        0.36             0.24 
                C 
 

 
 

B1 
 
 
 

B1 
 

B1 
 
 
 
 
 

B1 
 
 
 

(B1) 
 
 
 
 

(B1) 
 

(B1) 
(B1) 

 

FT their 0.09 for possible B1B1B1B1 
(provided all valid probabilities) 
B1 for three overlapping circles with A, B 
and C labelled with A&B and B&C 
intersecting and NOT A&C, or P(𝐴 ∩
𝐶) = 0 (condone box omitted) 
B1 for 0.1 and 0.09 seen within a valid 
Venn diagram. 
B1 for any two of 0.24, 0.2, 0.01, 0.36 
Allow written with correct notation: 
𝑃(𝐴′ ∩ 𝐵′ ∩ 𝐶′) = 0.24,  
𝑃(𝐴 ∩ 𝐵′ ∩ 𝐶′) = 0.2  

𝑃(𝐴′ ∩ 𝐵 ∩ 𝐶′) = 0.01  
𝑃(𝐴′ ∩ 𝐵′ ∩ 𝐶) = 0.36  
B1 for all of 0.24, 0.2, 0.01 and 0.36 
within a fully valid Venn diagram 
inclusive of box. 
 
B1 for three overlapping circles with A, B 
and C labelled with  
P(𝐴 ∩ 𝐵 ∩ 𝐶) = 0 and  

𝑃(𝐴 ∩ 𝐵′ ∩ 𝐶) = 0  
(condone box omitted) 
B0 if these are blank (must contain 0) 
B1 for 0.1 and 0.09 seen within a valid 
Venn diagram. 
B1 for any two of 0.24, 0.2, 0.01, 0.36  
B1 for all of 0.24, 0.2, 0.01 and 0.36 
within a fully valid Venn diagram 
inclusive of box. 

(d) Use of Venn diagram to find 𝑃((𝐵 ∪ 𝐶)′) directly. 
P((𝐵 ∪ 𝐶)′) = 0.2 + 0.24 
 
 
P((𝐵 ∪ 𝐶)′) = 0.44 
 
OR (use of Venn diagram to find 𝑃(𝐵 ∪ 𝐶)) 
Use of 1 − P(𝐵 ∪ 𝐶) = 1 − (0.1 + 0.01 + 0.09 + 0.36) 

P((𝐵 ∪ 𝐶)′) = 1 − 0.56 = 0.44 
 
 
OR (use of addition formula to find 𝑃(𝐵 ∪ 𝐶)) 

Use of 1 − 𝑃(𝐵 ∪ 𝐶) = 1 − (0.2 + 0.45 − 0.09)  
P((𝐵 ∪ 𝐶)′) = 1 − 0.56 = 0.44 
 

 
M1 

 
 

A1 
 
 

(M1) 
(A1) 

 
 
 

(M1) 
(A1) 

 
Total 
[10] 

P(𝐵 ∪ 𝐶′) is M0A0 
FT their “0.2” and “0.24” provided two 
valid probabilities added to give an 
answer between 0 and 1. 
FT (c) provided valid probability. 
 
 
FT their "0.09" provided valid prob with 
attempt to subtract from 1. Final answer 
between 0 and 1 to earn M1. 
 
 
FT their “0.09” provided valid prob with 
attempt to subtract from 1. Final answer 
between 0 and 1 to earn M1. 
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Qu. Solution Mark Notes 

2 (Discrete) uniform (distribution). 
 
Because each card has the same probability (1/20) of 
being selected. 
 

B1 
 

E1 
 

Continuous uniform earns B0. 
 
B0E1 is possible for correct reason  
E0 for the probability is constant. 
Must refer to each card. 

  Total 
[2] 

 

3 𝑃(8,16) + 𝑃(4,16) + 𝑃(4,8) + 𝑃(16,16) + 𝑃(8,8) + 𝑃(4,4)  
 

= 0.5 × 0.2 + 0.3 × 0.2 + 0.3 × 0.5 + 0.22 + 0.52 + 0.32  
 
 
 
= 0.69  
 
 
 
 
 
OR 
 
P(4, anything) + P(8, 8 or 16) + P(16,16)  
 
= 0.3 × 1 + 0.5 × 0.7 + 0.2 × 0.2 
 
 
 
= 0.69  
 
 
 
OR 
 
1 − ((P(8, 4) + P(16, 4) + P(16, 8))  
 
 
1 − (0.5 × 0.3 +  0.2 × 0.3 +  0.2 × 0.5) 
 
 
 
 
= 0.69 
 

 

 

M1 
 

m1A1 
 
 
 

A1 
 
 
 
 
 
 
 

(M1) 
 

(m1A1) 
 
 
 

(A1) 
 
 
 
 
 

(M1) 
 
 

(m1A1) 
 
 
 
 

(A1) 
 
 

Total 
[4] 

 

M1 for at least three correct 
combinations, si 
m1 addition of products for their 
combinations 
A1 fully correct calculation (no 
terms omitted) 
cao  
 
 
 
 
 
 
 
M1 for at least two correct 
combinations, si. 
m1 addition of products for their 
combinations 
A1 for fully correct calculation (no 
terms omitted) 
cao 
 
 
 
 
 
M1 for at least two correct 
combinations excluded, si. 
Sight of 0.31 implies M1. 
m1 FT their combinations, must 
include ‘1-’ with addition products 
for their combinations 
A1 for fully correct calculation (no 
terms omitted) 
cao 
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Qu. Solution Mark Notes 

4(a) Let the random variable 𝑋 be the number of emissions in 
a 3-second period. 
 
𝑋 ~ Po(12)                                     
 
 

P(𝑋 ≥ 10) = 1 − P(𝑋 ≤ 9) 
= 1 − 0.2424 
= 0.7576 

 
 
 

B1 
 
 

M1 
 

A1 

 
 
 
si  
 
 
Written, or used for their stated 
Poisson distribution. 
cao 3sf or better  
 

(b) 
 
 
 
 

Let the random variable 𝑌 be the number of sources that 
emit at least 10 radioactive particles in a 3-second 
interval. 
 
𝑌 ~ B(𝑛, 𝑝)                                
 

𝑌 ~ B(9, 0.7576)                       
 
P(𝑌 ≤ 5) = 0.1518                                                                               

 
 
 
 

M1 
 

A1 
 

A1 
 
 

Total 
[6] 

 
 
 
 
si (binomial distribution with valid 
numerical 𝑛 and valid 𝑝)  
FT 0 <‘their 𝑝’< 1 in (a), si 
 
cao 3sf or better (award A1 for 
0.151 from 𝑝 = 0.758) 
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Qu. Solution Mark Notes 

5(a) Valid explanation  
e.g. The doctor is only interested in a reduction in the 
proportion of his patients who take too little exercise. 
e.g. The behaviour change program is designed to reduce 
the proportion of patients who take too little exercise. 

E1 Reference to upper tail E0  
E0 for only referencing or implying 
increase/decrease in amount of exercise. 
 

(b)(i) Valid explanation 
e.g. the 𝑝- value is the probability of 40 or fewer patients 
taking too little exercise after the programme, given that 
there has been no change. 
e.g. 𝑝-value is the probability of 40 or fewer patients taking 
too little exercise after the programme, given that 𝑝 = 0.34. 

e.g. 𝑝-value is the probability of 40 or fewer patients taking 
too little exercise after the programme, given 𝐻0 is true. 

E1 oe must be in context. 
E0 for “given that there has been no 
change” or equivalent omitted. 

(ii) 𝐻0: 𝑝 = 0.34       𝐻1: 𝑝 < 0.34 
 
 
 
 
(Let the random variable 𝑋 represent the number of patients who 
take too little exercise.) 

Under 𝐻0, 𝑋 ~ B(156, 0.34) 
 
Method 1 (𝒑-value): 

P(𝑋 ≤ 40) =  0.015488  
 
 
 
 

Since 0.015488 > 0.01, there is insufficient evidence to reject 𝐻0. 
 
 
 
 
 
Method 2 (critical region): 
The CR is 𝑋 ≤ 𝑘 where 𝑃(𝑋 ≤ 𝑘) ≤ 0.01. 

𝑃(𝑋 ≤ 39) = 0.009768, 𝑃(𝑋 ≤ 40) = 0.015488 
 

Hence, 𝑘 = 39. The CR is 𝑋 ≤ 39. 
 
 
 
Since 40 is not in the CR, there is insufficient evidence to reject 𝐻0. 
 
There is insufficient evidence at the 1% level to suggest the 
behaviour change programme has had the desired effect. 
 
 
 
 

B1 
 
 
 
 
 
 

B1 
 
 

M1A1 
 
 
 
 

m1 
 
 
 
 
 
 
 

(M1) 
 

(A1) 
 
 
 

(m1) 
 

A1 
 
 
 
 
 
 
 
 
 
 

 
 
 

Total 
[8] 

 

Allow use of 𝜃 or 𝜋, or other letters if defined. 

Do not allow 𝑥 = 0.34. 
Allow worded hypotheses or use of 34%. 
B0 for 0.34%. 
B0 for omission of 𝑝 or a non-strict inequality in 

𝐻1. 
 
si (e.g. from correctly calculated 𝑃(𝑋 ≤ 40) or 

𝑃(𝑋 = 40)) 
 

M0A0m0A0 for P(𝑋 = 𝑘), e.g. sight of 𝑃(𝑋 =
40) = 0.00572 earns M0 

M1 for attempt to find   
P(𝑋 ≤ 40) si. 
 
FT their ‘P(𝑋 ≤ 40)’ – probability needed and 
correct comparison with 0.01.  
Do not need to see insufficient evidence for 
this mark. 
 
 
 
 

Either probability (evaluating 𝑃(𝑋 = 39) or 

𝑃(𝑋 = 40) earns M0A0m0A0). 
CV or CR identified (condone as probability 
statement, i.e. 𝑃(𝑋 ≤ 39)). 
Award M1A1 for correct CV/CR with no 
working. 
FT their calculated CV 
 
CSO Must have fully correct solution.  
Do not allow categorical statements without 
reference to insufficient evidence or suggests 
within solution. 
 
Method 1: 
Withhold this mark if the p-value is not 
compared with the significance level. 
 
Method 2: 

Withhold this mark if 𝑃(𝑋 ≤ 39) given as CR or 
failing to consider both probs. 
Withhold this mark if the test statistic is not 
compared with the CV. 
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Qu. Solution Mark Notes 

6(a) Select students numbered 195, 023, 432, 271 B1 Must reject 752 (outside range) and second 
195 (appears twice).  
Allow any order. 

(b) Valid reasons. 
e.g. Different samples can lead to different conclusions. 
e.g. Clare’s school may be in a different area. 
e.g. Poppi and Clare are at different stages of schooling. 
e.g. One school may be Welsh medium, whilst the other may be 
English medium. 

E2 
 
 

E1 for each – do not award E2 for the same 
comment written in two different ways. 
E0 for Clare’s sample is larger than Poppi’s. 
E0 for “use a bigger sample”. 

(c)(i) Valid reason. 
e.g. 10.8% can speak Welsh in Region B compared to 9.7% in Region 
A. 

B1 B0 for answers based on the number of 
people rather than percentages (e.g. more 
people speak Welsh in Region B than Region 
A). 
Condone percentages not quoted (e.g. a 
greater percentage / proportion in Region B 
can speak Welsh compared to Region A). 

(ii) Valid reason. 
e.g. Only 82.6% have no skills in Welsh in Region A compared to 
83.7% in Region B. 
e.g. 3.6% have other skills in Welsh compared to 2.2% in Region B. 
e.g. 4.1% understand spoken Welsh in Region A compared to 3.3% in 
Region B. 

B1 B0 for answers based on the number of 
people rather than percentages 
 
Condone percentages not quoted 

(d)(i) 𝑥̅ (=
Σ𝑥

𝑛
=

53.9

7
) = 7.7 (minutes) 

 
 
Appropriate use of calculator 

𝜎 = 2.56 (minutes) 
 
OR 

𝜎 = √
Σ𝑥2

𝑛
− 𝑥̅2 = √

7.22+5.42+7.42+4.62+13.22+8.42+7.72

7
− 7.72 = √

461.01

7
− 7.72  

  = 2.56 (minutes)  
 
OR 

𝜎 = √
Σ(𝑥−𝑥̅)2

𝑛
= √

(7.2−7.7)2+(5.4−7.7)2+(7.4−7.7)2+(4.6−7.7)2+(13.2−7.7)2+(8.4−7.7)2+(7.7−7.7)2

7
= √

45.98

7
  

  = 2.56 (minutes)  

B1 
 

 
M1 
A1 

 
 

(M1) 
 

(A1) 
 
 

(M1) 
(A1) 

 

Allow embedded 𝑥̅ within a shown calculation 
(either alternative method). Allow labelled as 
𝜇. 
 
Allow 2.6 

Equivalents are √
Σ𝑥2

𝑛
−

(Σ𝑥)2

𝑛
 or √

𝑆𝑥𝑥

𝑛
 

FT their mean provided positive term within 
square root for M1  
Allow 2.6 
 
 
FT their mean for M1 
Allow 2.6 

SC1 for 𝜎2 = 6.57 or 𝑠2 = 7.66 

Accept calculation of 𝑠2 leading to an answer 
of 2.768 for M1A1 

(ii) Valid comparison of means in context with interpretation: 
e.g. The children who can speak Welsh can concentrate for longer on 
average / in general than those who have no skills in Welsh. 
e.g. The children who cannot speak Welsh concentrate for less time 
on average / in general than those who can speak Welsh. 
 
 
 
Valid comparison of standard deviations in context with interpretation: 
e.g. The length of time children who have no skills in Welsh can 
concentrate for is more variable / less consistent / more spread 
out than those who can speak Welsh. 
e.g. The length of time children who speak Welsh can concentrate for 
is less variable / more consistent / less spread out than those who 
have no skills in Welsh. 
 
However, one should not overly heed these comparisons due to the 
small sample size. 

E1 
 
 
 
 
 
 
 

E1 
 
 
 
 
 
 
 

(E1) 
 
 
 

Total 
[10] 

 

Must be an interpretation not simply 
comparing values. FT their 𝑥̅. 
E0 for omission of “on average”.  
E0 for the mean concentration time for those 
who speak Welsh is higher than the mean 
concentration time for those who do not 
speak Welsh oe. 
 
Must be an interpretation not simply 
comparing values. FT their 𝜎.  
E0 for the standard deviation for those who 
speak Welsh is less than the standard 
deviation for those who do not speak Welsh 
oe. 
 
 
Only following on from a comparison of 
means or standard deviations. 
BOD for “1st group” in place of “children who 
speak Welsh”. 
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SECTION B – Mechanics 

 
 

  
 
 
 
 
 
 
 
 
 
 
 

  
 
 

𝟏𝟐𝟎𝟎𝒈 = 𝟏𝟏 𝟕𝟔𝟎 
 
 

𝒂 =
𝒈

𝟏𝟎
= 𝟎 ∙ 𝟗𝟖 

 
 

 

a) N2L applied to lift, downwards positive 
 
1200𝑔 − 𝑇 = 1200𝑎              (11760 − 𝑇 = 1200𝑎) 
 

1200𝑔 − 𝑇 = 1200 (
𝑔

10
)         (11760 − 𝑇 = 1176) 

 
𝑇 = 1080𝑔 = 10 584  (N) 

M1 

 
A1 

 
 

 
 

A1 
 

[3] 
 

Dimensionally correct equation 
𝑇 and 1200𝑔 opposing 
Correct equation 
 

𝑇 = 1200 (
9𝑔

10
) 

 
cao 
 
 

    
 

𝟔𝟑𝒈 = 𝟔𝟏𝟕 ∙ 𝟒 
 
 

𝒂 =
𝒈

𝟏𝟎
= 𝟎 ∙ 𝟗𝟖 

 
 
 

b) N2L applied to person only, downwards positive 
 
𝑀𝑔 − 𝑅 = 𝑀𝑎 
 

𝑀𝑔 − 63𝑔 = 𝑀𝑎                  (9 ∙ 8𝑀 − 617 ∙ 4 = 𝑀𝑎) 
 

𝑀𝑔 − 63𝑔 = 𝑀 (
𝑔

10
)    (9 ∙ 8𝑀 − 617 ∙ 4 = 0 ∙ 98𝑀) 

 
𝑀 = 70      

M1 
 

A1 
 
 
 

 
 

A1 
 

[3] 
 

Dimensionally correct equation 
𝑅(= 63𝑔) and 𝑀𝑔 opposing 
Correct equation 
 
9

10
𝑀 = 63  

 
 
 

cao 

Total for Question 7 6  

  

𝒂 =
𝒈

𝟏𝟎
 

𝟏𝟐𝟎𝟎𝒈 

𝑻 

𝒂 =
𝒈

𝟏𝟎
 

𝑴𝒈 

𝟔𝟑𝒈 
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At starting position (𝑡 = 0), 𝑠 = 0 

4𝑡2 − 𝑡3 = 0 

𝑡2(4 − 𝑡) = 0 
 
𝑡 = 4        (or       (𝑡 = 0)) 
 

𝑣 =
d𝑠

d𝑡
= 8𝑡 − 3𝑡2  

 
 
 

At 𝑡 = 4,   𝑣 = 8(4) − 3(4)2 
                𝑣 = −16 
 
 

speed = 16   (ms−1) 

 
 

M1 
 
 

A1 
 
 

M1 
 
 

m1 
 
 

 
A1 

 
[5] 

 

 
 
Used 
 
 
 
 
 

Attempt to differentiate  
 
 
 
 
 
 
cao 
 
 

Total for Question 8 5  
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a) 

 
𝐑 = 𝐅 + 𝐆 + 𝐇 
    = (2𝐢 − 13𝐣) + (−6𝐢 + 8𝐣) + (12𝐢 + 𝑘𝐣) 
 
    = 8𝐢 + (𝑘 − 5)𝐣  
 
|𝐑| = 17 
 

√82 + (𝑘 − 5)2 = 17                           

𝑘 − 5 = ±15 
 
𝑘 = −10, 20 

 
 

M1 
 

A1 
 
 
 

M1 
 
 

A1 
 

[4] 
 

 
 
 
 
 
 
 
 
 
 
 
cao, both values 

  
For larger 𝑘 = 20,  𝐑 = 8𝐢 + (20 − 5)𝐣 = 8𝐢 + 15𝐣   
 

 
 

  
 
 
 
 
 
 
 

sin 𝛼 =
15

17
 

 
 

cos 𝛼 =
8

17
 

 
 

tan 𝛼 =
15

8
 

 

b) Let 𝛼 be angle that 𝐑 makes with the 𝐢 vector 
 
Accept any of the following ratios 
 

sin 𝛼 = 15

17
   (= 8

17
) 

 

cos 𝛼 = 8

17
   (= 15

17
) 

 

tan 𝛼 = 15

8
   (= 8

15
) 

 
(90 − 28 ∙ 0(724 … )°) 
                        

 𝛼 = 61 ∙ 9(275 … )° 
        

 
 

M1 
 
 
 
 
 
 
 
 
 
 

A1 
 

[2] 
 

 
 
FT their derived value of 𝑘  
 

sin 𝛼 = 𝑘−5

17
   (= 8

17
) 

 

cos 𝛼 = 8

17
   (= 𝑘−5

17
) 

 

tan 𝛼 = 𝑘−5

8
   (= 8

𝑘−5
) 

 
 
 
 

cao 
 

Total for Question 9 6  

 
 
 

𝜶 

𝑯 = 𝟏𝟕 

𝑨 = 𝟖 

𝟎 = 𝟏𝟓 
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a) 

 
Tension = 7 ∙ 5𝑔   or  73 ∙ 5    (N) 

 
B1 

 

[1] 
 

 
 

 
b) 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 

4 ∙ 5𝑔 = 44 ∙ 1 
 

7 ∙ 5𝑔 = 73 ∙ 5 

i) N2L applied to both 𝐴 and 𝐵 
 
 
𝑇 − 4 ∙ 5𝑔 = 4 ∙ 5𝑎                   (𝑇 − 44 ∙ 1 = 4 ∙ 5𝑎) 
 
7 ∙ 5𝑔 − 𝑇 = 7 ∙ 5𝑎                      (73 ∙ 5 − 𝑇 = 7 ∙ 5𝑎) 
 
Eliminating 𝑇  
3𝑔 = 12𝑎                                          (29 ∙ 4 = 12𝑎) 
 

𝑎 = 1

4
 𝑔 = 2 ∙ 45   (ms−2)  

M1 
 
 

B1 
 

A1 
 

m1 
 
 

A1 

Dimensionally correct eqn. 
for at least 1 object 
𝑇 and 4 ∙ 5𝑔/7 ∙ 5𝑔 opposing 
1st correct equation 
 
2nd correct equation 
 
Note 
𝑇 = 55 ∙ 125  (N) 
 
cao 
 

 
ii) 

 
𝑠 = 𝑢𝑡 + 1

2
𝑎𝑡2,  

with 𝑠 = ±0 ∙ 9 (or ± 1 ∙ 8) , 𝑢 = 0, 𝑎 = ±2 ∙ 45  
 
0 ∙ 9 = 1

2
(2 ∙ 45)𝑡2           

 

𝑡 =
6

7
= 0 ∙ 85(7142 … ) s    

 

 
 

M1 
 

A1 
 

A1 

 
 
 
 
 
 
cao 
 

 
iii) 

 
 

 
Time (answer (ii)) will be greater 

 
E1 

 
[9] 

 
oe 

Total for Question 10 10  

 
 
 
 
  

𝐴 

𝐵 

𝒂 

𝒂 

𝑻 

𝑻 

𝟒. 𝟓𝒈 

𝟕. 𝟓𝒈 
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2300U20-1 WJEC GCE AS Mathematics - Unit 2 Applied Mathematics A MS S23/CB 

 
a) 

 
At 𝑡 = 1, acceleration = gradient 
 

=
5 − 2

4 − 0
 

 

                                             =  
3

4
      or      0 ∙ 75     (ms−2) 

 
 

 
 

 
M1 

 
 

A1 
 

[2] 

 
 
 
 
 
 
cao 
 

 Alternative Solution 
 

𝑣 = 𝑢 + 𝑎𝑡,  𝑢 = 2, 𝑣 = 5, 𝑡 = 4  
5 = 2 + 𝑎(4)   
 

𝑎 =
3

4
     or      0 ∙ 75     (ms−1) 

 

 
 

(M1) 
 

 
(A1) 

 

([2]) 
 

 
 
Used 
 
 
cao 

  

 

  

 
b) 

 
Distance = area 
 

               =
1

2
(2 + 5)(4) +

1

2
(8)(5)        

 
               = 34       (m) 

 
M1 

 
 
 

A1 
 

[2] 
 

 
Attempt to find relevant area 
 
 
 
cao 

 
c) 

 
area below 𝑡 – axis = 34 − 14 
 

                ±
1

2
(10𝑉) = ±(34 − 14) 

 

                             𝑉 = −4 

 
M1 

 
m1 

 
A1 

 

[3] 
 

 
FT distance in b) 
 
 
 
cao 

 
d) 

 
Correct statement, for example 
 

• 12 < 𝑡 < 18      
• 12 to 18 

• 12 → 18 

 
 
 
 

B1 
 
 

[1] 
 

 
 
Statement (mathematical or 
otherwise) to the effect that 
interval is between the given 
boundaries.  
 

Total for Question 11 8  
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INTRODUCTION 
 
This marking scheme was used by WJEC for the 2023 examination. It was finalised after 
detailed discussion at examiners' conferences by all the examiners involved in the 
assessment. The conference was held shortly after the paper was taken so that reference 
could be made to the full range of candidates' responses, with photocopied scripts forming 
the basis of discussion. The aim of the conference was to ensure that the marking scheme 
was interpreted and applied in the same way by all examiners. 
 
It is hoped that this information will be of assistance to centres but it is recognised at the 
same time that, without the benefit of participation in the examiners' conference, teachers 
may have different views on certain matters of detail or interpretation. 
 
WJEC regrets that it cannot enter into any discussion or correspondence about this marking 
scheme. 
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WJEC GCE A LEVEL MATHEMATICS 
 

UNIT 3 PURE MATHEMATICS B 
 

SUMMER 2023 MARK SCHEME 
 
 
 

Q Solution     Mark Notes 

 

1 Let the first term = a 

 Let the common difference = d 

 a + (12 – 1)d = 41  B1 oe 

 
16

2
(2a+(16 − 1)d)= 488  B1 oe 

 2a + 15d = 61 

 2a + 22d = 82 

 7d = 21  M1 a valid attempt to eliminate one  

    variable, FT their linear equations 

 d = 3  A1 cao 

 a (= 41 – 33) = 8  A1 cao 
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Q Solution     Mark Notes 

 

2(a)(i) 5(sinx + x2)4 f(x)    M1 f(x) ≠ 0, 1, condone lack of brackets  

        round f(x) 

 = 5(sinx + x2)4 (cosx + 2x)   A1 brackets required in (cosx + 2x), ISW 

 

2(a)(ii) x3 f(x) + g(x)cosx    M1 f(x), g(x) ≠ 0, 1 

 = x3(− sinx) + (3x2)cosx   A1 ISW 

 

2(a)(iii)  
sin2𝑥(𝑓(𝑥)) − e3𝑥(𝑔(𝑥))

sin22𝑥
  M1 f(x), g(x) ≠ 0, 1 

 = 
sin2𝑥(3e3𝑥) − e3𝑥(2cos2𝑥)

sin22𝑥
  A1 𝑓(𝑥) = 3e3𝑥 

   A1 𝑔(𝑥) = 2cos2𝑥,    

    ISW 

 

 OR 

 y = e3x(sin2x)−1 

 y = (f(x))(sin2x)−1 + e3x(g(x))   (M1)  f(x), g(x) ≠ 0, 1 

 
d𝑦

d𝑥
 = 3e3x(sin2x)−1 + e3x(−1)(sin2x)−2(2cos2x) (A1) 𝑓(𝑥) = 3e3𝑥 

   (A1) 𝑔(𝑥) = (−1)(sin2x)−2(2cos2x),  

    ISW 
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Q Solution     Mark Notes 

 

2(b) 8y 
d𝑦

d𝑥
 – (7x 

d𝑦

d𝑥
 + 7y) + 2x = 0  B1 8y 

d𝑦

d𝑥
 

   B1 (7x 
d𝑦

d𝑥
 + 7y) or 7x 

d𝑦

d𝑥
 ± 7y 

   B1 2x and 0 

 (8y – 7x) 
d𝑦

d𝑥
 = (7y – 2x) 

 
d𝑦

d𝑥
 = 

7𝑦 – 2𝑥

8𝑦 – 7𝑥
 

 At (2, 4),  
d𝑦

d𝑥
 = 

28 – 4

32 – 14
  (=

24

18
=

4

3
)  M1 oe, correctly substitute values for x  

    and y, FT their dy/dx for equivalent  

    expression 

 Gradient of tangent at (2, 4) = 
4

3
  m1 si 

 Equation of tangent is   

 y – 4 = 
4

3
(x – 2)  A1 oe, cao, ISW 

 3y = 4x + 4 
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Q Solution     Mark Notes 

3(a) 
9

(1 − 𝑥)(1 + 2𝑥)2  
𝐴

(1 − 𝑥)
+

𝐵

(1 + 2𝑥)
+

𝐶

(1 + 2𝑥)2 M1 

 9 = A(1 + 2x)2 + B(1 – x)(1 + 2x) + C(1 − x) m1 oe 

 Put x = 1 

 9 = 9A, A = 1  A1 one correct coefficient 

 Put x = −
1

2
, 

 9 = 
3

2
C, C = 6 

 Coefficient x2, 0 = 4A – 2B, B = 2  A1 all 3 correct 

 
9

(1 − 𝑥)(1 + 2𝑥)2  
1

(1 − 𝑥)
+

2

(1 + 2𝑥)
+

6

(1 + 2𝑥)2 

 

3(b) (1 – x)−1 = 1 + x + 
(−1)(−2)

2
(−𝑥)2+…  B1 si 

              = 1 + x + x2 +… 

 (1 + 2x)−1 = 1 − 2x + 
(−1)(−2)

2
(2𝑥)2+…  B1 si 

                 = 1 – 2x + 4x2 +…. 

