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It is reckoned that Isaac Newton 

knew about the Trapezium Rule in the 

17th century. Newton was one of the 

first people to consider the theory of 

differentiation and integration, at 

Cambridge University. 
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What is the work?  

It is not possible to integrate every possible function using algebraic 

methods. For these functions, we can estimate the required area by 

splitting it into a number of different trapezia, and finding the sum of 

these trapezia’s areas. 

   

What is required before 

starting? 
 

GCSE Work: Substitution, area of a trapezium. 

A Level Unit 1: Integration. 

   

Where does this lead to?  

University Work: More accurate methods of estimating the area, such 

as Simpson’s Rule. 
 

Applications: Finding an unusual area or volume, e.g. the amount of 

water displaced by a ship. 

 

 

Consider any function 𝑦 = 𝑓(𝑥). 

 

The area under the curve between 𝑎 and 𝑏 is ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
. If we cannot calculate this exactly, we can use the 

Trapezium Rule to estimate it. 

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
≈

1

2
ℎ{(𝑦0 + 𝑦𝑛) + 2(𝑦1 + 𝑦2 +⋯𝑦𝑛−1)}, where ℎ =

𝑏−𝑎

𝑛
. 

𝑛 is the number of trapezia.  

𝑛 + 1 is the number of ordinates. 

ℎ is the height of each trapezium (remember that each trapezium is on its side).  

𝑦0, 𝑦1, 𝑦2, … , 𝑦𝑛−1, 𝑦𝑛 are the values of the function for equidistant values between 𝑎 and 𝑏. 

Challenge!        Try to prove why the formula for the Trapezium Rule works.  

𝑥 

𝑦 

𝑦 = 𝑓(𝑥