 (1 + 2x)−2 = 1 − 4x + 
(−2)(−3)

2
(2𝑥)2 +… B1 si 

             = 1 – 4x + 12x2 +… 

 

 (1 – x)−1 + 2(1 + 2x)−1 + 6(1 + 2x)−2 

 = (1 + x + x2) + 2(1 − 2x + 4x2) 

                        + 6(1 − 4x + 12x2) +…  M1 Adding candidate’s 2 or 3 series,  

    with their A, B, C 

 = 9 – 27x + 81x2 +…  A1 2 correct terms cao 

   A1 all 3 correct cao, ISW 

 

 Expansion is valid when |x| < 
1

2
  B1 −

1

2
 < x < 

1

2
  Mark final answer. 
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4(a) 

 

 f(−1) = 30, f(0) = −6, f(1) = 28  M1 looking at signs of f(x) in [-1, 1] for at 

        least 2 values, or attempt to find roots.

        (Correct roots are −6, −
1

3
, 

1

2
 ).  

        Or sketch of graph between x = −1  

        and x = 1 

 There are two roots in [−1, 1].  A1 2 changes of signs or roots −
1

3
, 

1

2
 

Award M1A1 for stating ‘2 roots’, 

provided not based on incorrect 

mathematics,     

e.g. 30 − 28 = 2 roots   M1A0 

 

  

x 

y 

O 
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4(b)(i) f ′(x) = 18x2 + 70x – 7    B1 seen anywhere 

 𝑥𝑛+1 = 𝑥𝑛 −
6𝑥𝑛

3  + 35𝑥𝑛
2  − 7𝑥𝑛 − 6

18𝑥𝑛
2  + 70𝑥𝑛 − 7

  M1 si 

 x0 = 1 

 x1 = 
53

81
 = 0.6543209877   A1 

4(b)(ii) (x2 = 0.5234785163) 

 (x3 = 0.5007059775) 

 (x4 = 0.5000006736) 

 root = 0.5     A1 

 

4(c) e.g. x1 = 2.049390153 (=
√105

5
)   B1 si 

 7𝑥1 + 6 − 6𝑥1
3 = −31.29890079 < 0,  E1 7𝑥1 + 6 − 6𝑥1

3 < 0   

or  
7𝑥1+6−6𝑥1

3

35
 = −0.89… < 0   or  

7𝑥1+6−6𝑥1
3

35
  < 0 

 so the square root will not be real.       

 Hence the method cannot be used       

 to find a root of f(x) = 0.    

If no values seen, award B1E1 provided 

reference has been made to x2, explicitly or 

implicitly  
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Q Solution     Mark Notes 

5(a) Amount of growth after 10 years 

 = 32 + 32(0.9) + 32(0.9)2 +…..+ 32(0.9)9 B1 si, GP a = 32, r = 0.9, or at least 3 

    terms 

 = 32(1 + 0.9 + 0.92 +…..+ 0.99) 

 = 32(
1(1 − 0.910)

1 − 0.9
)   M1 correct use of correct formula, for their

     GP provided r = 0.9. Award M1 for  

    (𝐴) (
1(1 − 0.99)

1 − 0.9
) or (𝐴) (

1(1 − 0.911)

1 − 0.9
)  

 = 32 × 6.5132 = 208.42…  A1 si,       

    Award A1 for 521.06 (A = 80, n = 10) 

                      or 729.48 (A = 112, n = 10) 

 Height after 10 years = 80 + 208.42 

 Height after 10 years = 288(.42) (cm)  A1 oe, cao 

 

5(b) Maximum growth of tree = 32(
1

1 − 0.9
)   M1 correct use of correct formula  

    (𝐴) (
1

1 − 0.9
) gets M1 

 (Maximum growth of tree = 320) 

 Maximum height of tree = 400 (cm)  A1 oe, cao 
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6(a) cos75 = cos(30 + 45)  M1  

             = cos30cos45 − sin30sin45 

            = 
√3

2
×

1

√2
−

1

2
×

1

√2
  A1 oe 

            = 
√3 − 1

2√2
 

            = 
√6 − √2

4
  A1 convincing 
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6(b) 2cot2x + cosecx = 4 

 2(cosec2x − 1) + cosecx = 4  M1 cot2x + 1 = cosec2x 

 2 cosec2x + cosecx – 6 = 0 

 (2cosecx – 3)(cosecx + 2) = 0    

 cosecx = 
3

2
, −2  A1 

 sinx = 
2

3
  B1 or sinx = −

1

2
 

 x = 41.81, 138.19  B1 0.7297c, 2.4119c 

 sinx = −
1

2
, 

 x = 210  B1 
7𝜋

6
 

 x = 330  B1 
11𝜋

6
 

 

OR 2
cos2𝑥

sin2𝑥
+ 

1

sin𝑥
 = 4  (B1) 

 2(1 – sin2x) + sinx = 4sin2x  (M1) use of sin2x + cos2x = 1 

 6sin2x – sinx – 2 = 0 

 (3sinx – 2)(2sinx + 1) = 0    

 sinx = 
2

3
, −

1

2
  (A1) 

 x = 41.81, 138.19  (B1) 0.7297c, 2.4119c 

 x = 210  (B1) 
7𝜋

6
 

 x = 330  (B1) 
11𝜋

6
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 NOTES 

 Mark each branch separately.  

 

 FT 2 branches only if different signs. 

 

 Do not FT for other trig functions. 

 

 For each branch, −1 for a 3rd root in the range 0° < 𝜃 < 360°,  

      −1 for a 4th root in the range 0° < 𝜃 < 360°. 

 

 Ignore roots outside the range 0° < 𝜃 < 360°. 
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6(c)(i) Rcos( + α) = 7cos − 24sin 

 Rcos cosα − Rsin sinα  7cos − 24sin  

 Rcosα = 7, Rsinα = 24  M1 si, must be from correct identity 

    M0 if cosα = 7, sinα = 24 

 R = √72 + 242 = 25   B1 

 α = tan−1(
24

7
) = 73.74  A1 

 7cos − 24sin  25cos( + 73.74)  

 

6(c)(ii) 25cos( + 73.74) = 5 

 cos( + 73.74) = 
5

25
  M1 ft similar expressions if possible. 

  + 73.74 = cos−1(0.2)   

  + 73.74 = 78.46, 281.54 

  = 4.72,  A1 FT for one angle only 

  = 207.80  A1  

 

 NOTES 

 Do not FT for other trig functions. 

 

 −1 for a 3rd root in the range 0° < 𝜃 < 360°,  

 

 −1 for a 4th root in the range 0° < 𝜃 < 360°. 

 

 Ignore roots outside the range 0° < 𝜃 < 360°. 
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7(a) 5x – 3 = 2x + 3    M1 

 3x = 6 

 x = 2, y = 7     A1 AG     

        allow verification (both lines for M1) 

 

7(b)  

  

       B1 correct sketch y = |2x + 3| 

       B1 correct sketch y = |5x − 3| 

       B1 (−1.5, 0), (0.6, 0), 

       B1 (0, 3), (2, 7) 

 

7(c) Area = triangle in first quadrant  M1 identify correct area, allow shown on 

        diagram,    

        Only FT if graphs are in 1st and 2nd 

        quadrants 

        = trapezium – 2 triangles  m1 method for area, oe 

        = 
1

2
(3 + 7)×2 − 

1

2
×0.6×3 − 

1

2
×(2 − 0.6)×7 A1 correct expression, si 

        = 10 – 0.9 – 4.9 

        = 4.2     A1 cao 

  

A 

y = |2x + 3| 
y = |5x – 3| 

(2, 7) 

(0, 3) 

(0.6, 0) (−1.5, 0) 

y 

x 
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8(a) f(x) = 
(4𝑥2 + 12𝑥 + 9)

(2𝑥2 + 𝑥 − 3)
 

 = 
(2𝑥 + 3)(2𝑥 + 3)

(2𝑥 + 3)(𝑥 − 1)
    B1 correct factorisation of one quadratic 

  = 
2𝑥 + 3

𝑥 − 1
 (=  

2(𝑥 − 1) + 2 + 3

𝑥 − 1
)  B1 common factor cancelled 

= 2 +  
5

𝑥 − 1
    B1 convincing 

 

 OR 

 f(x) = 
4𝑥2 + 12𝑥 + 9

2𝑥2 + 𝑥 − 3
 = 

2(2𝑥2 + 𝑥 − 3) + 10𝑥 + 15

2𝑥2 + 𝑥 − 3
 

= 2 + 
10𝑥 + 15

2𝑥2 + 𝑥 − 3
  (B1)  

   = 2 + 
5(2𝑥 + 3)

(2𝑥 + 3)(𝑥 − 1)
  (B1) correct factorisation of denominator 

   = 2 +  
5

𝑥 − 1
   (B1) common factor cancelled 

 

 

8(b) ∫ 𝑓(𝑥)d𝑥
7

3
 = ∫ (2 +  

5

𝑥 − 1
)

7

3
 dx  M1 

  = [2𝑥 + 5ln|𝑥 − 1|]3
7   B1 correct integration, condone omission 

        of modulus signs 

  = (14 + 5ln6) – (6 + 5ln2)  m1 correct use of limits 

  = 8 + 5ln3    A1 cao. Note 5ln3 = ln243  

        M0 for 13.493 not supported by  

        workings. 
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9(a) 𝑦 =
1

4
√144 − 9𝑥2    M1 Allow 𝑦 = √

144−9𝑥2

16
,   

        4𝑦 = √144 − 9𝑥2 

 Area = ∫
1

4

4

0
√144 − 9𝑥2 d𝑥   m1 correct integral, si 

Volume = V = 0.06∫
1

4

4

0
√144 − 9𝑥2 d𝑥 

Volume = V = 0.015∫ √144 − 9𝑥24

0
d𝑥    A1 AG, convincing 

 

9(b) x  f(x) = √144 − 9𝑥2   (f(x) = 0.015√144 − 9𝑥2) 

 

 0  12     (0.18) 

 0.8  11.757 =  (
24√6

5
)   (0.1763632615) 

 1.6  10.998 =  (
12√21

5
)   (0.164972725) 

 2.4  9.6 =  (
48

5
)   (0.144) 

 3.2  7.2 =  (
36

5
)   (0.108) 

 4 0   (0) 

    B1 if any 2 terms correct 

   B1 all terms correct, si 

 I = 
0.8

2
[12 + 2(11.757 + 10.998 + 9.600 

                           + 7.200) + 0]  M1 correct formula used 

 I = 0.4 × 91.111 = 36.444 

 V = 0.015 × 36.444 = 0.5467 (m3)  A1 Accept 0.547, 0.55, but not 0.5 

 

9(c) The answer is an underestimate AND reason, 

 e.g. the trapeziums are all under the curve. B1 curve concave  
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10(a)(i) fg(x) = f((x − 2)2)   M1 si 

  = 
8

(𝑥 − 2)2 − 4
    A1 Mark final answer 

 

 

10(a)(ii)  fg(x) does not exist when g(x) = 4  M1 si, FT their  fg(x) 

 (x − 2)2 = 4 

 x – 2 = (±) 2      

 x = 4      A1      

 x = 0      A1      

        SC1 for unsupported answer of x = 4 

        only 

  

10(b)  y = 
8

𝑥 − 4
      M1 

 xy – 4y = 8, x = 
8 + 4𝑦

𝑦
   A1 put x as subject, or y as subject if x and 

        y interchanged earlier. Allow one slip  

 f −1(x) = 
8 + 4𝑥

𝑥
 or  f −1(x) = 

8

𝑥
+ 4  A1 cao,  ‘f −1(x)’ required 
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11(a) f ′(x) = 15x2 + 4x – 3 (= (5x + 3)(3x – 1)) B1 

 f ′′(x) = 30x + 4    B1 FT their f ′(x) 

 When f ′′(x) = 0     M1 used 

30x + 4 = 0     

x = −
2

15
     A1 cao, condone −

4

30
 

[f ′′(x) < 0 if x < −
2

15
, f ′′(x) > 0 if x > −

2

15
, so x = −

2

15
 is the x-coordinate of a point of 

inflection.] 

 

 Valid reason    

 Eg. f ′(−
2

15
) (= −

49

15
)   0   or stationary points only at x = −

3

5
, 

1

3
 

 AND Non-stationary point of inflection. B1 FT their x value 

 

 

11(b) If C is concave,  f ′′(x) < 0.  M1 oe si allow ≤ 

 30x + 4 < 0 

 x < −
2

15
  A1 condone 𝑥 < −

4

30
, allow ≤ 

    FT linear f ′′(x) 
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12(a)  
d𝑦

d𝑥
 = ky  B1 allow  

d𝑦

d𝑥
 = −ky, allow 

d𝑦

d𝑥
 = 4y 

    Award if seen in (b). 

12(b) x = 1, y = 0.5, 
d𝑦

d𝑥
 = 2 

 2 = 0.5k,  k = 4  B1 

 
d𝑦

d𝑥
 = 4y  

 ∫
d𝑦

𝑦
 = ∫ 4 d𝑥  M1 Separation of variables 

 ln|y| = 4x (+ C)  A1 

 ln|0.5| = 4 + C  m1 Use of conditions 

 C = ln|0.5| − 4 (= − 4.693…) 

 When x = 3, 

 ln|y| = 4 × 3 + ln(0.5) – 4 (= 7.3068…)  m1 ln|y| − ln(0.5) = 8, 2y = e8 

 y = 0.5e8 = 1490(.478…)  A1 Condone values of y that round 

    to 1491 

 OR 

  ∫
d𝑦

𝑦
 = ∫ 𝑘 d𝑥  (M1) Separation of variables 

 ln|y| = kx + C  (A1) 

 y = Aekx 

 x = 1, y = 0.5, 
d𝑦

d𝑥
 = 2; 2 = k × 0.5; k =4  (B1) 

 0.5 = Ae4  (m1) Use of conditions 

 A = 0.5e−4 

 When x = 3, y = 0.5e−4 × e12  (m1) 

 y = 0.5e8 = 1490(.478…)  (A1) Condone values of y that round 

    to 1491 
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13 Attempt to eliminate p or q  for C1 or C2 M1 si 

 C1: y = (x – 1)2    A1 any correct form ISW 

 C2: 2y = x     A1 any correct form ISW 

 Graphs meet when  

2(x – 1)2 = x       or    y = (2y – 1)2  m1  

 2x2 – 5x + 2 = 0     or    4y2 – 5y + 1 = 0 

 (2x – 1)(x – 2) = 0  or   (4y – 1)(y – 1) = 0 m1 si  
        ax2 + bx + c = (dx + e)(fx + g)  

        df = a and eg = c 

 x = 
1

2
, 2  or y = 

1

4
, 1   A1 cao, One correct pair 

 y = 
1

4
, 1  or x = 

1

2
, 2   A1 cao, All correct 

 

  Points of intersection are (
1

2
,

1

4
), (2, 1) 
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13.  OR 

 Graphs meet when x and y coordinates 

for the two curves are equal   (M1) si 

3p + 1 = 4q      

 9p2 = 2q     (A1) at least one correct equation 

 Solving simultaneously   (m1) one variable eliminated 

 3p + 1 = 2 × 9p2        or        (4q − 1)2 = 2q     

  18p2 − 3p – 1 = 0      or    16q2 − 10q + 1 = 0 

  (6p + 1)(3p – 1) = 0  or  (8q − 1)(2q – 1) = 0 (m1) attempt to solve quadratic equation 

        ax2 + bx + c = (dx + e)(fx + g)  

        df = a and eg = c 

          

  p = −
1

6
, 

1

3
   or q = 

1

8
, 

1

2
   (A1) cao 

  When p = −
1

6
    or  q = 

1

8
,   point is (

1

2
,

1

4
) (A1) cao, x = 

1

2
,   x = 2  or   y = 

1

4
,   y = 1 

  When p = 
1

3
        or  q = 

1

2
,   point is (2, 1) (A1) cao, All correct 
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14(a) ∫ ((3𝑥 − 1)e2𝑥)
1

0
d𝑥 

 = [(3𝑥 − 1)𝐴e2𝑥]0
1 − ∫ 𝐴e2𝑥 × 3 d𝑥

1

0
   M1 attempt at integration by parts, at least

        one term correct. Limits not required. 

        Only allow 𝐴 = 2 or 
1

2
 

= [(3𝑥 − 1)
e2𝑥

2
]

0

1

 − ∫
e2𝑥

2
× 3 d𝑥

1

0
   

 = [(3𝑥 − 1)
e2𝑥

2
]

0

1

 − [
3

4
e2𝑥]

0

1
   A1 all correct    

         

 = (e2 +
1

2
) – (

3e2

4
−

3

4
)    m1 correct use of limits, evidence required 

 = 
1

4
e2 +

5

4
  = 3.097(264025)   A1 cao, at least 1dp 

 

If M0, SC1 for            

[(
3𝑥2

2
− 𝑥) e2𝑥]

0

1

 − ∫ (
3𝑥2

2
− 𝑥) 2e2𝑥 d𝑥

1

0
 at least 1 correct term.    

      No more marks available. 

 Note 

 No marks for answer unsupported by workings. 

  

14(b) u = 1 – 2cosx 

 du = 2sinx dx     B1 
d𝑢

d𝑥
 = 2sinx 

 ∫
sin𝑥

1 − 2cos𝑥
 d𝑥 = 

1

2
∫

1

𝑢
 d𝑢   M1 

   = 
1

2
 ln|u| (+ C)   A1 oe, allow if modulus sign missing 

   = 
1

2
 ln|1 – 2cosx| + C  A1 oe, modulus sign and + C required. 
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INTRODUCTION 
 
This marking scheme was used by WJEC for the 2023 examination. It was finalised after 
detailed discussion at examiners' conferences by all the examiners involved in the 
assessment. The conference was held shortly after the paper was taken so that reference 
could be made to the full range of candidates' responses, with photocopied scripts forming 
the basis of discussion. The aim of the conference was to ensure that the marking scheme 
was interpreted and applied in the same way by all examiners. 
 
It is hoped that this information will be of assistance to centres but it is recognised at the 
same time that, without the benefit of participation in the examiners' conference, teachers 
may have different views on certain matters of detail or interpretation. 
 
WJEC regrets that it cannot enter into any discussion or correspondence about this marking 
scheme. 
 
 



 

1 
© WJEC CBAC Ltd. 

WJEC GCE A LEVEL MATHEMATICS 
 

UNIT 4 APPLIED MATHEMATICS B 
 

SUMMER 2023 MARK SCHEME 
 
 

SECTION A – Statistics  
 
 

Qu. Solution Mark Notes 

1(a) 
 

 

   
    Dice                 Score 
                                               < 4 
                       1st 

                                     
1

4
         ≥ 4 

                         
                                               < 4 
                      2nd 
                                               ≥ 4                     

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
(P(𝑠𝑐𝑜𝑟𝑒 < 4) =)

1

2
×

3

4
+

1

2
×

3

8
 

 
 
 

=
9

16
 (0.5625) 

 

M1A1 
 

 
 

 
A1 

 

 

M1 for either term correct OR for sight of both 
3

4
 

and 
3

8
. 

A1 for fully correct calculation (products and 
addition with no errors). 
 

CAO (3sf or greater required if using decimals) 
 

   (b)   
 

B1 
 
 
 

M1 
 
 
 
 

A1 
 
 

 
 
 

 
Total 

[6] 
 

FT their 
9

16
 for possible B1M1A1 

For sight of 
1

16
 (0.0625) or 

15

16
 (0.9375) or  

15

16
− their

9

16
 (accept 

6

16
 from 

15

16
−

9

16
 only) 

 
2 nested regions with at least 1 correct probability.  
 
M0A0 if (< 4) ∩ (< 8)′ has a non-zero probability 
on their diagram with two intersecting circles. 
 
Fully correct diagram. Must have box for final A1. 
Omission of box can earn possible B1M1. 
If two overlapping circles used, must have 0 in 
(< 4) ∩ (< 8)′ region for A1. 
 
 

  

1

2
  

3

4
  

3

8
  

5

8
  

1

2
  

Score < 8 

Score < 4 

6

16
 

1

16
 

9

16
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Qu. Solution Mark Notes 

2 (P(+) = 0.122) 

0.04 × 0.95 + 𝑝𝑑 + (0.96 − 𝑝) × 0.02 = 0.122  
 
(0.038 + 𝑝𝑑 + 0.0192 − 0.02𝑝 = 0.122)  
 
(𝑝𝑑 − 0.02𝑝 = 0.0648) 

 
M1A1 

 
 

May be seen later. 
M1 for attempt to form an equation in 𝑝 and 𝑑 OR in 

terms of 𝑑 and 0.09 using P(+) = 0.122 (at least 
two correct products)  
Must use 0.122 – sight of LHS alone earns M0 
A1 for a fully correct equation in 𝑝 and 𝑑 OR 𝑑 and 
0.09, for example 

   0.04 × 0.95 + 0.09𝑑 + 0.87 × 0.02 = 0.122  
 

 P(no fungus|+) =
(0.96−𝑝)×0.02

0.122
=

87

610
  

 
 
 
 
 
 
 
 
 
 
 
0.0192 − 0.02𝑝 = 0.0174  
0.02𝑝 = 0.0018  
𝑝 = 0.09                          

M1A1 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

A1 
 

M1 for attempt at conditional probability: 
Numerator must be of the form 𝑓(𝑝) or written as 
𝑃(no fungus ∩ +) to earn the M1 AND one of 
numerator or denominator must be correct along 

with equating to 
87

610
 to earn M1. 

OR sight of 
87

610
× 0.122 or 0.0174 or 

87

5000
 earns M1. 

NOTE: 
87

610
=

𝑘

0.122
 with 𝑘 ≠ 0.0174 earns M0, for 

example 
87

610
=

0.02

0.122
 earns M0. 

 
A1 for fully correct equation including 𝑝. 
 
 
 
*ag Convincing – at least one step between M1A1 
and 𝑝 = 0.09. 
 

 ALTERNATIVE to show 𝑝 = 0.09 

𝑃(+|no fungus) =
𝑃(+ ∩ no fungus

(no fungus)
 

0.02 =
0.0174

𝑃(no fungus)
 

 

𝑃(no fungus) =
0.0174

0.02
= 0.87  

 
𝑃(has fungus) = 1 − 0.87 = 0.13  
𝑝 = 0.13 − 0.04 = 0.09  
 

 
 
 
 

(M1) 
 
 

(A1) 
 
 

(A1) 

 

 0.09𝑑 − 0.02 × 0.09 = 0.0648 
 
 
 
 
𝑑 =  0.74 
 

m1 
 
 
 
 

A1 
 

 
 
 
Total 

[7] 
 

Dependent on first M1 only. FT their equation. 
Must use 𝑝 = 0.09. 

NOTE: If candidates find 𝑝 = 0.09 first, then 
proceed with the 𝑃(+) equation, they automatically 
earn this mark in conjunction with the first M1A1. 
CAO 
Use of 𝑝 = 0.09 to find 𝑑 = 0.74 without deriving 𝑝 
earns possible M1A1M0A0A0m1A1. 
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Qu. Solution Mark Notes 

3(a) 18𝑓(𝑥) = 0.9 OR 𝑓(𝑥) =
1

20
  

 
1

20
(𝑑 − 1) = 1  

 
OR 
19−1

𝑑−1
= 0.9     OR    

𝑑−19

𝑑−1
= 0.1 

 
𝑑 = 21  

M1 
 
 

A1 
 
 

(M1A1) 
 
 

A1 

 
 
 
 
 
 
May be implied via use of a diagram. 
 
 
CAO 
Correct answer with no working earns full marks. Correct 
answer from incorrect working scores M0A0A0. 
 
SC1 for either of the following: 

𝑑 =
19−1

0.9
 leading to 𝑑 = 20  

or 
19

𝑑−1
= 0.9 leading to 𝑑 =

199

9
= 22. 1̇ (condone 22.1 or 

better) 
 

(b) mean (=
1+21

2
) = 11  

 

SD (= √
(21−1)2

12
) =

10√3

3
 (5.7735)  

B1 
 
 

B1 
 
 

 
Total 

[5] 
 

FT their 𝑑 > 19 (from a uniform distribution only). 
 
 
FT their 𝑑 > 19 (from a uniform distribution only). 
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Qu. Solution Mark Notes 

4 (a) Sight of 
805−𝜇

𝜎
 or 

795−𝜇

𝜎
 

 
 
𝑃 (𝑍 ≥

805−𝜇

𝜎
) = 0.11 OR 

𝑃 (𝑍 ≤
805−𝜇

𝜎
) = 0.89 OR 

𝑃 (𝑍 ≤
795−𝜇

𝜎
) = 0.2  

 
Sight of 1.2265 AND −0.8416 
 

805 − 𝜇

𝜎
= 1.2265 

 
795 − 𝜇

𝜎
= −0.8416 

M1 

 
 

m1 
 
 

 
 

B1 
 
 

A1 
 
 

A1 

Attempt at standardising. May be implied by 
either correct equation. 
 
 
m1 for at least one correct probability 
statement. May be implied by either correct 
equation.  

 
 
CAO  
May be implied by both correct equations. 
 
1.227 from tables 
 
 

−0.842 from tables 
 

 795 − 𝜇

−0.8416
=

805 − 𝜇

1.2265
 

 
OR 

805 − 1.2265𝜎 = 795 + 0.8416𝜎 
 

𝜇 = 799 
 

𝜎 = 4.84 

m1 
 
 
 

(m1) 
 

A1 
 

A1 

m1 for eliminating one variable 
Dependent on M1 
 
 
 
 
CAO Accept awrt 799.0 or 799.1 (when 
rounding to 1dp) 
CAO Accept awrt 4.8 or 4.9 (when rounding to 
1dp) 
Correct answers with no working throughout 
earn no marks. 
 

(b) (Let 𝜇 be the population mean mass of the 
loaves in grams) 
 
𝐻0: 𝜇 = 400        𝐻1: 𝜇 < 400 
 

 
 
 

B1 
 

Note: A two tailed test can score 
B0B1M1A1m1A0. 
 
Allow other letters if defined. 
Allow worded hypotheses (must refer to 
population) 
B0 for 𝐻0: mean = 400, must imply/refer to 
population. 
B0 for omission of 𝜇, or 𝑥̅ in place of 𝜇. 
B0 for a non-strict inequality in 𝐻1. 
 

 𝑋̅~N(400,
92

15
) (under 𝐻0) 

 

B1 
 

Distribution of 𝑋̅ si.  
FT their hypotheses for 2nd B1 only. 

 Method 1 (𝒑-value with calculator): 

P(𝑋̅ < 397|𝐻0)  
 
 
= 0.098352  
Since 0.0983 > 0.05 there is insufficient 

evidence to reject 𝐻0. 

 
M1 

 
 

A1 
m1 

 

 

M1 for attempt to find 𝑃(𝑋̅ < 397) with correct 

mean and variance for 𝑋̅. 
Condone omission of given 𝐻0. 
Condone 0.098.          
Dependent on M1. Correct comparison 
required. Context may imply do not reject 𝐻0. 
NOTE: the 𝑝-value for a 2-tailed test is 0.1967, 
or may see 0.09352 compared with 0.025. Do 
not allow comparison with 0.025 if using a 
one-tailed test. 
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Qu. Solution Mark Notes 

4 (b) Method 2 (𝒑-value with standardising): 

P (𝑍 <
397−400

9

√15

) = P(𝑍 < −1.29)  

 
(= 1 − 0.90147)  

= 0.09853  

 
Since 0.0985 > 0.05 there is insufficient 
evidence to reject 𝐻0. 

 
 

(M1) 
 

 
(A1) 

 
 

(m1) 
 

 
 
M1 for either probability statement seen. 
Sight of -1.29 earns M1 only if using the  

p-value method. Must use 𝜎𝑋̅ = 9/√15  for M1. 

May evaluate 𝑃 (𝑍 < −
√15

3
) = 0.098352 using 

the calculator.    
Dependent on M1. Correct comparison required. 
Context may imply do not reject 𝐻0. 

NOTE: the 𝑝-value for a 2-tailed test is 0.19706, 
or may see 0.09853 compared with 0.025. Do 
not allow comparison with 0.025 if using a one-
tailed test. 
 

 Method 3 (critical value with calculator): 
CV = 396.18 

(CR is 𝑋̅ < 396.18)  
 
 
 
Since 397 > 396.18 there is insufficient 

evidence to reject 𝐻0. 

 
(M1A1) 

 
 
 
 

(m1) 

 
M1 implied by correct answer from calculator or 
for correctly standardising: 
CV−400

9

√15

= −1.645. Must use 𝜎𝑋̅ = 9/√15  for M1. 

 
Dependent on M1. FT their CV.  
Correct comparison required. 
NOTE: the CVs for a 2-tailed test are 395.45 and 
404.55  
 

 Method 4 (critical value with standardising): 

TS =
397−400

9

√15

  

     = −1.29  
 
Since −1.29 > −1.645 there is insufficient 

evidence to reject 𝐻0. 

 
 

(M1) 
 

(A1) 
 

(m1) 

 
 

Must use 𝜎𝑋̅ = 9/√15  for M1. 
 
−1.29 earns M1A1 if used as a TS. 
 
Dependent on M1. FT their TS.  
Correct comparison required.  
NOTE: for a 2-tailed test, comparison with −1.96 
is required  
 

 There is insufficient evidence to suggest that the 
mean mass of the loaves has decreased. 

A1 CSO. Do not allow categorical statements (condone 
categorical statements if “insufficient evidence” seen 
in m1 statement). 
Allow equivalent statements, e.g. there is insufficient 
evidence to support the customer’s suspicion. 
Condone weight in place of mass. 
A0 for conclusion not in context (e.g. mean has 
decreased). 
A0 for a two-tailed conclusion (e.g. mass has not 
changed). 
 

(c) Valid assumption. 
e.g. Assume that the 15 loaves constitute a random 
sample. 
e.g. Assume the 15 loaves are independent. 
e.g. There wasn’t a fault in production. 
 
 

 
E1 

 
 
 
 
 
 
 
 
 
 

Total 
[15] 

Ignore spurious comments. 
Condone “the masses of the loaves are (still) normally 
distributed”. 
Comments such as “this isn’t a bad batch” or “this isn’t 
a faulty batch” are considered equivalent to “constitute 
a random sample”, and earn E1. 
E0 for “weighed correctly” 
E0 for “uses the same ingredients” or “uses the same 
recipe” (E0 for any comment that implies the 
methodology remains the same) 
E0 for “all loaves made by new management” 
E0 for “they calculated the mean correctly” 
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Qu. Solution Mark Notes 

5(a) (Let 𝜌 denote the population correlation coefficient 
between per capita daily calories from sugar 
consumption and percentage of the population with the 
disease.) 

𝐻0: 𝜌 = 0             𝐻1: 𝜌 ≠ 0  
 
 
 
 
 
 
 
TS = 0.893 
 
 

CV = (±) 0.5368 (at the 1% level) 

(CR is 𝑅 < −0.5368 or 𝑅 > 0.5368) 
 
 
Since TS >  0.5368, there is sufficient evidence to reject 

𝐻0. 
 
This suggests that there is a link between the disease 
and sugar consumption.  
 

 
 
 
 

B1 
 
 
 
 
 
 
 

B1 
 
 

B1 
 
 
 

B1 
 
 

E1 
 

 
 
 
 
Allow other letters if defined. 
Allow worded hypotheses provided the population is 
stated or implied. 

B0 for 𝐻0: correlation = 0. Population correlation must 
be stated or implied. 
B0 for omission of 𝜌, or 𝑟 in place of 𝜌. 
B0 for a one-tailed test. 
 
Labelled as TS or used in correct comparison 
 
 
Accept use of different significance levels. 
OR Award this mark for stating “the test statistic is 
greater than all critical values”. 
 
FT their CV. Correct comparison required (may be 
implied through a diagram). 
 
CSO Do not allow categorical statements (condone 
categorical statements if “sufficient evidence” seen in 
m1 statement).  
Statement must match two tailed hypothesis. 
E0 for a one-tailed conclusion, e.g. there is evidence of 
a positive correlation between… 
 

  (b) Valid comment on correlation in 2000 and 2020. 
e.g. Although there is (evidence of) a (strong) positive 
correlation in 2000 there seems to be no correlation in 
2020.  
 
Valid comment on the ambiguity of the studies. 
e.g. This would imply that sugar consumption is only 
coincidentally correlated with the disease in 2000. 
e.g. There must be a different cause for the disease 
other than sugar. 
e.g. 𝑛 is too small to make meaningful comparisons. 
e.g. different samples lead to different conclusions, 
which may explain the difference. 
e.g. the link between the disease and sugar 
consumption has diminished over the 20 years. 
 
OR 
Valid comment on third factor correlated with sugar 
consumption and the disease in 2000 no longer 
relevant in 2020. 
e.g. An additive may have been added to many 
products containing sugar in 2000 which was 
contributing to the prevalence of the disease but has 
been banned by 2020. 
e.g. Advancements in medical care for the disease 
from 2000 to 2020 are likely to explain the change in 
relationship. 
 

E1 
 
 
 
 

E1 
 

 
 
 
 
 
 
 
 
 
 

(E2) 
 
 
 

 
 
 
 
 
 

 
Total 

[7] 
 

 
 
 
 
 
E1 for identifying a drawback of the conclusions or 
identifying a reason for the change. 
E0 for “this is because there is no link between the 
disease and sugar consumption” would substantiating 
with a valid reason. 
 
 
 
 
 
 
 
E1 for correctly identifying a possible confounding 
variable. 
E1 for explaining why this may lead to the change in 
relationship seen. 
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SECTION B – Differential Equations and Mechanics  

 
 

 

 

  

 
(a) 

 

(i)   𝐯 =
d𝐫

d𝑡
 

 
 
     𝐯 = (3𝑡2 − 14𝑡)𝐢 +(4𝑡 − 15) 𝐣        (ms-1) 
 

 
M1 

 
 

A1 

 
Correct differentiation of at least 
one component, 𝐢, 𝐣 retained 
 
cao 

 
(ii)    𝐢 coefficient = 𝐣 coefficient of 𝑣 
 
      3𝑡2 − 14𝑡 = 4𝑡 − 15 

      3𝑡2 − 18𝑡 + 15 = 0 

      (𝑡2 − 6𝑡 + 5 = 0) 
      Forming and solving quadratic 
 
      𝑡 = 5    (or    𝑡 = 1)     
 
     At 𝑡 = 5,        𝐯 = 5𝐢 + 5 𝐣      (ms-1)    (i.e. NE) 
 
 

 
M1 

 
 
 
 

m1 
 

A1 
 

A1 
 
 

 

[6] 
 

 
Used 
FT their 𝐯 throughout 
 
 
 
 
 
cao 
 
cao 
 
At 𝑡 = 1,𝐯 = −11𝐢 − 11 j   
(i.e. SW) must be clearly discounted 
 
 

 
(b) 

 

𝐚 =
d𝐯

d𝑡
 

 
 

𝐚 = (6𝑡 − 14)𝐢 + 4 𝐣 
 
At 𝑡 = 7,        𝐚 = 28𝐢 + 4 𝐣  (ms-2) 
 
 

 
M1 

 
 

A1 
 

A1 
 

[3] 
 

 
Correct differentiation of at least 
one component, 𝐢, 𝐣 retained 

FT their 𝐯 from (a) 
 

Total for Question 6 9  
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(a) 

 

 
 
 
 
 
 
 
 
 
 
 

  
 
 
 

(i)       
 

Resolve vertically 
 
𝑅𝑋 + 𝑅𝑌 = 20𝑔 + 8𝑔            (= 196 + 78 ∙ 4 = 274 ∙ 4) 
 

𝑅𝑋 + 4𝑅𝑋 = 28𝑔      OR      
1

4
𝑅𝑌 + 𝑅𝑌 = 28𝑔 

                                
 

𝑅𝑋 =        
28

5
𝑔 =    5 ∙ 6𝑔    (N)          = 54 ∙ 88      (N) 

 

𝑅𝑌 = 4 ×
28

5
𝑔 = 22 ∙ 4𝑔    (N)          = 219 ∙ 52    (N) 

 
 

M1 
 

A1 
 
 

 
 

A1 

 
 
Dim. correct, all forces/terms 
 
cao 
 
 
 
 
cao, both values 

    

(ii)    
 

Moments about 𝑋  
 
20𝑔 × 𝑥 + 8𝑔 × 2 ∙ 6 = 𝑅𝑌 × 2 
 
196 × 𝑥 + 78 ∙ 4 × 2 ∙ 6 = 𝑅𝑌 × 2 
196 × 𝑥 + 203 ∙ 84 = 𝑅𝑌 × 2 
 

𝑥 = 1 ∙ 2 
 
∴   0 ∙ 4 + 1 ∙ 2 = 1 ∙ 6 (m) = midpoint 
 

M1 
 

A1 
 

B1 
 
 
 
 

A1 
 

[7] 
 

Dim. correct equation attempted, oe, 
no missing forces 
Correct equation with unknown 
distance, FT 𝑅𝑌 (if substituted) 
Any correct moment with pivot clearly 
indicated 
 
 
 
cao, convincing 
 

 
(b) 

 
Not possible and 
 

Reason:  Weight may act at the centre of a non- 
                uniform rod 
 

 
 

E1 
 

[1] 
 

 
 
 

Total for Question 7 8  

3 ∙ 2 

2 ∙ 4 

𝐶 
0 ∙ 4 0 ∙ 2 

2 

𝐴 𝐵 

𝑹𝑿 𝑹𝒀 

𝟐𝟎𝒈 𝟖𝒈 

𝑥 

𝑋 𝑌 
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(a) 
(ii) 

Alternative Moments Solutions B1 
 

Any correct moment with pivot clearly 
indicated 
 

Moments about 𝐴 
 
𝑅𝑋 × 0 ∙ 4 + 𝑅𝑌 × 2 ∙ 4 = 20𝑔 × 𝑥′ + 8𝑔 × 3 
 
Substitution of both 𝑅𝑋 and 𝑅𝑌  leading to correct 
midpoint 

𝑥′ = 1 ∙ 6 
 

M1 
 

A1  
 
 
 

A1 

Dim. correct equation, oe, 
no missing forces 
Correct equation with unknown distance 
FT 𝑅𝑖 (if substituted) 
 
 
Nothing to add in this case so bod  
  

Moments about 𝑌 
 
𝑅𝑋 × 2 + 8𝑔 × 0 ∙ 6 = 20𝑔 × 𝑥′ 
 
Substitution of 𝑅𝑋 leading to correct midpoint 
 
𝑥′ = 0 ∙ 8            midpoint = 0 ∙ 8 + 0 ∙ 8 = 1 ∙ 6  

M1 
 

A1  
 
 

 
A1 

 

Dim. correct equation, oe, 
no missing forces 
Correct equation with unknown distance 
FT 𝑅𝑖 (if substituted) 
 
 

Moments about 𝐵 
 
𝑅𝑋 × 2 ∙ 8 + 𝑅𝑌 × 0 ∙ 8 = 20𝑔 × 𝑥′ + 8𝑔 × 0 ∙ 2 
 
Substitution of both 𝑅𝑋 and 𝑅𝑌  leading to correct 
midpoint 

𝑥′ = 1 ∙ 6 
 

M1 
 

A1  
 
 

 
A1 

Dim. correct equation, oe, 
no missing forces 
Correct equation with unknown distance 
FT 𝑅𝑖 (if substituted) 
 
 
Nothing to add in this case so bod  
 

 

Moments about 𝐶 
 
𝑅𝑋 × 2 ∙ 6 + 𝑅𝑌 × 0 ∙ 6 = 20𝑔 × 𝑥′ 
 
Substitution of both 𝑅𝑋 and 𝑅𝑌  leading to correct 
midpoint 
 
𝑥 = 1 ∙ 4              midpoint = 1 ∙ 4 + 0 ∙ 2 = 1 ∙ 6 
 

M1 
 

A1  
 
 
 
 

A1 

Dim. correct equation, oe, 
no missing forces 
Correct equation with unknown distance 
FT 𝑅𝑖 (if substituted) 
 

 

Moments about Centre of mass 
 
𝑅𝑋 × 𝑥′ + 8𝑔 × (2 ∙ 6 − 𝑥′) = 𝑅𝑌 × (2 − 𝑥′) 
 
Substitution of both 𝑅𝑋 and 𝑅𝑌  leading to correct 
midpoint 

𝑥′ = 0 
 

M1 
 

A1  
 
 
 

A1 

Dim. correct equation, oe, 
no missing forces 
Correct equation with unknown distance 
FT 𝑅𝑖 (if substituted) 
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(a) 

 

Initial horizontal velocity  = 23 cos 18° 
                             (= 21 ∙ 874 … ) 

 

Initial vertical velocity  = 23 sin 18° 
            (= 7 ∙ 107 … ) 

 
Time to reach 𝐴𝐵,  
 

𝑡 =
8

23 cos 18°              (= 0 ∙ 3657 … )    

 
 
Working vertically using s = 𝑢𝑡 + 1

2
at2, with 

𝑢 = ±23 sin 18° , 𝑎 =  ±𝑔, 𝑡 =
8

23 cos 18°   

 

𝑠 = (∓23 sin 18°) (
8

23 cos 18°) + 1

2
(±9 ∙ 8) (

8

23 cos 18°)
2

  

 
𝑠 = (∓7 ∙ 107 … )(0 ∙ 365 … ) + 1

2
(±9 ∙ 8)(0 ∙ 365 … )2  

 
𝑠 = ∓1 ∙ 94 … 
 
Ball strikes window since 1 ∙ 1 < 1 ∙ 9 < 2 ∙ 2 
 
Window breaks since  
 

minimum speed = 23 cos 18° = 21 ∙ 87 … > 21 

 
B1 

 
 

B1 
 
 
 
 

M1 
 
 
 
 

M1  
 

 
A1 

 
 

 
 
 

A1 
 

 
 

B1 
 

[7] 
 

 
si 
 
 
si 
 
 
 
 

8 =  23 cos 18° × 𝑡 
 
 
 
  
 
 
 

23 sin 18° and 𝑔 opposing 
 
 
 
 
 
Convincing (or between C and D) 
 
 
 
Must compare to 21 
 

 
(b) 

 
Any sensible reason.  For example, 

• Does not consider dimensions of ball 

• Assumes ball is a particle 

• Does not consider mass/weight 

• Assumes motion is in one vertical plane 

• Resistance is ignored (Air or wind) 
 

 
 
 

E1 
 
 
 

[1] 
 

 

Total for Question 8 8  

 

 

 

 

  

23 cos 18° = 21 ∙ 874 … 

23 sin 18° = 7 ∙ 1073 … 

8 
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𝑅 = 35𝑔 + 380 sin 30° 

 

𝐹 = 𝜇𝑅 = (35𝑔 + 380 sin 30°)𝜇 

 
35𝑔 = 343 

 

380 cos 30° = 380 ×
√3

2
 

= 190√3 = 329 ∙ 08965 … 
 
 

380 sin 30° = 190 

 
(a) 

 
N2L horizontally with 𝑎 = 0 

380 cos 30° − 𝐹 = 0 

𝐹 =  380 cos 30°            (𝐹 = 190√3 = 329 ∙ 08 … ) 
 

Resolving vertically 

𝑅 = 35𝑔 + 380 sin 30°               
 
𝑅 = 35𝑔 + 190 = 533 
 

Use of 𝐹 =  𝜇𝑅     
 

𝜇 =
190√3

533
 

 

Accept  𝜇 =
190√3

35𝑔+190
=

38√3

7𝑔+38
  

 

 
M1 
A1 

 
 

M1 
A1 

 
 
 

M1 
 

 
A1 

 
[6] 

 
Dim. Correct, no extra terms 
 
 
 
Dim. correct, all forces, no extra  
 
 
 
 
 
 
 
Convincing 
 

 
(b) 

                              
Normal reaction will be smaller so friction will be 
smaller, therefore non-zero net force causing an 
acceleration. 

 
E1 

 
 [1] 

 
 

Total for Question 9 7  

 

 

  

𝐹 = 𝜇𝑅 

𝑅 

35𝑔 

𝑣 
380 sin 30° 

380 cos 30 ° 

30° 
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a) 

 

(i)   𝑎 =
𝑘

𝑣
            (𝑘 = 𝑎𝑣) 

 

d𝑣

d𝑡
=

𝑘

𝑣
 

 
At 𝑡 = 1,  

𝑣 = 5  and 𝑎 = 1 ∙ 8       ⇒       𝑘 = 9 
 

d𝑣

d𝑡
=

9

𝑣
 

 

(ii)  ∫ 𝑣 d𝑣 = ± ∫ 9 d𝑡    OR      ∫ 𝑣 d𝑣 = ± ∫ 𝑘 d𝑡 

 
1

2
𝑣2 = 9𝑡  (+𝐶)                 OR         

1

2
𝑣2 = 𝑘𝑡  (+𝐶)  

 

At 𝑡 = 1, 𝑣 = 5    ⇒     𝐶 =
7

2
 

 
1

2
𝑣2 = 9𝑡 +

7

2
  

 
𝑣2 = 18𝑡 + 7 

 
 
 
 

B1 
 

 
B1 

 
 
 
 

M1 
 
 

A1 
 
m1 

 
 

 
 

A1 
 

[6] 
 

 
 
 

 

Allow 
d𝑣

d𝑡
=

−𝑘

𝑣
  

 
 

 
 
 
 
 
Separating variables 
and an attempt to integrate 
 
Both sides correct (inc.−𝑘 case) 
 
Used (only if +𝐶 is present) 
 
 
 
 
Convincing 

 
b) 
  

  

𝑣 =
9

𝑣
     ⇒       𝑣2 = 9           ⇒          𝑣 = ±3                            

 
18𝑡 + 7 = 9 
 

𝑡 =
1

9
        

 
M1 

 
 
 
 

A1 
 

[2] 
 

 

Allow 𝑣 =
𝑘

𝑣
     ⇒       𝑣2 = 𝑘 

 
 
 
 

cao 

Total for Question 10 8  
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INTRODUCTION 
 
This marking scheme was used by WJEC for the 2023 examination. It was finalised after 
detailed discussion at examiners' conferences by all the examiners involved in the 
assessment. The conference was held shortly after the paper was taken so that reference 
could be made to the full range of candidates' responses, with photocopied scripts forming 
the basis of discussion. The aim of the conference was to ensure that the marking scheme 
was interpreted and applied in the same way by all examiners. 
 
It is hoped that this information will be of assistance to centres but it is recognised at the 
same time that, without the benefit of participation in the examiners' conference, teachers 
may have different views on certain matters of detail or interpretation. 
 
WJEC regrets that it cannot enter into any discussion or correspondence about this marking 
scheme. 
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WJEC GCE AS FURTHER MATHEMATICS 
 

UNIT 1 FURTHER PURE MATHEMATICS A 
 

SUMMER 2023 MARK SCHEME 
 

 

Qu. Solution Mark Notes 

1. Conjugate: 𝑧̅ = 3 − 𝜆i 
 
(3 + 𝜆i)2 + (3 − 𝜆i)2 = 2 

9 + 6𝜆𝑖 + 𝑖2𝜆2 + 9 − 6𝜆𝑖 + 𝑖2𝜆2 = 2 

9 + 6𝜆i − 𝜆2 + 9 − 6𝜆i − 𝜆2 = 2 

2𝜆2 = 16 

𝜆 = 2√2      oe (simplified) 
 

B1 
 

M1 
 

A1 
 

A1 
 

Total 
[4] 

 

si 
 
Attempt to expand 
 
 
 

eg A0 for 𝜆 = √
16

2
  

      

2. a) det A = −10 

𝐴−1 =
−1

10
(

−7 1
−4 2

) 

 

B1 

B1 
 

(2) 
 

si 
FT their det A 

b) METHOD 1 (Hence): 
𝑋 = 𝐴−1𝐵 

𝑋 =
−1

10
(

−7 1
−4 2

) (
2 0 9
4 −20 13

) 

𝑋 =
−1

10
(−10 −20 −50

0 −40 −10
) 

 

𝑋 = (1 2 5
0 4 1

)  

 
M1 

 
m1 

 
 
 
 

A1 
 

 
si FT their 𝐴−1 
 
Correct method multiplication 

 
 

 
 

cao 
 

 METHOD 2: 

(
2 −1
4 −7

) (
𝑎 𝑏 𝑐
𝑑 𝑒 𝑓

) = (
2 0 9
4 −20 13

) 

 
Leading to  

2𝑎 − 𝑑 = 2 

4𝑎 − 7𝑑 = 4 

2𝑏 − 𝑒 = 0 

4𝑏 − 7𝑒 = −20 

2𝑐 − 𝑓 = 9 

4𝑐 − 7𝑓 = 13 

 
Solving at least 1 set of simultaneous equations, 

𝑋 = (
1 2 5
0 4 1

) 

 

 
(M1) 

 
 
 
 
 
 

(m1) 
(A1)  

 
 

(3) 
 

Total 
[5] 

 

 
Setting up and beginning to multiply 
matrices 
 
 
 
 
 
 
cao 
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Qu. Solution Mark Notes 

3. a) Another root is 5 + i 
 

B1 
 

(1) 
 

Accept 4 or −4 

b) METHOD 1: 
(𝑥 − 5 + i)(𝑥 − 5 − i) 

𝑥2 − 10𝑥 + 26 is the quadratic factor 
 
𝑥4 − 10𝑥3 + 10𝑥2 + 160𝑥 − 416 = 0 
(𝑥2 − 10𝑥 + 26 )(𝑥2 + 𝑎𝑥 − 16) = 0 
(𝑥2 − 10𝑥 + 26 )(𝑥2 − 16) = 0 
 
∴ 𝑥2 − 16 = 0 
Solving,  
𝑥 = ±4 
 

 
M1 
A1 

 
 

m1 
A1 

 
 

A1 
 

 
Sum = 10, product = 26 
 
 
 
 
 
 
 
 
 

 METHOD 2: 
Let other two roots be 𝛼 and 𝛽 
∴ 5 + i + 5 − i + 𝛼 + 𝛽 = 10 
𝛼 + 𝛽 = 0 
 
(5 − i)(5 + i)𝛼𝛽 = −416 

26𝛼𝛽 = −416 
𝛼𝛽 = −16 
 
Solving simultaneous equations, 
𝑥 = ±4 
 

 
(M1) 

 
(A1) 

 
 
 

(A1) 
 

(m1) 
(A1) 

 
 
 
 
 

(5) 
 

Total 
[6] 

 

 
 
 
1 correct equation 
 
 
 
2nd correct equation 
 
Or 𝑥2 − 16 = 0, convincing method 
 
 
If 5 − 𝑖 not considered, award 
SC1 for a use of Factor Theorem 
SC2 for 1 correct root after FT 
SC3 for 2 correct roots after FT 
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Qu. Solution Mark Notes 

4. a) 
Translation matrix:  (

1 0 2
0 1 −2
0 0 1

) 

 

Reflection matrix: (
0 1 0
1 0 0
0 0 1

) 

 

𝑇 = (
0 1 0
1 0 0
0 0 1

) (
1 0 2
0 1 −2
0 0 1

) 

𝑇 = (
0 1 −2
1 0 2
0 0 1

) 

 
 

 
B1 

 
 
 

B1 
 
 

M1 
 
 

A1 
 
 
 
 

(4) 
 

 
 
 
 
 
 
 
 

FT their translation and reflection 
matrix 
 
cao 
 
M0A0 For multiplying the wrong 
way, which gives 

𝑇 = (
0 1 2
1 0 −2
0 0 1

) 

b) Invariant points given by 

(
0 1 −2
1 0 2
0 0 1

) (
𝑥
𝑦
1

) = (
𝑥
𝑦
1

) 

 
Giving, 𝑦 –  2 =  𝑥  and 𝑥 +  2 =  𝑦. 
 
As these are equivalent, there is an infinite 
number of invariant points. 
 

 
 

M1 
 
 

A1 
 

A1 
 
 

(3) 
 

Total 
[7] 

 

 
 
FT their 𝑇 from (a) 
 
 
 
 
 

 5.a) AB = (– 2𝐢 + 7𝐤) – (3𝐢 + 4𝐣 – 2𝐤)  

        = – 5𝐢 – 4𝐣 + 9𝐤 
 
Therefore, 𝐫 = 3𝐢 + 4𝐣 – 2𝐤 + 𝜆(– 5𝐢 – 4𝐣 + 9𝐤) 
𝐫 = (3 – 5𝜆)𝐢 + (4 – 4𝜆)𝐣 + (– 2 + 9𝜆)𝐤 
 

B1 
 
 

M1  
A1 

 
(3) 

 

si 
 
 
Accept equivalent 
convincing 
 

b) Substituting into plane equation: 
2(3 – 5𝜆) + 3(4 – 4𝜆) + 3(–2 + 9𝜆) = 27 

5𝜆 = 15 
 𝜆 = 3 
 
Therefore, point of intersection: (−12, −8, 25)  

M1 
 
 

A1 
 

A1 
 

(3) 
 

Total 
[6] 

 

 
 
 
 
 
FT their 𝜆 
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Qu. Solution Mark Notes 

6. Putting 𝑧 = 𝑥 + i𝑦 

|𝑥 + i𝑦 − 3 + i| = 2|𝑥 + i𝑦 − 5 − 2i| 
|(𝑥 − 3) + i(𝑦 + 1)| = 2|(𝑥 − 5) + i(𝑦 − 2)| 

√(𝑥 − 3)2 + (𝑦 + 1)2 = 2√(𝑥 − 5)2 + (𝑦 − 2)2 
(𝑥 − 3)2 + (𝑦 + 1)2 = 4[(𝑥 − 5)2 + (𝑦 − 2)2] 
 

𝑥2 − 6𝑥 + 9 + 𝑦2 + 2𝑦 + 1 

= 4𝑥2 − 40𝑥 + 100 + 4𝑦2 − 16𝑦 + 16 
 

3𝑥2 + 3𝑦2 − 34𝑥 − 18𝑦 + 106 = 0, which is 
the standard form of a circle. 
 
 

Centre = (
17

3
, 3) 

 

 
M1 

 

m1 

A1 
 
 

A1 
 
 

A1 
 
 
 

A1 
 
 

Total 
[6] 

 

 
 

 

 

 
 

 

oe 
 

 
or equivalent form of a circle 

(𝑥 −
17

3
)

2

+ (𝑦 − 3)2 =
52

9
 

 

FT provided coefficients of 𝑥2 and 

𝑦2 are equal 

 

7. When 𝑛 = 1, LHS = [
2 5
0 2

] and RHS = [
2 5
0 2

] 

Therefore, proposition is valid for 𝑛 = 1. 
 
Assume result is true for 𝑛 = 𝑘  
i.e.  

[
2 5
0 2

]
𝑘

= [2𝑘 2𝑘−1 × 5𝑘
0 2𝑘 ] 

 
 
Consider 𝑛 = 𝑘 + 1 

[
2 5
0 2

]
𝑘+1

= [
2 5
0 2

] [2𝑘 2𝑘−1 × 5𝑘
0 2𝑘 ] 

 

[
2 × 2𝑘 (2 × 2𝑘−1 × 5𝑘) + (5 × 2𝑘)

0 2 × 2𝑘
] 

Top right entry: 
(2𝑘 × 5𝑘) + (5 × 2𝑘) 

= 2𝑘(5𝑘 + 5) 

= 2𝑘 × 5(𝑘 + 1) 
 
Therefore, 

[
2 5
0 2

]
𝑘+1

= [
2𝑘+1 2𝑘 × 5(𝑘 + 1)

0 2𝑘+1
] 

 
If proposition is true for 𝑛 = 𝑘, it is also true for 

𝑛 = 𝑘 + 1. 
As it is true for 𝑛 = 1, by mathematical induction, 

it is true for all positive integers 𝑛. 
 
 

B1 
 
 

 

M1 
 
 
 
 
 

M1 
 

A1 
 
 
 
 
 
 
 

A1 
 

 
A1 

 
 
 
 
 

E1 
 
 

Total 
[7] 

 

 
 
 
 
 
 
 
 
 
 
 

Or [2𝑘 2𝑘−1 × 5𝑘
0 2𝑘 ] [

2 5
0 2

] 

 
 
 
 
 
 
 
 
 

 
Remaining 3 entries correct 
 
 
 
 
 
Award for a perfect solution 
including the last line. 
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Qu. Solution Mark Notes 

8. 𝛼 + 𝛽 + 𝛾 = −5  

𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼 = 2 
𝛼𝛽𝛾 = −8 
 

 
B1 

 
 

 
any two correct equations 
 
 

 New equation: 

Sum of roots: 
𝛼

𝛽𝛾
+

𝛽

𝛾𝛼
+

𝛾

𝛼𝛽
 

=
𝛼2 + 𝛽2 + 𝛾2

𝛼𝛽𝛾
 

=
(𝛼 + 𝛽 + 𝛾)2 − 2(𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼)

𝛼𝛽𝛾
 

=
(−5)2 − (2 × 2)

−8
= −

21

8
 

 
 

 
 
 

M1 
 
 
 

A1 
 
 

 
 
 

Common denominator 
 
 
 
 

 Sum of pairs: 

1

𝛾2
+

1

𝛽2 +
1

𝛼2
=

𝛼2𝛽2 + 𝛽2𝛾2 + 𝛼2𝛾2

𝛼2𝛽2𝛾2
 

=
(𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼)2 − 2𝛼𝛽𝛾(𝛼 + 𝛽 + 𝛾)

(𝛼𝛽𝛾)2
 

=
22 − (2 × −8 × −5)

(−8)2
=

−76

64
     (=

−19

16
) 

 

 

M1 
 

A1 
 
 

A1 
 

 

Common denominator 
 

Fully factorised 
 
 
 
 

 Product: 
1

𝛼𝛽𝛾
= −

1

8
 

 

 
B1 

 
 

 
 
 
 

 
∴

−𝑏

𝑎
= −

21

8
 

𝑐

𝑎
=

−76

64
 

−𝑑

𝑎
= −

1

8
 

 

 
 
 

B1 
 
 
 

 
 
 
FT previous values, two correct 
expression 
 
 

 If 𝑎 = 1, 𝑏 =
21

8
, 𝑐 =

−76

64
, 𝑑 =

1

8
 

New equation: 

𝑥3 +
21

8
𝑥2 −

76

64
𝑥 +

1

8
= 0 

 
 

 
 
 

B1 
 
 
 
 
 

Total 
[9] 

 

 
 
 
oe  
FT B1 above 
eg. If 𝑎 = 16, 𝑏 = 42, 𝑐 = −19, 𝑑 = 2 
New equation: 

16𝑥3 + 42𝑥2 − 19𝑥 + 2 = 0 
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Qu. Solution Mark Notes 

9. a) 𝑢 + i𝑣 = 1 − (𝑥 + i𝑦)2 

𝑢 + i𝑣 = 1 − 𝑥2 + 𝑦2 − 2i𝑥𝑦 
Comparing coefficients 
Imaginary parts: 𝑣 = −2𝑥𝑦 

Real parts: 𝑢 = 1 − 𝑥2 + 𝑦2 
 

M1 
A1 
m1 

 
A1 

 
(4) 

 

 
 
 
 
Both correct 

b)  Substituting 𝑦 = 4𝑥 

𝑣 = −2𝑥 × 4𝑥 = −8𝑥2 

𝑢 = 1 − 𝑥2 + 16𝑥2        (= 1 + 15𝑥2) 
 
Eliminating x, the equation of the locus 𝑄 is 

𝑢 = 1 + 15 (
𝑣

−8
)     oe  

 
 

M1 
 

A1 
 

M1 

A1 
 

(4) 

FT (a) 
 
A1 for both 𝑢 and 𝑣 
 
 
cao     (8𝑢 + 15𝑣 = 8) 
 

c) Point 𝑃(2,5) → 𝑄(22, −20) 
 
Equation of the locus of 𝑄 is 8𝑢 + 15𝑣 = 8 
 
 

𝐷 =
|(8 × 22) + (15 × −20) − 8|

√64 + 225
 

 

𝐷 =
132

17
   or    7.7647 … .. 

 

B1 
 
 
 
 

M1 
A1 

 
 

A1 
 

(4) 
 

Total 
[12] 

 

FT (a)  
 
 
 
 
 
oe  FT their 𝑄 (not 𝑃) & straight line 
from (b) 
 

cao 

10. METHOD 1: 
Realisation of difference of two series of cubes 
 

∑(2𝑟 − 1)3

𝑘

𝑟=1

− ∑(2𝑟)3

𝑘−1

𝑟=1

 

 

= ∑(8𝑟3 − 12𝑟2 + 6𝑟 − 1)

𝑘

𝑟=1

− ∑ 8𝑟3

𝑘−1

𝑟=1

 

=
8

4
𝑘2(𝑘 + 1)2 −

12

6
𝑘(𝑘 + 1)(2𝑘 + 1) +

6

2
𝑘(𝑘 + 1) − 𝑘 

   −
8

4
(𝑘 − 1)2𝑘2 

 
= 𝑘[2𝑘3 + 4𝑘2 + 2𝑘 − 4𝑘2 − 6𝑘 − 2 + 3𝑘 + 3 − 1

− 2𝑘3 + 4𝑘2 − 2𝑘] 
 
 

= 𝑘2(4𝑘 − 3) 
 

 
B1 

 
 

M1 
A1 

 
 

A1 
 
 

m1 
A1 

 
 

A1 
 

 
A1 

 
 
 

 
 
 
 

Use of ∑  

Condone ranges for 𝑟 other than 
𝑟 = 𝑘 and 𝑟 = 𝑘 − 1 for ranges with 
a difference of 1 
Cubing (ignore ranges) 
 
 
Use of sums formulae 
All correct 
 
 
Simplification 
 

 
Accept  𝑘(4𝑘2 − 3𝑘) or  

 4𝑘3 − 3𝑘2 
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Qu. Solution Mark Notes 

10. METHOD 2: 
 

13 − 23 + 33 − 43 + 53 − 63 + 73 − ⋯ 

 

13 + 23 + 33 + 43 + 53 + 63 + 73 + ⋯  

 −2(23 + 43 + 63 + ⋯ ) 
 

13 + 23 + 33 + 43 + 53 + 63 + 73 + ⋯ (2𝑘 − 1 terms) 

 −16(13 + 23 + 33 + ⋯ )          (𝑘 − 1 terms) 

 

∑ 𝑟3

2𝑘−1

𝑟=1

− 16 ∑ 𝑟3

𝑘−1

𝑟=1

 

 
 

=
(2𝑘 − 1)2(2𝑘)2

4
−

16(𝑘 − 1)2𝑘2

4
 

 
 

= 𝑘2[(2𝑘 − 1)2 − 4(𝑘 − 1)2] 
 
= 𝑘2(4𝑘2 − 4𝑘 + 1 − 4𝑘2 + 8𝑘 − 4) 
 
= 𝑘2(4𝑘 − 3) 
 

 
 
 
 

(B1) 
 
 
 

(B1) 
 
 

(M1) 
(A1) 

 
 
 

(m1) 
(A1) 

 
(A1) 

 
 
 

(A1) 
 

 
 
 
 
Realisation of difference of 
sequences 
 
 
Factorising 23 
 
 

Use of ∑  

Condone ranges for 𝑟 other than 

𝑟 = 2𝑘 − 1 and 𝑟 = 𝑘 − 1 for ranges 
with a difference of 𝑘 
 
Use of sums formulae 
All correct 

 
Simplification 
 
 
 
Accept  𝑘(4𝑘2 − 3𝑘) or  

 4𝑘3 − 3𝑘2 
 

 METHOD 3: 
Realisation of difference of two series of cubes 
 

∑(2𝑟 − 1)3

𝑘

𝑟=1

− ∑(2𝑟)3

𝑘−1

𝑟=1

 

 

= ∑(8𝑟3 − 12𝑟2 + 6𝑟 − 1)

𝑘

𝑟=1

− ∑ 8𝑟3

𝑘−1

𝑟=1

 

 

= ∑ 8𝑟3

𝑘

𝑟=𝑘

+ ∑(−12𝑟2 + 6𝑟 − 1)

𝑘

𝑟=1

 

 

= 8𝑘3 −
12

6
𝑘(𝑘 + 1)(2𝑘 + 1) +

6

2
𝑘(𝑘 + 1) − 𝑘 

   
 
= 𝑘[8𝑘2 − 4𝑘2 − 6𝑘 − 2 + 3𝑘 + 3 − 1] 

 
 

= 𝑘2(4𝑘 − 3) 
 

 
(B1) 

 
 

(M1) 
(A1) 

 
 

(A1) 
 
 
 
 
 

 
(m1) 
(A1) 

 
 

(A1) 
 
 

(A1) 
 

Total 
[8] 

 

 
 
 
 

Use of ∑  

Condone ranges for 𝑟 other than 

𝑟 = 𝑘 and 𝑟 = 𝑘 − 1 for ranges with 
a difference of 1 
Cubing (ignore ranges) 
 
 
 
 
 
 

Use of sums formulae 
All correct 
 
 
Simplification 
 
 
Accept  𝑘(4𝑘2 − 3𝑘) or  

 4𝑘3 − 3𝑘2 
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INTRODUCTION 
 
This marking scheme was used by WJEC for the 2023 examination. It was finalised after 
detailed discussion at examiners' conferences by all the examiners involved in the 
assessment. The conference was held shortly after the paper was taken so that reference 
could be made to the full range of candidates' responses, with photocopied scripts forming 
the basis of discussion. The aim of the conference was to ensure that the marking scheme 
was interpreted and applied in the same way by all examiners. 
 
It is hoped that this information will be of assistance to centres but it is recognised at the 
same time that, without the benefit of participation in the examiners' conference, teachers 
may have different views on certain matters of detail or interpretation. 
 
WJEC regrets that it cannot enter into any discussion or correspondence about this marking 
scheme. 
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WJEC GCE AS FURTHER MATHEMATICS 
 

UNIT 2 FURTHER STATISTICS A 
 

SUMMER 2023 MARK SCHEME 
 
 
 

Qu. Solution Mark Notes 

1 (a) E(4𝑌 − 2𝑋 + 1) = 4E(𝑌) − 2E(𝑋) + 1 
                     = 4 × 10 − 2 × 17 + 1 
                     = 7 
 
 

M1 
 

A1 
 

 

Use of 

(b) Var(4𝑌 − 5𝑋 + 3) = 42Var(𝑌) + 52Var(𝑋) 

                                     = 16 × 16 + 25 × 64 

                                     = 1856 

 

 

M1 
 
 
 

A1 
 
 
 

 
 
 
 
cao 
 

(c) E(𝑋2) = Var(𝑋) + (E(𝑋))
2
 

E(𝑋2) = 64 + 172 

E(𝑋2) = 353 

 

E(𝑋2𝑌) = E(𝑋2) × E(𝑌) 

E(𝑋2𝑌) = 353 × 10 

E(𝑋2𝑌) = 3530 

 

 
 

M1 
 
 
 
 
 
 
 

M1 
 
 
 

A1 
 
 

Total 
[7] 

Use of 
 
 
 
 
 
 
 

FT their 𝐸(𝑋2) provided  172 
 
 
 

cao 
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Qu. Solution Mark Notes 

2(a) 
 

𝑥 = 14 
𝑦̅ = 8 
 

𝑏 =
20 − 8

19 − 14
 

 
𝑏 = 2.4 

 

B1 
 

 
M1 

 
A1 

Both 
 
 
 
 
 
convincing 

 Equation of regression line is 
 
𝑦 − 20 = 2.4(𝑥 − 19) 
 
𝑦 = 2.4𝑥 − 25.6                   *ag 
 
1st ALTERNATIVE METHOD 
𝑦 = 𝑚𝑥 + 𝑐 
 
20 = 2.4 × 19 + 𝑐 
 
𝑐 = −25.6 
 
𝑦 = 2.4𝑥 − 25.6                   *ag 
 
2nd ALTERNATIVE METHOD 
𝑦 = 𝑏𝑥 + 𝑎 

20 = 19𝑏 + 𝑎 
240

30
=

420

30
𝑏 + 𝑎 

 
 
 
Solve simultaneously  
to get 𝑎 = −25.6 and 𝑏 = 2.4 
 
𝑦 = 2.4𝑥 − 25.6                   *ag 
 
 
When 𝑥 = 26 
 
𝑦 = 2.4 × 26 − 25.6 

𝑦 = 36.8 
 

 
 
M1 

 
A1 

 
 
 
 

(M1) 
 
 
 

(A1) 
 
 
 

(M1) 
 

(B1) 
 

(A1) 
 

(M1) 
 
 
 

(A1) 
 
 
 
 
 

B1 

 
 
oe 

 
convincing 
 
 
 
 
oe 
 
 
 
 

convincing 
 
 
 
For 1st equation 
 

For sight of 
240

30
and

420

30
 

 

For correct equations 

(b) 
 
 
 
 
 
 

 

Comment on linearity 
e.g. Scatter diagram may not be linear. 
       Correlation might be weak. 
Comment on range of 𝑥 values. 

e.g. 26 may be beyond the range of observed 𝑥 
values. 
 
 
 
 

E1 
 
 

E1 
 
 
 

Total 

[8] 
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Qu. Solution Mark Notes 

3(a) (Let the random variable 𝑋 be the lifetime in years of a 
hair dryer.) 

𝜆 =
1

2
= 0.5 

 
 

P(1.8 ≤ 𝑋 ≤ 2.5) = ∫ 0.5e−0.5𝑥d𝑥
2.5

1.8

 

                               = [−e−0.5𝑥]1.8
2.5 

 
                        = 0.1201 
 
OR 
 
P(1.8 ≤ 𝑋 ≤ 2.5) = 𝐹(2.5) − 𝐹(1.8) 

= (1 − e−0.5×2.5) − (1 − e−0.5×1.8) 
= 0.1201 
 

 
 
 

B1 
 
 
 

M1 
 

A1 
 

A1 
 
 
 

(M1) 
(A1) 
(A1) 

 
 
 
 
 
 

FT their 𝜆 for M1A1 
Alternative M1A1 

e−0.5×1.8 − e−0.5×2.5 
Limits required 
 

cao, 3sf required 
 
 
 
use of 
Must be cdf 

cao, 3sf required 

(b) 
 

 
𝑃(𝑋  𝑘)  =  0.2     or    𝑃(𝑋 < 𝑘) = 0.8 

1 − e−0.5𝑘 = 0.8 

      e−0.5𝑘 = 0.2 

      −0.5𝑘 = ln0.2 

                𝑘 = 3.2   
 
OR 

P(𝑋 < 𝑘) = ∫ 0.5e−0.5𝑥d𝑥

𝑘

0

= 0.8 

 

[−e−0.5𝑥]0
𝑘 = 0.8 

 

(−e0.5𝑘) − (−1) = 0.8 

 

0.2 = e−0.5𝑘 

ln0.2 = −0.5𝑘 
𝑘 = 3.2  
 

 
M1 

 
 

M1 
A1 

 
 
 

(M1) 
 
 
 
 

 
 
 
 
 

(M1) 
(A1) 

 

FT their 𝜆 for M1M1 
Attempt to use of 
 
 
 
cao, oe (eg. 2ln5) 
 
 

 
 
Or integrating between 𝑘 and 

∞ and setting = 0.2 
 
 
 
 
 
 
 

 
cao 
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Qu. Solution Mark Notes 

3(c) Let the random variable 𝑌 be the number of hair 
dryers replaced in 5 years.   
Po(2.5) over 5 years 
 

P(𝑌 > 3) = 1 − P(𝑌 ≤ 3) 
 

P(𝑌 > 3) = 1 − 0.75758 

 

P(𝑌 > 3) = 0.24242 

 

 
 

B1 
 

M1 
 
 
 
 

A1 
 

 
 
 
 
FT their 2.5 for discrete 
distribution 
 
 
 

cao 

   (d) Valid assumption 
e.g. Jon doesn’t think the quality is so poor that he buys 
a different brand. 
The hair dryers bought weren’t from a faulty batch. 
The quality of the hair dryers hasn’t improved in five 
years.  
Manufacturing methods haven’t changed. 
The hair dryers still last on average 2 years. 
The replacement is a new hair dryer (not a used one). 
 

 

E1 
 
 
 
 
 
 
 
 
 

Total 
[11] 
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Qu. Solution Mark Notes 

4(a) 1

480
𝑏4 +

7

15
= 1 

 

               𝑏4 = 256 
 
                 𝑏 = 4                                             *ag 
 

 
M1 

 
 
 

A1 
 
 

 

 
M1 for setting 𝐹(𝑏) = 1 
 
 
 
At least one step between M1 
and 𝑏 = 4 
Convincing. 

(b) P(𝑋 < 2.5) = 𝐹(2.5) 

                       =
1

480
× 2.54 +

7

15
 

 

                       = 0.548   or   
1403

2560
 

M1 
 
 

 
A1 

 

Attempt to substitute 2.5 into 
𝐹(𝑥). 
 
 
3sf or better 

 

(c) Lower quartile = 1 
 

B1  

(d) 
 

 

1

480
𝑢4 +

7

15
= 0.75 

 
𝑢4 = 136 
 
𝑢 = 3.41 

 
M1 

 
A1 

 
A1 

 
 
 
 
 
 
 

(e) P(𝑋 > 3.5) = 1 − 𝐹(3.5) 

= 1 − (
1

480
× 3.54 +

7

15
) 

= 1 − 0.779 … = 0.2207 ….  

𝑃(𝑋 <  𝑘)  =  0.2207 … .. 

1

4
𝑘 = 0.2207 …. 

𝑘 = 0.883 

 

M1 
 
 
 
 

A1 
 
 
 
 

M1 
 

A1 
 
 
 
 

Total 
[12] 

 

si 
 
 
 
 
 
 
 
 
 
si  FT their 0.2207… provided 
> 0.125 and < 0.5 
cao 
Do not allow 0.884. 

(𝑘 =
113

128
) 
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Qu. Solution Mark Notes 

5 (a) Two appropriate circumstances. 
e.g. When the data are ordinal. 
e.g. When the data are not bivariate normal. 

B2 
 
 
 

B1 for one circumstance. 
 

(b)(i) 𝐻0: there is no association between the rank given by 
the farmer and the price. 
𝐻1:there is an association between the rank given by 
the farmer and the price. 
 

5% two tailed critical value = ()0.8286 
 
Since 0.9429 > 0.8286 there is sufficient evidence to 

reject 𝐻0.  
 
There is sufficient evidence to suggest that there is an 
association between the rank given by the farmer and 
price. 
 

B1 
 
 
 

 
B1 

 
B1 

 
 

E1 
 
 

Both. Do not allow correlation. 

 
 
 
 
 
 
Comparing TS to CV 

FT their CV 
 
Comment in context 
Only award if previous 3 B1 
have been awarded 

 (ii)   Tractor Farmer’s  
rank 

PTO  rank 
(highest to 

lowest) 

PTO  rank 
(lowest to 
highest) 

A 1 4 3 

B 6 3 4 

C 5 5 2 

D 4 6 1 

E 2 1 6 

F 3 2 5 

 
∑ 𝑑2 = 24               or      ∑ 𝑑2 = 46 
 

𝑟𝑠 = 1 −
6×24

6×35
        or   𝑟𝑠 = 1 −

6×46

6×35
 

𝑟𝑠 = ±0.3143  or      
11

35
 

 
 
 
 
 
 

B1 
 
 
 
 
 

B1 
 

M1 

 
A1 

 

 
 
 
 
 
 
Correct values for one set of 
PTO ranks 
 
 
 
 
si 

 
FT their ‘24’ or ‘46’ 

 

(iii) Two valid comment. 
e.g. The PTO variable isn’t very strongly associated with 
the farmer’s ranks so may not be worth analysing. 

 
e.g. The salesman doesn’t need to work that hard 
because the farmer already prefers the most 
expensive tractors. 
 
e.g. because the number of tractors in the sample is 
small, the salesman should not place too much 
reliance on the results. 
 

 
 

E2 
 
 
 
 
 
 
 
 
 
 
 

Total 
[12] 
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Qu. Solution Mark Notes 

6 (a) 𝐻0: The data can be modelled by the binomial 
distribution B(20, 0.1). 

𝐻1: The data cannot be modelled by the binomial 
distribution B(20, 0.1). 

 
B1 

 
or equivalent,  
must state B(20,0.1) 

 

(b)(i) 
 
 
 
 
 
 
 
 
(ii) 

 

Expected frequencies are 

 
(𝑓 = (P(𝑋 = 0) × 110) 

𝑓 = 13.37 

 

(𝑔 = (P(𝑋 = 2) × 110) 

𝑔 = 31.37 

 
 
Combine classes with expected frequencies less than 5 
 

Number 
of boats 
not 
taken 
out. 

0 1 2 3 4 or 
more 

Obs 10 35 29 25 11 

Exp 13.37 29.72 31.37 20.91 14.63 

 

Use of 
2 stat =  ∑

(𝑂−𝐸)2

𝐸
   OR   ∑

𝑂2

𝐸
− 𝑁      

 

=
(10 − 13.37)2

13.37
+

(35 − 29.72)2

29.72
+

(29 − 31.37)2

31.37

+
(25 − 20.91)2

20.91
+

(11 − 14.63)2

14.63
 

 
= 3.667… 

 
 
 

DF = 4 
 
5% CV = 9.488  
 
 
 
Since 3.667 < 9.488 there is insufficient evidence to reject 

𝐻0. 
 

Insufficient evidence to reject the suggestion that the 
number of boats not taken out each day can be modelled 
by the binomial model B(20, 0.1) 

 

 
 
 

B1 
 
 

B1 
 
 

M1 
 
 
 
 
 

 
 
 
 
M1 

 
 

m1 

 
 

A1 

 
 
 

B1 
 

B1 
 
 
 

m1 
 
 

A1 

 
 
 
Accept 13.4 
 
 
Accept 31.4 
 
 
SC for solution that does not 
combine classes. 
(M0M1m1A0B1B1 
m1A0)  

 
 
 
 
 
 

Must see at least 2 terms 
added 
 

=
102

13.37
+

352

29.72
+

292

31.37
+

252

20.91
+

112

14.63
− 110  

  

cao 
3.66760 if unrounded values 
used. 

 
 
 
Accept other test levels 
1% CV = 13.277 
10% CV = 7.779 

 
Dep on 2nd M1 
 
 
cso provided B1 awarded in 
(a) 
A0 for categorical statements 
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Qu. Solution Mark Notes 

6(c) 
(i) 

Let the random variable 𝑌 be the number groups that 
turn up expecting to take a boat out. 
𝑌~B(22,0.9) 

 
 

B1 

 
 
May be seen or implied in (ii) 

(ii) Let the random variable 𝑆 be the income of the company 
in pounds. 
Values for s  are  330, 310 and 290 

 

P(𝑆 = 330) = P(𝑌 ≤ 20) 
                    
                        = 0.6608 
 

P(𝑆 = 310) = P(𝑌 = 21) 
                    
                        = 0.2407 
 

P(𝑆 = 290) = P(𝑌 = 22) 
                    
                        = 0.0985 
 
 
 

E(𝑆) = 330 × 0.6608 + 310 × 0.2407 + 290 × 0.0985 

 

            = £321.25 

 
 

B1 
 

B1 
 
 
 
 

 
 
 
 

 
B2 

 
 
 

M1A1 

 
A1 

 
 
All 3 values and no others 
 
Recognising link between 
income and the probability of 
the number of groups who turn 
up to take a boat, si 
If using 𝑊~B(22,0.1), 
probabilities are  

P(𝑊 ≥ 2) = 0.6608 
P(𝑊 = 1) = 0.2407 
P(𝑊 = 0) = 0.0985 

 
B2 for three correct 
probabilities. B1 for one 
correct probability. 
 
M1 for one correct term and 
addition. 

 
 

Alternative solution 

Let the random variable 𝑇 be the loss of the company in 
pounds. 
Values for t  are  (0,) 20 and 40 

 

P(𝑇 = 0) = P(𝑌 ≤ 20) 
                    
                        = 0.6608 
 

P(𝑇 = 20) = P(𝑌 = 21) 
                    
                        = 0.2407 
 

P(𝑇 = 40) = P(𝑌 = 22) 
                    
                        = 0.0985 
 
 
 

E(𝑇) = (0 × 0.6608+) 20 × 0.2407 + 40 × 0.0985  
        = £8.75 
Net income (= £330 - £8.75) = £321.25 
 

 
 
 

(B1) 
 

(B1) 
 
 
 
 

 
 
 
 

 
(B2) 

 
 
 

(M1A1) 

 
(A1) 

 
 
 
All 3 values and no others. 
 
Recognising link between loss 
and the probability of the 
number of groups who turn up 
to take a boat, si 
If using 𝑊~B(22,0.1), 
probabilities are  

P(𝑊 ≥ 2) = 0.6608 
P(𝑊 = 1) = 0.2407 
P(𝑊 = 0) = 0.0985 

 
B2 for three correct 
probabilities. B1 for one 
correct probability. 
 
M1 for one correct term and 
addition. 

(d) Valid reason. 
e.g. The manager is justified because the expected income 

is greater than £15 × 20 = £300 
 
 

E1 
 
 

Total 
[20] 

Accept “Not justified” with 
appropriate reason such as 
“not a long term strategy 
because it will harm the 
brand.” 
FT their E(𝑆) 
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INTRODUCTION 
 
This marking scheme was used by WJEC for the 2023 examination. It was finalised after 
detailed discussion at examiners' conferences by all the examiners involved in the 
assessment. The conference was held shortly after the paper was taken so that reference 
could be made to the full range of candidates' responses, with photocopied scripts forming 
the basis of discussion. The aim of the conference was to ensure that the marking scheme 
was interpreted and applied in the same way by all examiners. 
 
It is hoped that this information will be of assistance to centres but it is recognised at the 
same time that, without the benefit of participation in the examiners' conference, teachers 
may have different views on certain matters of detail or interpretation. 
 
WJEC regrets that it cannot enter into any discussion or correspondence about this marking 
scheme. 
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WJEC GCE AS FURTHER MATHEMATICS 
 

UNIT 3 FURTHER MECHANICS A 
 

SUMMER 2023 MARK SCHEME 
 

 
(a) 

 
Use of Hooke’s Law    
  

𝑇 =
5𝑔𝑥

0∙2
  

 

4𝑔 =
5𝑔𝑥

0∙2
  

  
𝑥 = 0 ∙ 16   (m)   
   

 
M1 

 
 
 
 

 
 

A1 
 

[2] 

 

Used, 𝑇 =
𝜆𝑥

𝑙
   

 
 
𝜆 = 5𝑔 = 49          4𝑔 = 39 ∙ 2 

 
 
Convincing 
 
 

 
(b) 

 

 
 
 
 
 
 
 
 
 
 
 

  

 
 

 

Using expression for  EE =
𝜆𝑥2

2𝑙
 

 

EE =

{
 
 

 
 
5𝑔(0∙282−0∙162)

2(0∙2)
    = 6 ∙ 468 = 0 ∙ 66𝑔

     
5𝑔(0∙28)2

2(0∙2)
          = 9 ∙ 604 = 0 ∙ 98𝑔

      
5𝑔(0∙16)2

2(0∙2)
         = 3 ∙ 136 = 0 ∙ 32𝑔

        

 
Using expression for PE = 𝑚𝑔ℎ   
 

PE =

{
 
 

 
 

4𝑔(0 ∙ 28 − 0 ∙ 16)   = 4 ∙ 704 = 0 ∙ 48𝑔

          4𝑔(0 ∙ 28)            = 10 ∙ 976 = 1 ∙ 12𝑔

         4𝑔(0 ∙ 16)            = 6 ∙ 272 = 0 ∙ 64𝑔  

          4𝑔(0 ∙ 48)             = 18 ∙ 816 = 1 ∙ 92𝑔

          4𝑔(0 ∙ 36)            = 14 ∙ 112 = 1 ∙ 44𝑔

 

 

KE =
1

2
(4)𝑣2 

 

Conservation of Energy (before = after) 
 

5𝑔(0 ∙ 28)2

2(0 ∙ 2)
=

1

2
(4)𝑣2 +

5𝑔(0 ∙ 16)2

2(0 ∙ 2)
+ 4𝑔(0 ∙ 12)  

 

9 ∙ 604 = 2𝑣2 + 3 ∙ 136 + 4 ∙ 704 
 

𝑣2 = 0 ∙ 882          (= 0 ∙ 09𝑔 ) 
 

𝑣  = 0 ∙ 9(391… )  (ms−1) 

 
M1 

 

 

 
 

A1 
 
 
 

M1 
 

 
 

A1 
 
 
 

B1 
 

M1 
 

A1 
 
 

 
 

 
A1 

 

[8] 
 

 
 
 

 
 
 
A correct expression 
 
 
 
 
 
 
 
A correct expression 
 
 
 
 
 
KE, EE and PE all present 
 
All correct, oe (see further notes) 
 
 
 

 
 

Note 𝑣 = 21√5

50
 or 𝑣 = 0 ∙ 3√𝑔 

Total for Question 1 10  

𝑥 = 

𝑙 = 0 ∙ 2 

𝑂 

𝑻 

𝑻 = 𝟒𝒈 

𝑥 = 0 ∙ 28 

𝑙 = 0 ∙ 2 

𝑃𝐸 = 0 

Before (at lowest point) After (at extension 𝑥 = 0 ∙ 16)   
 𝑂 𝑂 

𝑥 = 0 ∙ 16 

0 ∙ 12 
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(b) 

 
Alternative Solution for Conservation of Energy A1 
 
KE = loss in EE - gain in PE 
 
1

2
(4)𝑣2 =

5𝑔(0∙282−0∙162)

2(0∙2)
− 4𝑔(0 ∙ 28 − 0 ∙ 16)         A1 

 

2𝑣2 = 6 ∙ 468 − 4 ∙ 704            (2𝑣2 = 33

50
𝑔 − 12

25
𝑔        or       2𝑣2 = 0 ∙ 64𝑔 − 0 ∙ 48𝑔) 

 

(b) 

 
Alternative PE reference points 
 
 
 
 
 
 
 
 
 
 

 

5𝑔(0∙28)2

2(0∙2)
− 4𝑔(0 ∙ 12)  = 1

2
(4)𝑣2 +

5𝑔(0∙16)2

2(0∙2)
      A1 

 

9 ∙ 604 − 4 ∙ 704 = 2𝑣2 + 3 ∙ 136 
 

(b) 

 
Alternative PE reference points 
 
 
 
 
 
 
 
 
 
 
 

 

5𝑔(0∙28)2

2(0∙2)
− 4𝑔(0 ∙ 28)  = 1

2
(4)𝑣2 +

5𝑔(0∙16)2

2(0∙2)
− 4𝑔(0 ∙ 16)      A1 

 

9 ∙ 604 − 10 ∙ 976 = 2𝑣2 + 3 ∙ 136 − 6 ∙ 272 
 

(b) 

 
 
 
 
 
 
 
 
 
 
 

5𝑔(0∙28)2

2(0∙2)
− 4𝑔(0 ∙ 48)  = 1

2
(4)𝑣2 +

5𝑔(0∙16)2

2(0∙2)
− 4𝑔(0 ∙ 36)      A1 

 

 9 ∙ 604 − 18 ∙ 816 = 2𝑣2 + 3 ∙ 136 − 14 ∙ 112 

𝑥 = 0 ∙ 28 

𝑙 = 0 ∙ 2 

𝑃𝐸 = 0 

Before (at lowest point) After (at extension 𝑥 = 0 ∙ 16)   
 𝑂 𝑂 

𝑥 = 0 ∙ 16 

0 ∙ 12 

𝑥 = 0 ∙ 28 

𝑙 = 0 ∙ 2 

𝑃𝐸 = 0 

Before (at lowest point) After (at extension 𝑥 = 0 ∙ 16)   
 𝑂 𝑂 

𝑥 = 0 ∙ 16 

0 ∙ 12 

𝑥 = 0 ∙ 28 

𝑙 = 0 ∙ 2 

𝑃𝐸 = 0 

Before (at lowest point) After (at extension 𝑥 = 0 ∙ 16)   
 𝑂 𝑂 

𝑥 = 0 ∙ 16 

0 ∙ 12 
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(a) 

  

 

𝐫𝐴 =

{
 
 

 
 
6𝐢 + 21𝐣 − 8𝐤 + (3𝐢 − 𝐣 + 4𝐤)𝑡

(
6 + 3𝑡
21 − 𝑡
4t − 8

)

(6 + 3𝑡)𝐢 + (21 − 𝑡)𝐣 + (4t − 8)𝐤

 

 
At  𝑡 = 5,  𝐫𝐴 = 21𝐢 + 16𝐣 + 12𝐤 
 

|𝐫𝐴| = √21
2 + 162 + 122 

 

|𝐫𝐴| = √841 = 29     (m) 

 
 

B1 

 
 

 
 

M1 
 

m1 
 

A1 
 

[4] 
 

 
 
 

 
 
 
 
 
Use of 𝑡 = 5  
 
Attempt to find |𝐫𝐴| 
 
cao 

 
(b) 

 

(i)   𝐯 =
d𝐫

d𝑡
 

 

    𝐯𝑩 =
3

2
cos (

𝑡

2
) 𝐢 +

3

2
sin (

𝑡

2
) 𝐣 

 

   |𝐯𝐵| = √(
3

2
cos (

𝑡

2
))

2

+ (
3

2
sin (

𝑡

2
))

2

  

 

    |𝐯𝐵| = √
9

4
=

3

2
= 1 ∙ 5     (ms−1) 

                                   which is constant. 

 
M1 

 
 

A1 
 
 

m1 
 

 
A1 

 
 

 
 
 
 
 
 
 
FT their 𝐯𝑩 throughout 
 
 

cao  

 (ii)   Dot product, 𝐯𝑨 . 𝐯𝑩 = 0 
 

(3𝐢 − 𝐣 + 4𝐤) ∙ (
3

2
cos (

𝑡

2
) 𝐢 +

3

2
sin (

𝑡

2
) 𝐣) = 0  

 
9

2
cos (

𝑡

2
) −

3

2
sin (

𝑡

2
) = 0  

 

tan (
𝑡

2
) = 3  

 
𝑡 = 2 ∙ 4(9809… )      (s) 
 
 

M1 
 
 
 
 

m1 
 
 
 
 

A1 
 

[7] 
 

 
 
 
 
 
 
 
 
 
 
cao 

Total for Question 2 11  
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(a) 

 
 

 
 
 
 
 
 
 

 
 

  
 
 

sin 𝜃 =
5

13
 

 
 

cos 𝜃 =
12

13
 

 

 
 

Resolve vertically 
𝑅 sin 𝜃 = 𝑀𝑔 
 

sin 𝜃 =
5

13
 

  

𝑅 = 𝑀𝑔 ×
13

5
 

 

𝑅 =
13𝑀𝑔

5
 

 

M1 
 

A1 
 

B1 
 
 
 
 

A1 
 

[4] 
 

Dimensionally correct 
 
 
si 
 
 
 
 
Convincing 
 

 
(b) 

 
N2L towards centre 
𝑅 cos𝜃 = 𝑀𝑎 
 

13𝑀𝑔

5
×
12

13
= 𝑀

(3√𝑔)
2
 

𝑟
  

 

𝐶𝑃 = 𝑟 =
15

4
    (= 3 ∙ 75 m) 

  
𝑟

𝐶𝑉
=

5

12
    (= tan𝜃) 

 
 
𝐶𝑉 = 9     (m) 

 
M1 

 

A1 
 

 
m1 

 
 

A1 
 
 

M1 

 
 

A1 
 

[6] 
 

 
Dimensionally correct 
 
 

𝑎 =
𝑣2

𝑟
 

 
 
 
 
oe, similar triangles 
 
 
cao 

Total for Question 3 10  

 
 
 
  

𝑹 

𝑃 𝐶 

𝑅 sin 𝜃 

𝑂 

𝑅 cos 𝜃 

𝑴𝒈 

𝜃 

 

𝜽 

𝑯 = 𝟏𝟑 

𝑨 = 𝟓 

𝐎 = 𝟏𝟐 
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(a) 

 
(i)   Work-energy principle 
      16 × 𝑑 = 1440 (000) 

      𝑑 = 90 (000)         (km (m)) 

 
M1 

 
A1 

 
Used, 𝐹 × 𝑑 = 𝐸 
 
cao, oe 
 

 
 

 
(ii)  Using expression for PE or KE 
 
      At end,  KE = 1

2
(80)(10)2     = 4000 

 

PE = 80𝑔ℎ = {

11200𝑔 = 109760      for     ℎ = 140
12000𝑔 = 117600      for     ℎ = 150
  800𝑔 = 7840            for     ℎ = 10

 

 
Work-energy principle (See notes) 
 
𝑊𝐷 = 1440 000 + 4000 + 109760 
 
(𝑊𝐷 = 1440 000 + 4000 + 11200𝑔) 
 
𝑊𝐷 = 1 553 760    (J)                   (= 1553 ∙ 760 kJ) 
 

 
M1 

 
A1 

 
 

A1 

 
 

M1 
 

A1 
 
 
 

A1 
 

[8] 
 

 
 
 
= 4000 J = 4 kJ 
 
 
 

 
 
 
All terms included, oe  
FT their KE and PE 
 
 
 
 
cao 
 

 
(b) 

  

 
 

 
 
 
 
 
 
 
 
 

 
 
 

sin 𝛼 =
2

7
 

  

𝐹 =
250

𝑣
                     (maximum force) 

 
Using N2L up plane with 𝑎 = 0 
𝐹 − 𝑅 −𝑚𝑔 sin 𝛼 = 0 
 

𝐹 − 16 − 80𝑔 (
2

7
) = 0                         𝐹 − 240 = 0 

 

𝑣 =
25

24
= 1 ∙ 04(166… )      (ms−1)   (max. speed) 

 
B1 

 
 

M1 
A1 

 
A1 

 
 

A1 
 

[5] 

 

si 

 
 

All forces, dim. correct 
Correct equation 
 
250

𝑣
− 16 − 80𝑔 (

2

7
) = 0  

 
cao 

Total for Question 4 13  

 

 

 

 

 

 

𝑅 = 16 

80𝑔 

𝛼 

𝐹 

80𝑔 sin 𝛼 

𝛼 
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(a) 
(ii) 

 
Alternative Solution(s) for Work-energy principle 
 

• Energy at Start (PE) + WD by cyclist = WD against resistances + Energy at end (PE+KE) 
 

7840 +WD = 1440 000 + 117600 + 4000 
 

(800𝑔 +WD = 1440 000 + 12000𝑔 + 4000) 
 
 

• WD by cyclist = WD against resistances + Energy at end (gain in PE+KE) 
 

WD = 1440 000 + 109760 + 4000 
 

(WD = 1440 000 + 11200𝑔 + 4000) 
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(a) 

 

 
Impulse  = 𝑚𝐵𝑣𝐵 −𝑚𝐵𝑢𝐵 (change in momentum) 
 

               = 2(−6 − 10)    
 

|Impulse| = 32    (Ns) 
 
Opposite direction to original motion 
 

 
M1 

 
 

 
A1 

 
A1 

 
[3] 

 

 
Used 
 
 

 
(b) 

 
 
 
 

 
 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Conservation of momentum 
 

(4)(3) + (−6)(2) = 3𝑣𝐴 + 2𝑣𝐵 

  

3𝑣𝐴 + 2𝑣𝐵 = 0         (𝑣𝐴 = −
2

3
𝑣𝐵) 

 
Loss in Kinetic energy  
 

1

2
 (3)(4)2 +

1

2
 (2)(−6)2 −

1

2
 (3)𝑣𝐴

2 −
1

2
 (2)𝑣𝐵

2 = 45 

 

60 −
3

2
 𝑣𝐴

2 − 𝑣𝐵
2 = 45 

 
3𝑣𝐴

2 + 2𝑣𝐵
2 = 30 

 

3 (
−2𝑣𝐵
3
)
2

+ 2𝑣𝐵
2 = 30 

 
𝑣𝐵 = ±3                  or         𝑣𝐴 = ±2 
 
𝑣𝐴 = −

2

3
(±3) = ∓2              𝑣𝐵 = −

3

2
(±2) = ∓3 

 
(𝑣𝐴, 𝑣𝐵) = (𝟐,−𝟑)     or    (−𝟐, 𝟑) 
 
speed 𝑣𝐴 = 2    (ms−1) 

speed 𝑣𝐵 = 3    (ms−1) 
 

M1 
 

A1 
 
 
 

M1 
 

A1 
 
 
 
 
 

 
m1 

 
 
 
 

 
 

m1 
 
 

A1 
 

Attempted 
 
All correct 
 
 
 
Attempted.  
 
Before = 60 
 
After = 3

2
 𝑣𝐴

2 + 𝑣𝐵
2 

 
 

 
 
One variable eliminated. 
 
 
 
 
 
 

 
 
 

 
cao 

 Both objects are moving in the opposite   
direction to their original motion.  

A1 
 

[8] 

 
 

Total for Question 5 11  

𝑣𝐵 𝑣𝐴 

 

−6 4 

𝐴 (3 kg) 𝐵 (2 kg) 
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(a) 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 

 (i)  Conservation of energy 
     (𝑃𝐸 = 0 along horizontal through 𝑂) 
 

𝑚𝑔(5 + 7(1 − cos𝛼)) =
1

2
𝑚𝑣2 +𝑚𝑔(5 cos 𝜃) 

 
5 ∙ 7𝑔 = 0 ∙ 5𝑣2 + 5𝑔 cos𝜃 

55 ∙ 86 = 0 ∙ 5𝑣2 + 49 cos 𝜃 

2793 = 25𝑣2 + 2450 cos 𝜃 

285𝑔 = 25𝑣2 + 250𝑔 cos 𝜃 
 
𝑣2 = 111 ∙ 72 − 98 cos 𝜃           (= 11 ∙ 4𝑔 −
10𝑔 cos 𝜃) 
 
 

M1 
 

A1 
A1 

 
 
 
 
 

 
A1 

 

[4] 

KE and PE in dim. correct equation 
 
KE  
PE  
 
 
 
 
 
 
Convincing 
 

 Alternative solution  
(𝑃𝐸 = 0 along horizontal through 𝐵) 

 
(i)  Conservation of energy 
 

𝑚𝑔(7(1 − cos𝛼)) =
1

2
𝑚𝑣2 −𝑚𝑔(5(1 − cos𝜃)) 

 
0 ∙ 7𝑔 = 0 ∙ 5𝑣2 − 5𝑔 + 5𝑔 cos 𝜃 

6 ∙ 86 = 0 ∙ 5𝑣2 − 49 + 49 cos 𝜃 

343 = 25𝑣2 − 2450 + 2450 cos 𝜃 
 

𝑣2 = 111 ∙ 72 − 98 cos 𝜃           (= 11 ∙ 4𝑔 −
10𝑔 cos 𝜃) 
 

 
 
 

(M1) 
 

(A1) 
(A1) 

 
 

 
 

(A1) 
 

([4]) 
 

 
 
 
KE and PE in dim. correct equation 
 
KE    
PE   
 
 
 
 
Convincing 
 

 
 

 
(ii)  N2L towards 𝑂 
 

50𝑔 cos 𝜃 − 𝑅 =
50𝑣2

5
 

 

𝑅 = 50𝑔 cos 𝜃 −
50

5
(111 ∙ 72 − 98 cos 𝜃) 

 

𝑅 = {
  1470 cos 𝜃 − 1117 ∙ 2
150𝑔 cos 𝜃 − 114𝑔   

 

 

 
M1 

 
 

A1 

 
m1 

 
 

A1 
 

[4] 
 

 
Dim. correct equation 
50𝑔 cos 𝜃 , 𝑅 opposing 
 
 

 
Substitute for 𝑣2 (any form) 
 
 

𝑣 

𝑂 

𝜃 

𝐶 

𝐵 

450 

𝑃 

𝐴 

7(1 − cos 𝛼) =
7

10
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(iii)  Loses contact when 𝑅 = 0 
 
1470 cos 𝜃 − 1117 ∙ 2 = 0 
 

cos 𝜃 =
114

150
                      (= 1117∙2

1470
= 19

25
) 

 

𝜃 = 40 ∙ 5(358… )° 

  
𝜃 = 40 ∙ 5(358… )° < 45°  
 
∴   ring loses contact before reaching 𝐶 
 

 
M1 

 
 
 

 
 

A1 
 
 
 

A1 
 

[3] 
 

 
Used.  FT 𝑅 from (ii) 
 
or     150𝑔 cos 𝜃 − 114𝑔 = 0  
 
 
 
Accept 41 
FT 𝑅 from (ii) 
 
 

FT 𝑅 provided 𝜃 < 45° 
 
 

  
Alternative Solution 
 

(iii)  Sub.  𝜃 = 45° into expression for 𝑅 
 
𝑅 = −77.7(530… ) 
 
𝑅 = −77.7(530… ) < 0 
 
∴   ring loses contact before reaching 𝐶 
 

 
 
 

(M1) 
 

(A1) 
 
 
 

(A1) 
 

([3]) 
 

 
 
 
FT 𝑅 from (ii) 
 
FT 𝑅  
 
 
 
FT provided 𝑅 < 0  
 

 
 
 

 
(iv)  Rubber ring may lose contact at a greater    
       value of 𝜃 
       or 
       Rubber ring may remain in contact until 𝐶. 
 

 
E1 

 
 
 

[1] 
 

 
 

 
(b) 

 
N2L towards 𝐷 
 
At 𝐴, cos𝛼 = 0 ∙ 9:  𝑅𝐴 − 50𝑔(0 ∙ 9) = 50𝑎 
 

𝑅𝐴 = 50𝑎 + 45𝑔 > 45𝑔 = 441 
 
At 𝐵, cos𝛼 = 1:  𝑅𝐵 − 50𝑔 = 50𝑎 
 

𝑅𝐵 = 50𝑎 + 50𝑔 > 50𝑔 = 490 
 

𝑅𝑩 > 𝑅𝐴 > 0  so must remain in contact 
 

 
M1 

 
A1 

 
 
 
 
 

 
 

A1 
 

[3] 
 

 
Dim. correct equation 
 
Any correct equation 
including  𝑅′ − 50𝑔 cos𝛼 = 50𝑎 
 

𝑎 =
𝑣2

𝑟
> 0   

 
 

 
Convincing 

Total for Question 6 15  
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INTRODUCTION 
 
This marking scheme was used by WJEC for the 2023 examination. It was finalised after 
detailed discussion at examiners' conferences by all the examiners involved in the 
assessment. The conference was held shortly after the paper was taken so that reference 
could be made to the full range of candidates' responses, with photocopied scripts forming 
the basis of discussion. The aim of the conference was to ensure that the marking scheme 
was interpreted and applied in the same way by all examiners. 
 
It is hoped that this information will be of assistance to centres but it is recognised at the 
same time that, without the benefit of participation in the examiners' conference, teachers 
may have different views on certain matters of detail or interpretation. 
 
WJEC regrets that it cannot enter into any discussion or correspondence about this marking 
scheme. 
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WJEC GCE A LEVEL FURTHER MATHEMATICS 
 

UNIT 4 FURTHER PURE MATHEMATICS B 
 

SUMMER 2023 MARK SCHEME 
 

Qu. Solution Mark Notes 
1. a) Domain of 𝑓𝑓𝑓𝑓: (0,∞) 

 
Range of 𝑓𝑓𝑓𝑓: [1,∞) 
 

B1 
 

B1 
 

(2) 
 

 

b) cosh(𝑥𝑥2 − 1) = 3 
 
𝑥𝑥2 − 1 = cosh−1 3 
𝑥𝑥2 = 1 + cosh−1 3 
𝑥𝑥 = ±1.662 
𝑥𝑥 = 1.662   since    𝑥𝑥 = −1.662   not in domain 
 
 

B1 
 

M1 
 
 

A1 
 

(3) 
 

[5] 
 

 
 
 
 
 
A0 for 𝑥𝑥 = ±1.662 as final answer      
 

2. a) det A = ±𝜆𝜆(2𝜆𝜆 − 16) ± 1(−𝜆𝜆 + 24) ± 14(−2 + 6) 
det A = 𝜆𝜆(2𝜆𝜆 − 16) − 1(−𝜆𝜆 + 24) + 14(−2 + 6) 
det A = 2𝜆𝜆2 − 15𝜆𝜆 + 32 
 

M1 

A1 

A1 

(3) 

Or equivalent rows/columns 

 

Fully simplified 

b) A is singular if det A = 0 
 
METHOD 1: 

2𝜆𝜆2 − 15𝜆𝜆 + 32 = 2 �𝜆𝜆 −
15
4
�
2

+
31
8

 

2 �𝜆𝜆 − 15
4
�
2

+ 31
8

> 0 for all values of 𝜆𝜆. 
 
Therefore A is non-singular. 
 
METHOD 2: 
When 2𝜆𝜆2 − 15𝜆𝜆 + 32 = 0, 
𝑏𝑏2 − 4𝑎𝑎𝑎𝑎 = 225 − 256 = −31 
As −31 < 0 there are no real roots. 
Therefore A is non-singular. 
 
METHOD 3: 
When 2𝜆𝜆2 − 15𝜆𝜆 + 32 = 0, 

𝜆𝜆 =
15 ± √225− 256

4  

𝜆𝜆 =
15
4 ±

√31
4 i 

Therefore, there are no real roots. 
Therefore A is non-singular. 
 

B1 
 
 
 

M1 
A1 

 
B1 

 
 
 
 

(M1) 
(A1) 

(B1) 
 
 
 

(M1) 
 
 
 

(A1) 
 

(B1) 
 

(4) 
 

[7] 
 

si 
 
FT from (a) 
 
 
 

Accept 2 �𝜆𝜆 − 15
4
�
2

+ 31
8
≠ 0 for 

real values of 𝜆𝜆 
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Qu. Solution Mark Notes 
3.a) 𝑧𝑧𝑛𝑛 = cos 𝑛𝑛𝑛𝑛 + i sin𝑛𝑛𝑛𝑛 

1
𝑧𝑧𝑛𝑛

= 𝑧𝑧−𝑛𝑛 = cos(−𝑛𝑛𝑛𝑛) + i sin(−𝑛𝑛𝑛𝑛) 
= cos(𝑛𝑛𝑛𝑛) − i sin(𝑛𝑛𝑛𝑛) 
 
∴ 𝑧𝑧𝑛𝑛 +

1
𝑧𝑧𝑛𝑛 = cos𝑛𝑛𝑛𝑛+ i sin𝑛𝑛𝑛𝑛 + cos(𝑛𝑛𝑛𝑛)

− i sin(𝑛𝑛𝑛𝑛) 
 
= 2 cos 𝑛𝑛𝑛𝑛 
 
 

M1 
 
 

A1 
 
 
 
 
 
 

A1 
 

(3) 
 

1 use of de Moivre’s theorem 
 
 
Both 𝑧𝑧𝑛𝑛 and 𝑧𝑧−𝑛𝑛 
 
 
 
 
 
 
Convincing 
 

b) 
�𝑧𝑧 +

1
𝑧𝑧
�
6

 
= 𝑧𝑧6 + 6𝑧𝑧4 + 15𝑧𝑧2 + 20 + 15𝑧𝑧−2 + 6𝑧𝑧−4 + 𝑧𝑧−6 
 
 
= (𝑧𝑧6 + 𝑧𝑧−6) + (6𝑧𝑧4 + 6𝑧𝑧−4) + (15𝑧𝑧2 + 15𝑧𝑧−2) + 20 
 
= 2 cos 6𝜃𝜃 + 12 cos 4𝜃𝜃 + 30 cos 2𝜃𝜃 + 20 
 
∴ (2 cos𝜃𝜃)6 = 2 cos 6𝜃𝜃 + 12 cos 4𝜃𝜃 + 30 cos 2𝜃𝜃 + 20 
 
(2 cos𝜃𝜃)6 = 64 cos6 𝜃𝜃 
 
32 cos6 𝜃𝜃 = cos 6𝜃𝜃 + 6 cos 4𝜃𝜃 + 15 cos 2𝜃𝜃 + 10 

M1 
 

A2 
 
 

m1 
 

A1 
 
 
 
 
 

A1 
 

(6) 
 

[9] 
 

Attempt to expand 
 
A1 at least 4 terms correct 
Condone unsimplified 𝑧𝑧 terms 
 
si at least 2 pairs correct 
 
cao  
 
 
 
 
 
FT cao above 

4. METHOD 1: 

�
4 −2 3
2 −3 8
2 4 −1

��
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = �

8
−1
0
� 

By row operations: eg. 

�
1 −3/2 4
0 4 −13
0 −1 17

��
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = �

−1/2
10
−19

� 

Then 

�
1 −3/2 4
0 −1 17
0 0 55

��
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = �

−1/2
−19
−66

� 

 
Solving, 
𝑧𝑧 = −6

5
          𝑦𝑦 = −7

5
          𝑥𝑥 = 11

5
  

 

 
M1 

 
 
 
 

A1 
 
 
 

A1 
 
 

m1 
 

A1 
 

 
Attempt to reduce to echelon form 
(formal matrix notation not required) 
 
 

Reduction to �
𝑘𝑘
0
0

� 

 

Reduction to �
𝑘𝑘
0
0 0

� 

 
 
 
cao 
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Qu. Solution Mark Notes 
 METHOD 2:  

Rearranging 𝑥𝑥 = −2𝑦𝑦 + 1
2
𝑧𝑧 and Substituting: 

1st equation: −10𝑦𝑦 + 5𝑧𝑧 = 8 
2nd equation: −7𝑦𝑦 + 9𝑧𝑧 = −1 
Solving, 
𝑧𝑧 = −6

5
          𝑦𝑦 = −7

5
          𝑥𝑥 = 11

5
  

 
(M1) 

 

(A1) 
(A1) 
(m1) 

(A1) 

 
 
 
Must be simplified 
Must be simplified 
 

cao 

 METHOD 3:  

�
4 −2 3
2 −3 8
2 4 −1

��
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = �

8
−1
0
� 

By row operations: eg. 

�
1 −3/2 4
0 4 −13
0 −1 17

��
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = �

−1/2
10
−19

� 

 
Then writing a pair of simultaneous equations in 
two variables 
e.g. 4𝑦𝑦 − 13𝑧𝑧 = 10 
       −𝑦𝑦 + 17𝑧𝑧 = −19 
 
Solving, 
𝑧𝑧 = −6

5
          𝑦𝑦 = −7

5
          𝑥𝑥 = 11

5
  

 
 

 
(M1) 

 
 
 
 

(A1) 
 
 
 
 
 

(A1) 
 
 

(m1) 
(A1) 

 
 
 

 
Attempt to reduce to echelon form 
(formal matrix notation not required) 
 
 

Reduction to �
𝑘𝑘
0
0

� 

 
 
 
 
Must be simplified 
 
 
 
cao 
 
 
 

 METHOD 4: 
 
Attempt to calculate inverse matrix: 
 
1

−110
�
−29 10 −7
18 −10 −26
14 −20 −8

�  

 
 
Multiplying matrices 

�
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = 1

−110
�
−29 10 −7
18 −10 −26
14 −20 −8

��
8
−1
0
�  

 

�
𝑥𝑥
𝑦𝑦
𝑧𝑧
� =

⎝

⎜
⎛

11
5

− 7
5

− 6
5⎠

⎟
⎞

  

 

 
 

(M1) 
 

(A1) 
 

(A1) 
 
 
 
 

(m1) 
 
 
 
 

(A1) 
 
 

[5] 

 
 
 
 
At least 5 entries correct in correct 
position (det not required) 
Fully correct (including det) 
 
 
 
 
 
 
 
 
 
 
 
 
 
M0 for answers without supporting 
working 
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Qu. Solution Mark Notes 
5. a) METHOD 1: 

sin 2𝑥𝑥 = 2𝑥𝑥 −
(2𝑥𝑥)3

3! +
(2𝑥𝑥)5

5!  
 

sin 2𝑥𝑥 = 2𝑥𝑥 −
8
6
𝑥𝑥3 +

32
120 𝑥𝑥

5 +⋯ 
 

sin 2𝑥𝑥 = 2𝑥𝑥 −
4
3
𝑥𝑥3 +

4
15 𝑥𝑥

5 +⋯ 
 
METHOD 2: 
sin 2𝑥𝑥 = sin 0 + 2𝑥𝑥 cos 0 + (2𝑥𝑥)2

2!
(− sin 0)  

 + (2𝑥𝑥)3

3!
(− cos 0) + (2𝑥𝑥)4

4!
sin 0 + (2𝑥𝑥)5

5!
cos 0  

sin 2𝑥𝑥 = 2𝑥𝑥 −
8
6𝑥𝑥

3 +
32

120 𝑥𝑥
5 +⋯ 

 

sin 2𝑥𝑥 = 2𝑥𝑥 −
4
3
𝑥𝑥3 +

4
15 𝑥𝑥

5 +⋯ 
 

 
 

M1 
 
 
 
 
 

A1 
 
 
 
 

(M1) 
 
 
 
 

(A1) 
 

(2) 
 

 
 
Use of formula booklet expansion 
of sin𝑥𝑥 
 
 
 
 
 
 
 
 
 
Use of formula booklet expansion 
of 𝑓𝑓(𝑥𝑥) with sin𝑥𝑥 and 2𝑥𝑥 

b) Differentiating, 

2 cos 2𝑥𝑥 = 2− 4𝑥𝑥2 +
4
3 𝑥𝑥

4 
 

cos 2𝑥𝑥 = 1− 2𝑥𝑥2 +
2
3 𝑥𝑥

4 
 
cos 2𝑥𝑥 = 2 cos2 𝑥𝑥 − 1 
 
Therefore, 

1− 2𝑥𝑥2 +
2
3 𝑥𝑥

4 = 2 cos2 𝑥𝑥 − 1 
 

2 cos2 𝑥𝑥 = 2− 2𝑥𝑥2 +
2
3 𝑥𝑥

4 
 
cos2 𝑥𝑥 = 1− 𝑥𝑥2 + 1

3
𝑥𝑥4  

M1 
A1 

 
 
 
 
 
 
 
 

m1 
A1 

 
 
 
 
 

A1 
 

(5) 
 

[7] 
 

FT (a) 
oe 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

cao 
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Qu. Solution Mark Notes 
6. a) METHOD 1: 

tan𝜃𝜃 = tan�
𝜃𝜃
2 +

𝜃𝜃
2
� 

tan �
𝜃𝜃
2 +

𝜃𝜃
2
� =

tan �𝜃𝜃2�+ tan �𝜃𝜃2�

1− tan�𝜃𝜃2� tan �𝜃𝜃2�
 

tan �
𝜃𝜃
2

+
𝜃𝜃
2
� =

𝑡𝑡 + 𝑡𝑡
1− 𝑡𝑡 × 𝑡𝑡

 

 
tan𝜃𝜃 =

2𝑡𝑡
1− 𝑡𝑡2 

 
METHOD 2: 
For 𝑡𝑡 = tan �𝜃𝜃

2
�,  

sin𝜃𝜃 = 2𝑡𝑡

1+𝑡𝑡2
 and cos 𝜃𝜃 = 1−𝑡𝑡2

1+𝑡𝑡2
 

Therefore,  

tan𝜃𝜃 =
sin𝜃𝜃
cos 𝜃𝜃

=
2𝑡𝑡

1 + 𝑡𝑡2
1− 𝑡𝑡2
1 + 𝑡𝑡2

=
2𝑡𝑡

1 − 𝑡𝑡2
 

 

 
 
 
 
 
 
 

E1 
 
 
 
 
 
 
 
 
 
 
 

(E1) 
 

(1) 

 
 
 
 
 
 
 
Convincing 
 
 
 
 
 
 
 
 
 
 
 
Convincing 

b) 
𝑥𝑥 = 𝑟𝑟 cos(𝜃𝜃) = cos �

𝜃𝜃
2
� cos 𝜃𝜃 

d𝑥𝑥
d𝜃𝜃

= − cos �
𝜃𝜃
2
� sin𝜃𝜃 −

1
2

cos 𝜃𝜃 sin �
𝜃𝜃
2
� 

 
When perpendicular to initial line: 
d𝑥𝑥
d𝜃𝜃

= − cos �
𝜃𝜃
2
� sin𝜃𝜃 −

1
2

cos 𝜃𝜃 sin �
𝜃𝜃
2
� = 0 

 

− cos �
𝜃𝜃
2
� sin𝜃𝜃 =

1
2

cos 𝜃𝜃 sin �
𝜃𝜃
2
� 

tan(𝜃𝜃) = −
1
2

tan �
𝜃𝜃
2
� 

 

 
M1 

 
m1 

 
 
 

A1 
 
 
 
 
 

A1 
 

(4) 
 

 
 
 

Use of product rule 
 
 
d𝑥𝑥
d𝜃𝜃

= 0 

 
 
 
 
Convincing 
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6. c) 2𝑡𝑡

1 − 𝑡𝑡2 = −
1
2
𝑡𝑡 

 

2𝑡𝑡 = −
1
2
𝑡𝑡 +

1
2 𝑡𝑡

3 
 
4𝑡𝑡 = −𝑡𝑡 + 𝑡𝑡3 
 
𝑡𝑡3 − 5𝑡𝑡 = 0 
 
𝑡𝑡(𝑡𝑡2 − 5) = 0 
 
𝑡𝑡 = 0,                       𝑡𝑡 = ±√5 
 
tan �𝜃𝜃

2
� = 0         or   tan �𝜃𝜃

2
� = ±√5 

 
𝜃𝜃
2

= 0            𝜃𝜃
2

= 1.15 …          𝜃𝜃
2

= −1.15 … 
 
 
𝜃𝜃 = 0   𝑟𝑟 = 1 
𝜃𝜃 = 2.30 𝑟𝑟 = 0.408 
𝜃𝜃 = −2.30 𝑟𝑟 = 0.408 
 
 
(1, 0), (0.408, 2.30), (0.408, -2.30) 

M1 
 
 
 
 
 
 
 
 

A1 
 
 
 

A1 
 
 

 
 
 

A1 
 
 
 
 

B2 
 
 

(6) 
 

Use of compound-angle  
Accept use of tan �𝜃𝜃

2
� in place of 𝑡𝑡 

throughout 
 
 
 
 
 
 
 
 
 
For at least 2 solutions 
 
 
 
 
 
Ignore angles outside range 
 
 
 
 
FT their 𝜃𝜃

2
 values provided 𝑟𝑟 > 0 

B2 All correct, no additional sets 
B1 for 2 correct sets of coordinates 
 
  

d) Area = 1
2 ∫ cos2 �𝜃𝜃

2
�d𝜃𝜃𝜋𝜋

0  

=
1
2
�

cos𝜃𝜃 + 1
2

𝜋𝜋

0
d𝜃𝜃 

=
1
4
� (cos𝜃𝜃 + 1)
𝜋𝜋

0
d𝜃𝜃 

=
1
4

[sin𝜃𝜃 + 𝜃𝜃]𝜋𝜋0 

=
1
4

[(0 + 𝜋𝜋)− (0 + 0)] 

=
𝜋𝜋
4

 
 

M1 
 

M1 
A1 

 
 

A1 
 
 
 

A1 
 

(5) 
 

[16] 
 

 
 
Use of double-angle formula 
All correct, including limits 
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7. |𝑧𝑧| = �112 + (−2)2 = 5√5     

arg(𝑧𝑧) = tan−1 �−
2

11
� = −0.179(85 … ) 

 
Therefore cube roots: 
1st root: �5√53 (cos−0.05995 + i sin−0.05995) 
= 2.232− 0.134i 
2nd root: �5√53 (cos 2.0344 + i sin 2.0344) 
= −1.000 + 2.000i 
3rd root: �5√53 (cos 4.1288 + i sin 4.1288) 
= −1.232− 1.866i 
 

B1 
 

B1 
 
 
 

M1 
A1 
M1 

A1 
 

A1 
 

[7] 
 

si 
 
si 
 
 
Use of de Moivre. FT |𝑧𝑧| and arg(𝑧𝑧) 
 

+
2 𝜋𝜋
3  

 
 
 
Note: �5√53 = √5 

8. a) Mean value = 
1

2−0 ∫ � 1
√𝑥𝑥2+4𝑥𝑥+3

�2
0 d𝑥𝑥 

 
1
2
� �

1
�(𝑥𝑥+ 2)2 − 1

�
2

0
d𝑥𝑥 

 

= 1
2
�cosh−1 �𝑥𝑥+2

1
��2

0  

 
 
 
= 0.373 
 

M1 
 
 
 

m1 
A1 

 
A1 

 
 
 
 

A1 
 

(5) 
 

Condone omission of 1/(b-a) 
 
 

Completing the square 
Must include 1/(b-a) 
 

or 1
2

ln �𝑥𝑥 + 2 +�((𝑥𝑥 + 2)2 − 1)� 

or 1
2

ln�𝑥𝑥 + 2 + √𝑥𝑥2 + 4𝑥𝑥 + 3� 
Correct integration of 1

�𝑥𝑥2±𝑎𝑎2
 

 

cao 
 
No marks awarded for answer only. 

b) METHOD 1: 

Volume = 𝜋𝜋∫ � 1
√𝑥𝑥2+4𝑥𝑥+3

�
22

0 d𝑥𝑥 
 

= 𝜋𝜋�
1

𝑥𝑥2 + 4𝑥𝑥 + 3

2

0

d𝑥𝑥 

 

= 𝜋𝜋�
1

(𝑥𝑥+ 2)2 − 1

2

0

d𝑥𝑥 

 

=
𝜋𝜋
2
�ln �

𝑥𝑥 + 2 − 1
𝑥𝑥 + 2 + 1

��2
0 

 

=
𝜋𝜋
2
�ln �

𝑥𝑥 + 1
𝑥𝑥 + 3

��2
0 

 

=
𝜋𝜋
2
�ln

3
5
−ln

1
3
� 

 

=
𝜋𝜋
2

ln
9
5

 

 

 
 

M1 
 
 
 
 
 
 

 
A1 

 
 
 

m1 
A1 

 
 
 
 
 

m1 
 
 

A1 

 
 
Condone omission of 𝜋𝜋 
 
 
 
 
 
 
 
Fully correct 
Must include 𝜋𝜋 and limits 
 
 
Limits not required 
Correct integration 
 
 
 
 
 
Correct use of limits 
 
 
oe Must be exact 
Mark final answer 
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8. b) METHOD 2: 

�
1

√𝑥𝑥2 + 4𝑥𝑥 + 3
�
2

=
1

𝑥𝑥2 + 4𝑥𝑥 + 3
 

 
1

𝑥𝑥2 + 4𝑥𝑥 + 3
=

𝐴𝐴
𝑥𝑥 + 1

+
𝐵𝐵

𝑥𝑥 + 3
 

 
1 = 𝐴𝐴(𝑥𝑥 + 3) + 𝐵𝐵(𝑥𝑥 + 1) 
 
When 𝑥𝑥 = −1,  1 = 2𝐴𝐴 

∴ 𝐴𝐴 =
1
2 

 
When 𝑥𝑥 = −3, 1 = −2𝐵𝐵 

∴ 𝐵𝐵 = −
1
2 

 

Volume = 𝜋𝜋∫ � 1
√𝑥𝑥2+4𝑥𝑥+3

�
22

0 d𝑥𝑥 
 
= 𝜋𝜋 ∫ � 1

2(𝑥𝑥+1) −
1

2(𝑥𝑥+3)�
2
0 d𝑥𝑥 

= 𝜋𝜋 �
1
2

ln|𝑥𝑥 + 1| −
1
2

ln|𝑥𝑥 + 3|�2
0 

 

= 𝜋𝜋 ��
1
2

ln 3 −
1
2

ln 5� − �
1
2

ln 1 −
1
2

ln 3�� 
 

=
𝜋𝜋
2

ln
9
5

 

 

 
 
 
 
 
 

(M1) 
 
 
 
 
 
 
 
 
 

(A1) 
 
 
 

(M1) 
 
 
 

(A1) 
 
 
 

(m1) 
 
 

(A1) 
 

(6) 
 

[11] 
 

 
 
 
 
 
 
Use of partial fractions 
 
 
 
 
 
 
 
 
 
Both values 
 
 
 
Condone omission of 𝜋𝜋 
 
 
 
Correct integration. Must include 𝜋𝜋 
 
 
 
Use of limits 
 
 
oe Must be exact 
Mark final answer 
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9. Dividing both sides by (𝑥𝑥 + 1): 

d𝑦𝑦
d𝑥𝑥

+
5𝑦𝑦
𝑥𝑥 + 1

= 𝑥𝑥 + 1 

 

Integrating factor: e∫
5

𝑥𝑥+1d𝑥𝑥 
= e5 ln(𝑥𝑥+1) = (𝑥𝑥 + 1)5 
 
Multiplying both sides: 

(𝑥𝑥 + 1)5
d𝑦𝑦
d𝑥𝑥

+ 5𝑦𝑦(𝑥𝑥 + 1)4 = (𝑥𝑥 + 1)6 
Integrating: 

(𝑥𝑥 + 1)5𝑦𝑦 =
(𝑥𝑥 + 1)7

7
+ 𝑐𝑐 

 
Substituting 

32 ×
1
4

 =
128

7
+ 𝑐𝑐  →   𝑐𝑐 =

−72
7

 

 
Solution 

(𝑥𝑥 + 1)5𝑦𝑦 =
(𝑥𝑥 + 1)7

7
−

72
7

 
 
 
When 𝑥𝑥 = 0,  

𝑦𝑦 =
1
7
−

72
7

     

→ 𝑦𝑦 = −
71
7

(−10. 1̇42857̇) 

 

M1 
 
 
 
 
 

m1 
A1 

 
 

M1 
 

m1 
 

A1 
 
 
 
 

B1 
 
 
 
 
 
 
 
 
 
 
 

B1 
 

[8] 
 

 
 
 
 
 
 
 
cao 
 
 
 
 
 
 
Or equivalent, cao 
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10.a) METHOD 1: 

Writing 𝑦𝑦 = sin−1(2𝑥𝑥 + 5) 
∴ sin𝑦𝑦 = 2𝑥𝑥 + 5 
1
2

(sin𝑦𝑦 − 5) = 𝑥𝑥 
 
Differentiating, 
d𝑥𝑥
d𝑦𝑦

=
1
2 cos𝑦𝑦 

 
Since,  
sin2 𝑦𝑦 + cos2 𝑦𝑦 = 1 
(2𝑥𝑥 + 5)2 + cos2 𝑦𝑦 = 1 
cos2 𝑦𝑦 = 1− (2𝑥𝑥 + 5)2 
 
 
Therefore, 
d𝑥𝑥
d𝑦𝑦

= (±)
1
2
�1− (2𝑥𝑥 + 5)2 

 
d𝑦𝑦
d𝑥𝑥

= (±)
2

�1− (2𝑥𝑥 + 5)2
 

 
d𝑦𝑦
d𝑥𝑥

= 2
�1−(2𝑥𝑥+5)2

  AND valid justification, eg. 
reference to the gradient of the graph. 
 
 
METHOD 2: 
Writing 𝑦𝑦 = sin−1(2𝑥𝑥 + 5) 
∴ sin𝑦𝑦 = 2𝑥𝑥 + 5 
 
Differentiating, 

cos𝑦𝑦
d𝑦𝑦
d𝑥𝑥

= 2 

 
d𝑦𝑦
d𝑥𝑥

=
2

cos𝑦𝑦 

 
Since,  
sin2 𝑦𝑦 + cos2 𝑦𝑦 = 1 
(2𝑥𝑥 + 5)2 + cos2 𝑦𝑦 = 1 
cos2 𝑦𝑦 = 1− (2𝑥𝑥 + 5)2 
 
Therefore,  
d𝑦𝑦
d𝑥𝑥 = (±)

2
�1− (2𝑥𝑥 + 5)2

 

 
d𝑦𝑦
d𝑥𝑥

= 2
�1−(2𝑥𝑥+5)2

  AND valid justification, eg. 
reference to the gradient of the graph. 
 

 
 
 
 
 
 

M1 
 

A1 
 
 
 
 

B1 
 
 
 
 
 
 
 

A1 
 
 

A1 
 
 
 
 
 
 
 
 

(M1) 
 
 
 
 

(A1) 
 
 
 
 

(B1) 
 
 
 

(A1) 
 
 
 

(A1) 
 

(5) 
 

 
 
 
 
 
 
Rearrange and attempt to 
differentiate 
 
 
 
 
 
si 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Attempt to differentiate 
 
 
 
 
 
 
 
 
 
si 
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10.b) 1− (2𝑥𝑥 + 5)2 = −4𝑥𝑥2 − 20𝑥𝑥 − 24 

 
METHOD 1: 
When −4𝑥𝑥2 − 20𝑥𝑥 − 24 = 0 
𝑥𝑥 = −2    or     𝑥𝑥 = −3 
 
Therefore the range of valid values is 
−3 < 𝑥𝑥 < −2 
 
METHOD 2: 
Valid when  1− (2𝑥𝑥 + 5)2 > 0 
−4𝑥𝑥2 − 20𝑥𝑥 − 24 > 0 
4𝑥𝑥2 + 20𝑥𝑥 + 24 < 0 
4(𝑥𝑥 + 3)(𝑥𝑥 + 2) < 0 
Therefore,  
−3 < 𝑥𝑥 < −2 
 
METHOD 3: 
sin𝑦𝑦 = 2𝑥𝑥 + 5 
Valid when  −1 ≤ 2𝑥𝑥 + 5 ≤ 1 
−3 ≤ 𝑥𝑥 ≤ −2 
Therefore (due to fraction),   −3 < 𝑥𝑥 < −2 

 
 
 

M1 
A1 

 
 

A1 
 
 

(M1) 
 
 

(A1) 
 

(A1) 
 
 
 

(M1) 
(A1) 
(A1) 

 
(3) 

 
[8] 
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11.a) METHOD 1: 

Using integration by parts: 

𝐼𝐼 = �
1
2 e2𝑥𝑥 sinh 𝑥𝑥� 0

−2−
�

1
2 e2𝑥𝑥 cosh𝑥𝑥

0

−2
d𝑥𝑥 

𝐼𝐼 = �
1
2

e2𝑥𝑥 sinh 𝑥𝑥 −
1
4 e2𝑥𝑥 cosh𝑥𝑥� 0

−2

+�
1
4

e2𝑥𝑥 sinh𝑥𝑥
0

−2
d𝑥𝑥 

 
3
4
𝐼𝐼 = �

1
2 e2𝑥𝑥 sinh 𝑥𝑥 −

1
4 e2𝑥𝑥 cosh𝑥𝑥� 0

−2 
 

𝐼𝐼 =
−0.199599 …

3
4

= −0.266 … 

 
METHOD 2: 
Using integration by parts: 

𝐼𝐼 = [e2𝑥𝑥 cosh𝑥𝑥] 0
−2 −

� 2e2𝑥𝑥 cosh 𝑥𝑥
0

−2
d𝑥𝑥 

𝐼𝐼 = [e2𝑥𝑥 cosh𝑥𝑥 − 2e2𝑥𝑥 sinh 𝑥𝑥] 0
−2

+� 4e2𝑥𝑥 sinh𝑥𝑥
0

−2
d𝑥𝑥 

 
−3𝐼𝐼 = [e2𝑥𝑥 cosh𝑥𝑥 − 2e2𝑥𝑥 sinh 𝑥𝑥] 0

−2 
 

𝐼𝐼 =
0.798236 …

−3
= −0.266 … 

 

 
 

M1 
A1 

 
A1 

 
 
 
 

A1 
 
 

A1 
 
 
 
 

(M1) 
(A1) 

 
 
 

(A1) 
 
 

(A1) 
 
 

(A1) 
 

 

 
 
Attempt by parts 
 
 
 
 
 
 
 
Fully correct including limits 
 
 
 
 
 
 
 
Attempt by parts 
 
 
 
 
 
 
 
Fully correct including limits 
 
 
 
 
 

 METHOD 3: 
Using substitution: 
 

𝐼𝐼 = � e2𝑥𝑥 �
e𝑥𝑥 − e−𝑥𝑥

2 �d𝑥𝑥
0

−2

 

𝐼𝐼 =
1
2
��e3𝑥𝑥 − e𝑥𝑥�d𝑥𝑥

0

−2

 

𝐼𝐼 =
1
2
�
1
3

e3𝑥𝑥 − e𝑥𝑥� 0
−2 

 

𝐼𝐼 =
1
2
��

1
3
− 1� − �

1
3 e−6 − e−2�� 

= −0.266 … 
 

 
 
 
 

(M1) 
 
 

(A1) 
 
 

(A1) 
 
 

(A1) 
 

(A1) 
 

(5) 

 
 
 
Substitution of  e

𝑥𝑥− e−𝑥𝑥

2
 

 
 
 
 
 
Both terms 
 
 
Correct use of limits 
 
 
No marks awarded for answers 
only. 
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11.b) 5

(𝑥𝑥 − 1)(𝑥𝑥2 + 9) =
𝐴𝐴

𝑥𝑥 − 1 +
𝐵𝐵𝐵𝐵 + 𝐶𝐶
𝑥𝑥2 + 9  

 
5 = 𝐴𝐴(𝑥𝑥2 + 9) + (𝐵𝐵𝐵𝐵 + 𝐶𝐶)(𝑥𝑥 − 1) 
 
When 𝑥𝑥 = 1, 5 = 10𝐴𝐴 

∴ 𝐴𝐴 =
1
2

 

 
When 𝑥𝑥 = 0, 5 = 9𝐴𝐴 − 𝐶𝐶 

∴ 𝐶𝐶 = −
1
2 

 
Co-efficients of 𝑥𝑥2: 0 = 𝐴𝐴 + 𝐵𝐵 

∴ 𝐵𝐵 = −
1
2

 

 

�
5

(𝑥𝑥 − 1)(𝑥𝑥2 + 9)

3

1.5
 d𝑥𝑥 

� �
1
2

𝑥𝑥 − 1 +
− 1

2 𝑥𝑥 −
1
2

𝑥𝑥2 + 9
�d𝑥𝑥

3

1.5
 

= � �
1

2(𝑥𝑥 − 1)
−

𝑥𝑥
2(𝑥𝑥2 + 9)−

1
2(𝑥𝑥2 + 9)

� d𝑥𝑥
3

1.5
 

 

= �
1
2 ln|𝑥𝑥 − 1| −

1
4 ln|𝑥𝑥2 + 9|−

1
6 tan−1

𝑥𝑥
3
� 3

1.5 

 
= 0.522 (0211808 … ) 

M1 
 
 

A1 
 
 
 
 
 
 
 
 
 
 

A2 
 
 
 
 
 

M1 
 
 

A1 
 
 

A2 
 
 

A1 
 

(9) 
 
 

[14] 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
A1 any 2 coefficients 
 
 
 
 
 
FT their 𝐴𝐴,𝐵𝐵,𝐶𝐶 provided at least two 
non-zero values 
 
Three terms 
 
 
Three terms all correct  
(A1 any 1 term) 
 
cao  
 
 
No marks awarded for answers 
only. 
 
 

  



 

14 
© WJEC CBAC Ltd. 
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12.  

2 cos
4𝜃𝜃 + 2𝜃𝜃

2 cos
4𝜃𝜃 − 2𝜃𝜃

2 = cos𝜃𝜃 
 
2 cos 3𝜃𝜃 cos𝜃𝜃 − cos𝜃𝜃 = 0 
 
cos𝜃𝜃 (2 cos 3𝜃𝜃 − 1) = 0 
 
∴ cos𝜃𝜃 = 0,       cos 3𝜃𝜃 = 1

2
 

 
 
𝜃𝜃 = 𝜋𝜋

2
+ 𝑛𝑛𝑛𝑛     

 
                          3𝜃𝜃 = 2𝑛𝑛𝑛𝑛 ± 𝜋𝜋

3
 

 
                             𝜃𝜃 = 2𝑛𝑛𝑛𝑛

3
± 𝜋𝜋

9
 

 

 
 

M1 
 

A1 
 
 
 

A1 
 
 

m1 
A1 

 
(m1) 

 
 

A1 
 

[6] 
 

 
 
M0 no working 
 
 
 
 
 
For both 
 
 
Use of cos general solution 
oe 
 
If not awarded previously 
 
 
oe 
 

13.a) 
i) 

METHOD 1: 
Rearrange first equation: 

𝑦𝑦 =
1

10
�

d𝑥𝑥
d𝑡𝑡

− 3𝑥𝑥� 
 
Substituting into second equation: 
d
d𝑡𝑡
�

1
10
�

d𝑥𝑥
d𝑡𝑡
− 3𝑥𝑥�� = 𝑥𝑥 + 6�

1
10
�

d𝑥𝑥
d𝑡𝑡

− 3𝑥𝑥�� 

 
1

10
d2𝑥𝑥
d𝑡𝑡2

−
3

10
d𝑥𝑥
d𝑡𝑡

= 𝑥𝑥 +
6

10
d𝑥𝑥
d𝑡𝑡

−
18
10 𝑥𝑥 

 
1

10
d2𝑥𝑥
d𝑡𝑡2

−
9

10
d𝑥𝑥
d𝑡𝑡

+
8

10 𝑥𝑥 = 0 
 
d2𝑥𝑥
d𝑡𝑡2

− 9
d𝑥𝑥
d𝑡𝑡 + 8𝑥𝑥 = 0 

 

 
 

M1 
 
 
 
 

M1 
 
 
 

A1 
 
 
 
 

A1 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Convincing 
 
 

 METHOD 2: 
Differentiating: 
d2𝑥𝑥
d𝑡𝑡2

= 3 d𝑥𝑥
d𝑡𝑡

+ 10 d𝑦𝑦
d𝑡𝑡

  
 
d2𝑥𝑥
d𝑡𝑡2

= 3 d𝑥𝑥
d𝑡𝑡

+ 10(𝑥𝑥 + 6𝑦𝑦)  
 
Substituting for 𝑦𝑦 
d2𝑥𝑥
d𝑡𝑡2

= 3 d𝑥𝑥
d𝑡𝑡

+ 10𝑥𝑥 + 6 �d𝑥𝑥
d𝑡𝑡
− 3𝑥𝑥�  

 
d2𝑥𝑥
d𝑡𝑡2

= 3 d𝑥𝑥
d𝑡𝑡

+ 10𝑥𝑥 + 6 d𝑥𝑥
d𝑡𝑡
− 18𝑥𝑥  

 
d2𝑥𝑥
d𝑡𝑡2

− 9 d𝑥𝑥
d𝑡𝑡

+ 8𝑥𝑥 = 0  
 
 

 
 

(M1) 
 
 
 
 
 
 

(M1) 
 

(A1) 
 

(A1) 
 

(4) 

 
 
 
 
 

or d
2𝑥𝑥
d𝑡𝑡2

= 3 d𝑥𝑥
d𝑡𝑡

+ 10𝑥𝑥 + 60𝑦𝑦  
 
 
 
 
 
 
 

Convincing 
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Qu. Solution Mark Notes 
13.a)
ii) 

The auxiliary equation is: 
𝑚𝑚2 − 9𝑚𝑚 + 8 = 0 
(𝑚𝑚− 1)(𝑚𝑚− 8) = 0 
𝑚𝑚 = 1  or  𝑚𝑚 = 8 
 
 
Therefore, the general solution is: 
𝑥𝑥 = 𝐴𝐴e𝑡𝑡 + 𝐵𝐵e8𝑡𝑡 
 

 
B1 

 
B1 

 
 
 

B1 
 

(3) 
 

 
 
 
 
 
 
 
 
 

b) Differentiating gives: 
d𝑥𝑥
d𝑡𝑡

= 𝐴𝐴e𝑡𝑡 + 8𝐵𝐵e8𝑡𝑡 
 
Therefore, 

𝑦𝑦 =
1

10
�(𝐴𝐴e𝑡𝑡 + 8𝐵𝐵e8𝑡𝑡)− 3(𝐴𝐴e𝑡𝑡 + 𝐵𝐵e8𝑡𝑡)� 

 
 

𝑦𝑦 =
1

10
(−2𝐴𝐴e𝑡𝑡 + 5𝐵𝐵e8𝑡𝑡) 

 

M1 
 

A1 
 
 
 

m1 
 
 

A1 
 

(4) 
 

FT their 𝑥𝑥 provided 2 real roots 
 
 
 
 
 
 
 
 
cao 

c)  When 𝑡𝑡 = 0, d𝑥𝑥
d𝑡𝑡

= 5 
∴ 5 = 𝐴𝐴 + 8𝐵𝐵 
 
Also, 𝑦𝑦 = 4𝑥𝑥 
1

10
(−2𝐴𝐴e𝑡𝑡 + 5𝐵𝐵e8𝑡𝑡) = 4(𝐴𝐴e𝑡𝑡 + 𝐵𝐵e8𝑡𝑡) 

 
When 𝑡𝑡 = 0, 
1

10
(−2𝐴𝐴 + 5𝐵𝐵) = 4(𝐴𝐴 + 𝐵𝐵) 

 
∴ 𝐴𝐴 = −35

42
𝐵𝐵       �= −5

6
𝐵𝐵       � 

 
Also, 5 = −5

6
𝐵𝐵 + 8𝐵𝐵 

 

𝐵𝐵 =
30
43

 
 

𝐴𝐴 = −
25
43

 
 
Therefore, the particular solution is: 

𝑥𝑥 = −
25
43

e𝑡𝑡 +
30
43 e8𝑡𝑡 

 

 
B1 

 
 
 

M1 
 

 
A1 

 
 

M1 
 
 
 
 
 
 
 

A1 
 
 
 

A1 
 

(6) 
 

[17] 
 

 
 
 
 
 
Equating 𝑦𝑦 and 4𝑥𝑥 
 
 
Correct equation 
 
 
Attempt to remove one variable 
 
 
 
 
 
 
 
Both values 
 
 
 
FT 𝐴𝐴,𝐵𝐵 above 
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INTRODUCTION 
 
This marking scheme was used by WJEC for the 2023 examination. It was finalised after 
detailed discussion at examiners' conferences by all the examiners involved in the 
assessment. The conference was held shortly after the paper was taken so that reference 
could be made to the full range of candidates' responses, with photocopied scripts forming 
the basis of discussion. The aim of the conference was to ensure that the marking scheme 
was interpreted and applied in the same way by all examiners. 
 
It is hoped that this information will be of assistance to centres but it is recognised at the 
same time that, without the benefit of participation in the examiners' conference, teachers 
may have different views on certain matters of detail or interpretation. 
 
WJEC regrets that it cannot enter into any discussion or correspondence about this marking 
scheme. 
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WJEC GCE A LEVEL FURTHER MATHEMATICS 
 

UNIT 5 FURTHER STATISTICS B 
 

SUMMER 2023 MARK SCHEME 
 
 

Qu. Solution Mark Notes 

1 (a) (∑𝑥 = 2759       ∑𝑥2 = 846 081) 
 
𝜇̂ = 306.555… 
 

𝜎̂2 = 
1

8
(846081 − 9 × 306.555…2 ) =

331

9
= 36.777… 

 
 

B1 
 

M1A1 
 

 
 
At least 1dp 
 
M1 for appropriate use of 
calculator or Use of 

            𝜎̂2 =
1

𝑛−1
(∑𝑥2 − 𝑛𝑥

2
) 

Allow 33.7122 from rounding  𝜇̂ to 
306.56  
M1A0 for 40.6096… from 𝑥 =
306.55 

M1A0 for 6.12 from 𝑥 = 306.6 
FT their 𝜇̂ for M1 only, provided 

𝜎̂2 > 0 

(b) 𝐻0: 𝜇 = 305             𝐻1: 𝜇 > 305 
 
DF = 8 
 
CV = 1.860 
 

 𝑡 =
306.5555….−305

√
36.7777…

9

  

 
𝑡 = 0.7695… 
 
 
 
 
 
Since 0.7695 < 1.860 there is insufficient evidence to 
reject 𝐻0. 
 
There is insufficient evidence to say that this is an old 
kettle. 
 

B1 
 

B1 
 

B1 

 
M1 

 
 

A1 
 
 
 
 
 

m1 
 
 

A1 
 

 
 
si 
 
FT their DF 

 
FT their 𝜇̂ and 𝜎̂2 

 

 
cao 
Accept 0.77 from correct working 
Allow 0.806 from 𝜇̂ = 306.56 and  

𝜎̂2 = 33.71(22)  
 
 
FT their 𝑡 Dep on use of 𝑡-
distribution. 
 
cso 

   (c) Valid factor. 
e.g. the initial water temperature. 
e.g. the initial kettle temperature. 
e.g. the ambient temperature. 
e.g. the volume of water.  
e.g. the voltage going to the kettle. 
e.g. the mineral content of the water 
 

E1 
 
 
 
 
 
 

Total 
[11] 
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Qu. Solution Mark Notes 

2 (a) 
 
 
 
 
 
 

E(𝑇1) =
3E(𝑋) + 7E(𝑌)

10
 

 

E(𝑇1) =
3𝜇 + 7𝜇

10
 

 
E(𝑇1) = 𝜇, therefore 𝑇1 is an unbiased estimator for 𝜇. 
 

 
M1 

 
 
 

 
 

A1 
 

 
 
 
 
 
 
 

Convincing 

(b) 
E(𝑇2) =

E(𝑋) + 𝑎2E(𝑌)

1 + 𝑎
 

 
To be an unbiased estimator for 𝜇 
 

𝜇 + 𝑎2𝜇

1 + 𝑎
= 𝜇 

 

1 + 𝑎2 = 1 + 𝑎     
 

𝑎 = 0 or 𝑎 = 1. 𝑎 is positive ∴ 𝑎 = 1 (so 𝑇2 =
𝑋+𝑌

2
) 

 

 

 
 
 
 
 
 

M1 
 
 

A1 
 

A1 

 
 
 
 
 
 
Forming an equation in 𝜇. 
si 
 
oe 
 
Must reject 𝑎 = 0.  
 
If M0, then SC1 for 
verification only 

(c) 
Var(𝑇1) =

32 × Var(𝑋) + 72 × Var(𝑌)

102
 

 

Var(𝑇1) =
9 ×

𝜎2

20
+ 49 ×

𝑘𝜎2

25
100

 

 

Var(𝑇1) =
45𝜎2 + 196𝑘𝜎2

10000 
=

𝜎2

10000
(45 + 196𝑘) 

 

Var(𝑇2) =
1

4
(Var(𝑋) + Var(𝑌)) 

Var(𝑇2) =
1

4
(
𝜎2

20
+
𝑘𝜎2

25
) 

Var(𝑇2) =
𝜎2

400
(5 + 4𝑘) 

 
 

 
M1 

 
 
 

M1 
 

 
A1 

 

 
M1 

 
 
 

A1 

 
Use of  

Var(𝑐𝑊) = 𝑐2Var(𝑊) 
 
 
Use of  

Var(𝑊) = Var(𝑊)/𝑛 

  
oe, cao 

 Var(𝑇1) =
9𝜎2

2000
+
49𝑘𝜎2

2500
 

 
  
 
 
 

oe Var(𝑇2) =
𝜎2

80
+
𝑘𝜎2

100
 

 
If left in terms of 𝑎 

Var(𝑇2) =
𝜎2(5 + 4𝑎4𝑘)

100(1 + 𝑎)2
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Qu. Solution Mark Notes 

2 (d) 𝜎2

400
(5 + 4𝑘) =

45𝜎2 + 196𝑘𝜎2

10000 
 

 
10000

400
(5 + 4𝑘) = 45 + 196𝑘      or     25(5 + 4𝑘) = 45 + 196𝑘  

 
125 + 100𝑘 = 45 + 196𝑘        
 

𝑘 =
5

6
                                                                *ag 

 

 

M1 
 
 

m1 

 
 
 

A1 
 

 

M1 for setting their 
Var(𝑇1) = Var(𝑇2)  
 
Forming an equation in 𝑘 
 

 
 
Convincing. 

(e) 
 
 
 
 

𝑉 = Var(𝑇3) = (1 − 𝜆)
2 × Var(𝑋) + 𝜆2 × Var(𝑌) 

𝑉 = Var(𝑇3) = (1 − 𝜆)
2 ×

𝜎2

20
+ 𝜆2 ×

𝑘𝜎2

25
 

 

d𝑉

d𝜆
=
−2(1 − 𝜆)𝜎2

20
+
2𝜆𝑘𝜎2

25
 

 

Smallest variance is when 
d𝑉

d𝜆
= 0 

 

2𝜆𝑘𝜎2

25
=
2(1 − 𝜆)𝜎2

20
 

 

𝜆𝑘 =
5

4
(1 − 𝜆) 

 

𝜆𝑘 +
5𝜆

4
=
5

4
 

 

𝜆 (
4𝑘

4
+
5

4
) =

5

4
 

 

𝜆 =
5

4𝑘 + 5
 

 

d2𝑉

d𝜆2
=
𝜎2

10
+
2𝑘𝜎2

25
> 0 

 
Therefore, it is a minimum. 
 
 
 
 
 
 
 

 
 

B1 
 
 

M1 
 
 

M1 
 
 
 
 
 
 
 
 

m1 
 
 
 
 
 

A1 
 
 
 
 
 

E1 
 
 

Total 
[19] 

 
 
cao 
 
 

M1 for expression for 
d𝑉

d𝜆
 

At least 1 term correct 

M1 for setting 
d𝑉

d𝜆
= 0 and 

attempt to solve. 
 
 
 
 

 
 

 
m1 for 𝜆 on one side of 
equation. 
Provided M1M1 awarded  
 
 
 
cao 
 
 
 
 
 
E1 for verifying 
minimum, oe method 
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Qu. Solution Mark Notes 

3 (a) 
 

𝑥̅ (=
4014

90
) = 44.6 

Standard error = √
4.72

90
 

Use of 𝑥̅ ± 𝑧 × SE 

     = 44.6±2.5758 × √
4.72

90
 

 
 
[43.3, 45.9] 
 

B1 
 
 

B1 
 

M1 
 

A1 
 
 
 

A1 
 

si 
 
 
si 
 

FT their 𝑥̅ and SE 
provided ≠ 4.7 for M1A1 
Must show working. 
 

From tables 2.576 
 

cao 

(b) Because the confidence level has decreased, the width is 
narrower. 
 

E1 
 

Condone width will be 
smaller. 

(c) 
 
 

 

𝑥̅ =
49.9 + 52.6

2
= 51 

 

Use of 𝑥̅ ± 1.96 ×
𝜎

√𝑛
 

 
Upper limit of 95% CI  is given by 

51 + 1.96 ×
𝜎

√100
= 52.6              oe 

 
OR 
 

2 ×
𝜎

√100
× 1.96 = 3.2 

 
𝜎 = 8.163… .. 
 

 
 

 
M1 

 
 

A1 
 
 
 
 

(A1) 
 

A1 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
cao 

 
(d) 

 
Valid comment. 
Eg. The confidence intervals suggest that athletes who compete in 
the 400m have lower RHR on average. 
 
Valid reason. 
Eg. The confidence interval for the athletes who compete in the 
400m lies entirely below the confidence interval for the athletes 
who compete in the discus. 
 
Valid comment and reason. 
e.g. The RHR of athletes who compete in the discus event are 
possibly more varied, as the width of the CI is wider and the 
confidence level is lower. 
 
 

 
E1 

 
 
 

E1 
 
 
 
 

(E2) 
 
 
 

Total 
[11] 

 

 
FT their CI from (a)  
 
 
 
Condone ‘Non-
overlapping confidence 
intervals’. 
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Qu. Solution Mark Notes 

4(a)(i) 
 

𝐻0: The population median difference between the number of social 
media followers before and after appearing on the television show is 
0. 
 
𝐻1: The population median difference, when subtracting the number 
of social media followers before appearing on the show from the 
number of social media followers after appearing on the show, is 
positive. 
 
OR 𝐻0: 𝜂𝑑 = 0       𝐻1: 𝜂𝑑 > 0     where 𝜂𝑑 is the median  
                                                   difference in numbers of followers  
                                                   before and after appearing on the  
                                                   show, 𝜂𝑑 = 𝜂after − 𝜂before 
 

Contestant A B C D E F G H I 

Difference 361 -10 751 0 603 -239 -56 270 187 

 
Ranks 

Contestant A B C D E F G H I 

Ranks 6 1 8 - 7 4 2 5 3 

 
 
 

𝑊+ = Sum of positive ranks       (𝑊− = Sum of negative ranks) 

     = 6 + 8 + 7 + 5 + 3 = 29               ( = 1 + 4 + 2 = 7) 
 
𝑛 = 8 
Upper CV = 28                           ( Lower CV = 8) 
 

Since 29 > 28 (OR 7 < 8) there is sufficient evidence to reject H0. 
 
There is evidence to suggest that appearing on the show may 

increase the number of social media followers Llŷr has.  
 

 
 
 

B1 
 
 
 
 
 
 
 
 
 
 

B1 
 
 

 
M1 
A1 

 
 
 

M1 
A1 

 
 

B1 
 

m1 
 

A1 

 
 
 
Both  
oe 
 
 
 
 
 
 
 
 
 
 
 

Accept differences with 
opposite signs. 
 
 

M1 either attempt at 
ranks. FT one slip in 
difference for A1 
 
 
 
 
 
 

 
Must match direction of 
𝐻1 
 
 

cso 

(ii) Valid comment 
e.g. He should apply to appear on the show if he wants more 
social media followers.  
e.g. He should not apply to appear on the show if he doesn’t want 
more social media followers. 
 

E1 
 
 
 

 
 

(b) The underlying distribution of the differences may not be normally 
distributed.  
 
Data are paired. 

E1 
 
 

E1 
 
 

Total 
[12] 

Or equivalent statement 
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Qu. Solution Mark Notes 

5 (a) 
𝑋~N(75,

102

5
) 

 

P(𝑋 < 70) = 0.13177…. 

 
ALTERNATIVE METHOD 
𝑇 = 𝑋1 + 𝑋2 +⋯+ 𝑋5  
 
𝑇~𝑁(375,500)  
 
𝑃(𝑇 < 350) = 0.13177…   
 

B1 
 
 

 
M1A1 

 
 
 
 

(B1) 
 

(M1A1) 

si  
oe 
 
  

(b) 
𝑋~N(75,

102

𝑛
) 

 

P(𝑋 > 80) ≈ 0.007 

 

P

(

 𝑍 >
80 − 75

√100
𝑛
 )

 ≈ 0.007 

 
80 − 75

√100
𝑛
 

≈ 2.4572 

 
 
𝑛 = 24 

 
B1 

 
 
 
 
 

M1 
 
 
 

M1B1 
 

 
 
 

A1 

 
si 
 
 
 
 
 

Standardising accept (75 − 80) 
for numerator 
 
 
M1 for correct standardisation set 
equal to 2 ≤ 𝑘 ≤ 3  
B1 for 2.457 or better 
 
 
cao 

(c) Let 𝑇 = 𝑋1 + 𝑋2 + 𝑋3 + 𝑌1 + 𝑌2 + 𝑌3 + 𝑌4 
 
E(𝑇) = 497 
Var(𝑇) = 3 × 100 + 4 × 36 
Var(𝑇) = 444 

P(𝑇 > 500) = 0.44339… 
 

 
 

B1 
M1 
A1 
B1 

 

 
 
 
 
 
From tables 0.44433 
 

(d) Valid assumption. 
e.g. the workers do not carry any extra baggage.  
e.g. mass of workers’ clothes may be ignored. 
 
 
 
 
 
 
 
 
 

E1 
 
 
 

Total 
[13] 
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Qu. Solution Mark Notes 

 6 (a) 𝐻0: The median numbers of races entered by competitors who 
are club members and those who are not club members are 
the same. 
 
𝐻1: The median number of races entered by competitors who 
are club members is more than the median number of races 
entered by those who are not club members.  
 

Use of the formula 𝑈 =  

𝑈 = 1 + 6 + 6 + 3 + 2 + 4          OR    𝑈 = 5 + 0 + 0 + 3 + 4 + 2          
                                                                                 
𝑈 = 22                                       OR    𝑈 = 14 
 
Upper critical value is 29          OR      Lower CV is 7 
 
22 < 29 OR 14 >7, there is insufficient evidence to reject H0. 

    
 
 

B1 
 
 
 
 

M1 
 
 
 

A1 
 

B1 
 

m1 

Accept 
𝐻0: 𝜂1 = 𝜂2       𝐻1: 𝜂1 > 𝜂2 
 
 
 
 
 
 
oe 
 
 
 
 
 
 
 
 
 

There is insufficient evidence to suggest that athletes race 
more frequently if they are members of a triathlon club. 
 

A1 
 

cso 

(b) The samples are independent rather than paired. 
 
 

E1 
 

Total 
[7] 

 

E0 for data is ordinal 
Ignore spurious 
additional comments 

7 (a) 
 
 
 
 

(SE of difference of means) 

=√
0.752

6
+
0.62

5
 

 
 
= 0.407…   

 
 

M1 
 

 
A1 

 
 
Award M1 for  

Var = 
0.752

6
+
0.62

5
 

 

si 

   

2.2 − 𝑘√
0.752

6
+
0.62

5
= 1.25 

 
 
𝑘 = 2.333… 
 
Probability from calculator = 0.99018…… 
Or  0.99010 from tables 
 

Largest value of p is 98. 

 

 
M1 

 
 
 

A1 
 

M1 
 
 

A1 

 
Condone > 

FT their SE provided  

√0.752 + 0.62 
 
cao 
 
FT their 𝑘 for M1A1 
 
 
Accept 98.04 

   (b) Valid assumption 
e.g.The time trials are all done on the same terrain. 
She suffers no mechanical problems. 
She doesn’t get quicker because she’s fitter. 
She isn’t slower because she’s tired. 
Weather conditions are similar. 
Wears the same clothing. 

 

 
E1 

 
 
 

Total 
[7] 
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INTRODUCTION 
 
This marking scheme was used by WJEC for the 2023 examination. It was finalised after 
detailed discussion at examiners' conferences by all the examiners involved in the 
assessment. The conference was held shortly after the paper was taken so that reference 
could be made to the full range of candidates' responses, with photocopied scripts forming 
the basis of discussion. The aim of the conference was to ensure that the marking scheme 
was interpreted and applied in the same way by all examiners. 
 
It is hoped that this information will be of assistance to centres but it is recognised at the 
same time that, without the benefit of participation in the examiners' conference, teachers 
may have different views on certain matters of detail or interpretation. 
 
WJEC regrets that it cannot enter into any discussion or correspondence about this marking 
scheme. 
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WJEC GCE A LEVEL FURTHER MATHEMATICS 
 

UNIT 6 FURTHER MECHANICS B 
 

SUMMER 2023 MARK SCHEME 
 

 
(a) 

 
 

 
 
 
 
 
 
 

 
 
 
 
 

 

 
 
 
 
 
 

 Resolve vertically 
 

𝑆 cos 30° + 𝑅 = 23𝑔                  
√3

2
𝑆 + 𝑅 = 23𝑔 

 
Resolve horizontally 
 

𝐹 = 𝑆 sin 30°                                       𝐹 =
1

2
𝑆 

 
𝐹 =

2

3
𝑅 

2

3
𝑅 = 𝑆 sin 30°                                 

2

3
𝑅 =

1

2
𝑆 

𝑅 =
3

4
𝑆 

 
√3

2
𝑆 +

3

4
𝑆 = 23𝑔 

 
𝑆 = 139 ∙ 47(80054)      (N) 

𝑅 = 104 ∙ 60(85041)     (N) 
 
Note exact forms 
 

𝑆 =
92𝑔

3
(2√3 − 3) =

92𝑔

2√3 + 3
 

 

𝑅 = 23𝑔(2√3 − 3) =
69𝑔

2√3 + 3
 

 

M1 
 

A1 
 

M1 
 

A1 
 

 
B1 

 
 
 

 
m1 

 
 

A1 
A1 

 
[8] 

Dim. correct equation with 3 terms 
 

23𝑔 = 225 ∙ 4 =
1127

5
  

 

Dim. correct equation  
 
 
 
 
Used 
 
 
 
 
Elimination of one variable 
Both M’s needed above 
 
cao 
cao 
 
 
 
 

 
(b) 

  

 
Moments about 𝐴  
 
𝐴𝐶 × 𝑆 = 23𝑔 × 4 cos 30° 
 

𝐴𝐶 × 139 ∙ 478 … = 225 ∙ 4 × 2√3 
 

𝐴𝐶 =
23𝑔 × 4 cos 30°

139 ∙ 4780054
                     

225 ∙ 4 × 2√3

139 ∙ 4780054
 

 

𝐴𝐶 = 5 ∙ 598076211  (m)       or      =
6+3√3

2
   (m) 

 
M1 

 
A1 
A1 

 
 
 
 
 

A1 
 

[4] 
 

 
Dim. correct equation, no extra 
terms 
LHS 
RHS 
 
 
FT 𝑆 from (a) 
 
 
cao 

30° 𝐴 

𝐵 
𝐶 

𝑅 

𝑆 

23𝑔 

𝐹 
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(c) 

 

 
No, both reactions remain the same 
and (one of the following) 

• Calculations in (a) are independent of 
the location of the centre of mass 

• Moments were not used in part (a) and 
so distances were not considered 
 

 
 

E1 
 

[1] 
 

 
 
 

Total for Question 1 13  

 

 
 
 
 

(a) 

 
 

 
 
 
 
 
 
 

 

 
 
 
 
 
 

 
 
 
 
 
 

 Resolve parallel to 𝐴𝐵 
 
23𝑔 sin 30° = 𝑅 sin 30° + 𝐹 cos 30°    
 

23

2
𝑔 =

1

2
𝑅 +

√3

2
𝐹            ⇔          23𝑔 = 𝑅 + √3𝐹   

  
Resolve perpendicular to 𝐴𝐵 
 

𝑆 + 𝑅 cos 30° = 23𝑔 cos 30° + 𝐹 sin 30°                   
 

𝑆 +
√3

2
𝑅 =

23√3

2
𝑔 +

1

2
𝐹 ⇔ 2𝑆 + √3𝑅 = 23√3𝑔 + 𝐹     

 

𝐹 =
2

3
𝑅 

 

Elimination of one variable (in either equation) 
  

23𝑔 = 𝑅 + √3(2

3
𝑅)   

 
𝑆 = 139 ∙ 47(80054)      (N) 

𝑅 = 104 ∙ 60(85041)     (N) 
 
 
Note exact forms 
 

𝑆 =
92𝑔

3
(2√3 − 3) =

92𝑔

2√3 + 3
 

 

𝑅 = 23𝑔(2√3 − 3) =
69𝑔

2√3 + 3
 

 

M1 
 

A1 
 
 
 

M1 
 

A1 
 

 
 

B1 
 
m1 

 
 

 
A1 
A1 

 
[8] 

Dim. correct equation with 3 terms 
 

23𝑔 sin 30° =
23

2
𝑔 =

1127

10
= 112 ∙ 7  

 

 
 
Dim. correct equation with 4 terms 
 
 
 
 
 
Used 
 
 
 
 
 
cao 
cao 
 
 
 
 

 

 

  

30° 𝐴 

𝐵 
𝐶 

𝑅 

𝑆 

23𝑔 

𝐹 
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Moments about base 
 
 

52

3
𝜋𝑥2𝑦 × 𝑦̅ = 18𝜋𝑥2𝑦 ×

3𝑦

2
−

2

3
𝜋𝑥2𝑦 ×

9𝑦

2
 

 
52

3
× 𝑦̅ = 18 ×

3𝑦

2
−

2

3
×

9𝑦

2
 

 

𝑦̅ =
18

13
𝑦 

 

Shape Volume/Mass 
Distance of COM 

from base 

Large Cone 

1

3
𝜋(3𝑥)2(6𝑦)𝜌  

 
(= 18𝜋𝑥2𝑦) 

1

4
(6𝑦)  

 

(=
3𝑦

2
) 

 

 
Small Cone 

 
 

 

1

3
𝜋(𝑥)2(2𝑦)𝜌   

 

(=
2

3
𝜋𝑥2𝑦) 

 

4𝑦 + 1

4
(2𝑦)  

 

(=
9𝑦

2
) 

Frustum 

 

(18𝜋𝑥2𝑦 −
2

3
𝜋𝑥2𝑦) 𝜌 

 

(=
52

3
𝜋𝑥2𝑦) 

 

𝑦̅ 

 
 
 

B1 
 
 
 

B1 
 

B1 
 
 

B1 
 
 
 

M1 
 

 
A1 

 
 
 

 
A1 

 

[7] 
 

 
Condone omission of 𝜌 (mass per 
unit volume)  
Both volume and distance 
 
 
 
Identification of 2𝑦 in either 
 
For both volume and distance 
 
 

cao 
 
 
 
Masses and moments consistent 
All terms, allow sign errors 
FT table throughout 
 
 
 
 
 
Convincing (cao) 
 
 

Total for Question 2 7  
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(b) 

  

 

Shape Volume/Mass 
Distance of COM 

from vertex 

Large Cone 

1

3
𝜋(3𝑥)2(6𝑦)𝜌  

 
(= 18𝜋𝑥2𝑦) 

3

4
(6𝑦) 

 

(=
9𝑦

2
) 

 

 
Small Cone 

 
 

 
1

3
𝜋(𝑥)2(2𝑦) 𝜌  

 

(=
2

3
𝜋𝑥2𝑦) 

 

3

4
(2𝑦) 

 

(=
3𝑦

2
) 

Frustum 

 

(18𝜋𝑥2𝑦 −
2

3
𝜋𝑥2𝑦) 𝜌 

 

(=
52

3
𝜋𝑥2𝑦) 

 

𝑦̅ 

 

Moments about vertex 
 

52

3
𝜋𝑥2𝑦 × 𝑦̅ = 18𝜋𝑥2𝑦 ×

9𝑦

2
−

2

3
𝜋𝑥2𝑦 ×

3𝑦

2
 

 
52

3
× 𝑦̅ = 18 ×

9𝑦

2
−

2

3
×

3𝑦

2
 

 

𝑦̅ =
60

13
𝑦 

 

∴    Distance from base = 6𝑦 − 60

13
𝑦 = 18

13
𝑦 

 
 
 
 

B1 
 
 
 

B1 
 

B1 
 
 
 

B1 
 
 
 

M1 
 

A1 
 
 
 
 

A1 
 

[7] 
 

 
Condone omission of 𝜌 (mass per 
unit volume)  
 
Both volume and distance 
 
 
 
Identification of 2𝑦 in either 
 
Both volume and distance 
 
 
 
cao 
 
 
 
Masses and moments consistent 
All terms, allow sign errors 
FT table throughout 
 
 
 
 
Convincing (cao) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Shape Volume/Mass 
Distance of COM 

from top of frustum 

Large Cone 

1

3
𝜋(3𝑥)2(6𝑦) 𝜌  

 
(= 18𝜋𝑥2𝑦) 

3

4
(6𝑦) − 2𝑦 

 

(= ±
5𝑦

2
) 

 

 
Small Cone 

 
 

 
1

3
𝜋(𝑥)2(2𝑦)𝜌  

 

(=
2

3
𝜋𝑥2𝑦) 

 

1

4
(2𝑦) 

 

(= ±
𝑦

2
) 

Frustum 

 

(18𝜋𝑥2𝑦 −
2

3
𝜋𝑥2𝑦) 𝜌 

 

(=
52

3
𝜋𝑥2𝑦) 

 

𝑦̅ 

 

Moments about smaller circular surface   
 

52

3
𝜋𝑥2𝑦 × 𝑦̅ = 18𝜋𝑥2𝑦 × ±

5𝑦

2
−

2

3
𝜋𝑥2𝑦 × ∓

𝑦

2
 

 
52

3
× 𝑦̅ = 18 ×

5𝑦

2
−

2

3
× −

𝑦

2
 

 

𝑦̅ =
34

13
𝑦 

 

∴    Distance from base = 4𝑦 − 34

13
𝑦 = 18

13
𝑦 

 

 
 
 
 

B1 
 
 
 

B1 
 

B1 
 

 
 

B1 
 

 
 
M1 

 
A1 

 
 
 

 
 

A1 
 

[7] 

 
Condone omission of 𝜌 (mass per 
unit volume)  
 
Sight of 2𝑦 in either 
 
 
 
Identification of 2𝑦 in either 
 

Both volume and distance 
 
 
 

cao 
 
 
 
Masses and moments consistent 
All terms, allow sign errors 
FT table throughout 
 
 
 
 
 
Convincing (cao) 
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(a) 

 

 
period = 12    (hours)                     𝑇 = 12     
 
amplitude = 4        (m)                     𝑎 = 4         
 

 
B1 

 
B1 

 

[2] 
 

 
si 
 
si 

 
(b) 

 

 

𝜔 =
𝜋

6
                                                          𝜔 =

𝜋

21600
  

 
Using 𝑥 = ±𝑎 cos(𝜔𝑡)  
 

𝑥 = −4 cos (
𝜋

6
𝑡) 

 

 
B1 

 
M1 

 
A1 

 

[3] 
 

 

𝜔 =
2𝜋

period
  FT period from (a) 

 

Allow ±𝑎 sin(𝜔𝑡)  
 
oe, cao 
 

 
(c) 

 

 

−2 = −4 cos (
𝜋

6
𝑡) 

 

𝑡 = 2  (hours) 
 

𝑡 = 10  (hours) 
 
Earliest  time: 7 a. m.    and     Latest time: 3 p. m.   
 

 
M1 

 
A1 

 
A1 

 
A1 

 

[4] 
 

 
FT 𝑥 from (b) 
 
cao 
 
cao 
 
cao, both times 

 
(d) 

 

 

𝑣 =
d𝑥

d𝑡
 

 

𝑣 = 4sin (
𝜋

6
𝑡) ×

𝜋

6
 

 

𝑣 =
2

3
𝜋 sin (

𝜋

6
𝑡) 

 

At 𝑡 = 9, 𝑣 = 2

3
𝜋 sin(𝜋

6
× 9) 

 

𝑣 = −
2

3
𝜋                                                  = −2 ∙ 0(94 … ) 

 
Rate (at which the level of water is falling) 

 =
2

3
𝜋   (m/hour) 

 
M1 

 
 

A1 
 
 
 

 
M1 

 
 

 
 

A1 
 

[4] 
 

 
FT 𝑥 from (b) 
 
 
 
 
 
 
 
FT 𝑣 
 
 
 
 

Total for Question 3 13  

 

(b) 

 
Equivalent forms for A1 
 

          𝑥 = −4 cos (
𝜋

6
𝑡)          = 4 sin (

𝜋

6
𝑡 −

𝜋

2
)             = −4 sin (

𝜋

6
𝑡 +

𝜋

2
)              = 4 cos (

𝜋

6
𝑡 ± 𝜋) 

 
Corresponding derivatives for part (d) 

𝑣 = 𝑥′ = 4sin (
𝜋

6
𝑡) ×

𝜋

6
     = 4 cos (

𝜋

6
𝑡 −

𝜋

2
) ×

𝜋

6
     = −4 cos (

𝜋

6
𝑡 +

𝜋

2
) ×

𝜋

6
      = − 4 sin (

𝜋

6
𝑡 ± 𝜋) ×

𝜋

6
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Using 𝑡 = 9 (5 a. m. to 2 p. m.) to deduce that 
 
𝑥 = 0 
 
Using an expression for 𝑣 with 𝑥 = 0 
 

𝑣 = ± {𝜔√𝑎2 − 02

𝜔𝑎
 

 

𝑣 = ±
2

3
𝜋                                                  = ±2 ∙ 0(94 … ) 

 
Rate (at which the level of water is falling) 

 =
2

3
𝜋   (m/hour) 

 
 

 
M1 

 
A1 

 
m1 

 
 
 
 
 
 
 

A1 
 
 

[4] 
 

 

𝑥 = −4 cos (
𝜋

6
× 9) 
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(a) 

 

Shape Mass 
Distance 
from AC 

Distance 
from AB 

 

 
 
 

 

𝜋(12)2

4
× 2𝑚 

 

(= 72𝑚𝜋)   
  

16

𝜋
 

16

𝜋
 

 

 
 

50𝑚 0 28 

 

 
 

30𝑚 22 ∙ 5 14 

 20𝑚 45 0 

Lamina (72𝜋 + 100)𝑚 𝑥̅ 𝑦̅ 
 

 
 
 
 

B1 
B1 

 
 
 
 

B2 
 
 
 

B1 
 

 
 
 
 
Correct mass 
Both distances correct 
 
 
 
 

Masses and distances for C, F, B 
 
 
 

 

cao 

  
(i)   Moments about AC 

 

((72𝜋) (
16

𝜋
) + (30)(22 ∙ 5) + (20)(45)) 𝑚 

                                                                               = (72𝜋 + 100)𝑚 × 𝑥̅  
  

(1152 + 675 + 900)𝑚 = (72𝜋 + 100)𝑚 × 𝑥̅ 
 
        𝑥̅ = 8 ∙ 36(0038474 )      (cm) 
 
 

 
M1 

 
 

A1 
 
 

 
A1 

 
Masses and moments consistent 
All terms, allow sign errors 
FT table 
 
 
 
 
cao 
 

 (ii)  Moments about AB 
 

 ((72𝜋) (
16

𝜋
) + (30)(14) + (50)(28)) 𝑚 

                                                                               = (72𝜋 + 100)𝑚 × 𝑦̅   
 

(1152 + 420 + 1400)𝑚 = (72𝜋 + 100)𝑚 × 𝑦̅ 
 
 

      𝑦̅ = 9.11(1123705)       (cm) 
 

M1 

 
 

A1 
 
 
 

A1 
 

[11] 
 

Masses and moments consistent 
All terms, allow sign errors 
FT table 
 
 
 
 
cao  
 
 

 
(b) 

 
Length 𝐴𝑃 = 𝑦̅ 

 

 
B1 

 

[1] 
 

 
FT 𝑦̅ from (a)(ii) 

𝐵 

𝐹 

𝐶 
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(c) 

  

 
 
 
 
 
 
 
 

 
 
 
 

 
 
 
 
 
 

 
 
 
 
 

 If hanging in equilibrium, vertical passes through 
centre of mass. 
 

tan 60° =
𝑦̅

𝑥̅ − 𝐴𝑄
                         √3 =

9.11 …

8 ∙ 36 … − 𝐴𝑄
 

 
 

𝐴𝑄 = 𝑥̅ −
𝑦̅

√3
 

 
𝐴𝑄 = 3.0997 … ..       (cm) 
 
 

M1 
 
 

A1 

 
 
 

 
 

A1 
 
 

[3] 
 

Correct triangle identified 
FT  𝑥̅  and 𝑦̅ from (a) 
 
FT  𝑥̅  and 𝑦̅ from (a) 
 

𝑥̅ − 𝐴𝑄 =
𝑦̅ 

tan 60°
= 𝑦̅ cot 60° 

                                   = 5 ∙ 2603 … 
 
 
FT  𝑥̅  and 𝑦̅ from (a) provided 
𝐴𝑄 < 12, i.e. 𝑄 lies on 𝐴𝐷 
 
 

Total for Question 4 15  

 

 

                      

 

 

 

  

𝐴 

𝐷 

𝐵 

𝟔𝟎° 

𝑥̅ − 𝐴𝑄 

 𝑦̅ 
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(a) 

 
𝐫𝑃 =                             (8𝐢 − 6𝐣)𝑡 
𝐫𝑄 = (12𝐢 − 48𝐣) + (4𝐢 + 10𝐣)𝑡 

 
If spheres collide, then 𝐫𝑃 = 𝐫𝑄 for some value of 

𝑡. 
Comparison of coefficients 
 
𝐢       8𝑡 = 12 + 4𝑡 

        𝑡 = 3 
 
𝐣       −6𝑡 = −48 + 10𝑡 
        𝑡 = 3 
 

Value of 𝑡 for both components are equal, 
therefore spheres collide. 
 

 
B1 
B1 

 
 
 

M1 
 
 
 
 
 
 
 

A1 
 

[4] 
 

 
 
 
 
 
 
Both i and j coefficients compared 
 
 
 
 
 
 

 
(b) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
 
 
 

Before collision 
 
 

After collision 
 

 Speed = 5 

√42 + 𝑣𝑄
2 = 5 

𝑣𝑄 = ±3 
 

Con. of momentum (along line of centres) 
 
(2)(−6) + (6)(10) = 2𝑣𝑃 + 6𝑣𝑄 

48 = 2𝑣𝑃 + (6)(±3) 
 

𝑣𝑄 = +3      ⇒       𝑣𝑃 = 15 

𝑣𝑄 = −3      ⇒       𝑣𝑃 = 33 
 

Restitution (along line of centres) 
𝑣𝑄 − 𝑣𝑃 = −𝑒(10 − −6) 

 
3 − 15 = −𝑒(10 − −6)    OR    −3 − 33 = −𝑒(10 − −6) 
 
               𝑒 = 3

4
                        𝑒 = 9

4
   

 
               𝑒 = 3

4
 

 

Velocity of sphere 𝑃,   𝐯𝑃 = 8𝐢 + 15𝐣        (ms−1) 

 
M1 

 
A1 

 
M1 

 
A1 

 
 
 

A1 
 
M1 

 
 

A1 
 

 
 

A1 
 

A1 
 

[9] 
 

 
Used 
 
At least one value 
 
Attempted 
 
All correct.  FT 𝑣𝑄 

 
 

 
Both values of 𝑣𝑃 
 
FT 𝑣𝑄 and 𝑣𝑃 

 
 
All correct with their 𝑣𝑃 
corresponding to either 𝑣𝑄 

 
 

Both values of 𝑒 with 𝑒(= 9

4
) > 1 

clearly discarded 
cao 

8𝐢 + 15𝐣 

4𝐢 + 𝑣𝑄𝐣 

4𝐢 + 10𝐣 

8𝐢 − 6𝐣 

𝑃 (2 kg) 

𝑄 (6 kg) 
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(c) 

  

 
Impulse, 𝐈 = change in momentum 
 

𝐈 = 2(0 − (8𝐢 + 15𝐣)) 

 
𝐈 = −(16𝐢 + 30𝐣)        
 
|𝐈| = 34  (Ns) 
 
 

 
M1 

 
 
 

A1 
 

A1 
 

[3] 
 

 
Used 
 
 
 
FT 𝐯𝑃 
 
cao 
 
 

Total for Question 5 16  

 
 

 
(a) 

 

 
𝐫𝑄 − 𝐫𝑃 = (12 − 4𝑡)𝐢 + (−48 + 16𝑡)𝐣 

 
𝐫𝑄 − 𝐫𝑃 = 0    
 

⇒      12 − 4𝑡 = 0     and    − 48 + 16𝑡 = 0 
 
𝑡 = 3 for both components are equal, therefore 
spheres collide. 
 

 
B1 
B1  

 
 

M1 
 

A1 
 

[4] 
 

 
B1 for each component 
 
 
 
 
 
 

 
(a) 

 

 
𝐫𝑄 − 𝐫𝑃 = (12 − 4𝑡)𝐢 + (−48 + 16𝑡)𝐣 

 
Forming and solving a quadratic equation 
 

|𝐫𝑄 − 𝐫𝑃|
2

= 272𝑡2 − 1632𝑡 + 2448 = 0 

 
𝑡 = 3 or 𝑏2 − 4𝑎𝑐 = 0, therefore spheres collide. 
 

 
B1 
B1  

 
 
M1 

 
A1 

 

[4] 
 

 
B1 for each component 
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1305U60-1 WJEC GCE A Level Further Mathematics - Unit 6 Further Mechanics B MS S23/CB 

 
(a) 

 
Application of N2L 
 
−𝑇 − 250 000𝑣 = 50 000𝑎 
 
𝑇 = 312 500𝑥   
 

−312 500𝑥  − 250 000𝑣 = 50 000
d2𝑥

d𝑡2
 

 

4
d2𝑥

d𝑡2
+ 20

d𝑥

d𝑡
+ 25𝑥 = 0 

 

 
M1 

 
A1 

 
B1 

 
 
 
 
 

A1 
 

[4] 
 

 
Dim. correct.  250 000𝑣 and 𝑇  in 
same direction 
 
 

𝑎 =
d2𝑥

d𝑡2
 

 
 
÷ 12 500 
 
Convincing 

 
(b) 

 

 
Auxiliary equation: 4𝑟2 + 20𝑟 + 25 = 0 
Roots:  𝑟 = −

5

2
  (twice) 

 

General solution: 𝑥 = e−
5
2𝑡(𝐴𝑡 + 𝐵) 

 
Initial conditions 𝑡 = 0, 𝑥 = 0, (𝑥′ = 𝑈) 
 

𝐵 = 0               𝑈 = −5

2
𝐵 + 𝐴 

 

Differentiating 

𝑣 = 𝑥′ = −
5

2
e−

5
2𝑡(𝐴𝑡 + 𝐵) + e−

5
2𝑡𝐴 

 

∴    𝑥 = 𝑈e−
5
2𝑡𝑡 

 
M1 
A1 

 
B1 

 
M1 

 
A1 

 
M1 
A1 

 
A1 

 

[8] 
 

 
 
 
 
 
 
Used in general solution 
 
cao 
 

𝑈 = −
5

2
𝐵 + 𝐴 

Initial conditions give  𝐴 = 𝑈     
 

cao 
 

 
(c) 

 

𝑣 = 𝑥′ = 𝑈e−
5
2𝑡 (1 −

5

2
𝑡) 

 

When  𝑣 = 0   (⇒     𝑡 = 2

5
)      

 

Using 𝑥 = 𝑈e−
5
2𝑡𝑡 at  𝑡 = 2

5
  and  𝑥 = 0 ∙ 3. 

 

0 ∙ 3 = 𝑈e−
5
2(

2
5) (

2

5
) 

 

𝑈 =
3

4
e = 2.0387 …        (ms−1 ) 

 

 
 
 

M1 
 
 

m1 
 
 
 

A1 
 

[3] 
 

 
 
 
FT 𝑣 = 𝑥′ 
 
 
FT 𝑣 = 𝑥′  and   𝑡 > 0   
 
 
 
cao 

 
(d) 

 
Critical damping 
Repeated root in (b) 
 

 
 

E1 
 

[1] 
 

 
 
oe, 𝑏2 − 4𝑎𝑐 = 0 
or 
𝑘2 − 𝜔2 = 0 when written in the 
form 
d2𝑥

d𝑡2 + 2𝑘
d𝑥

d𝑡
+ 𝜔2𝑥 = 0  

 

Total for Question 6 16  
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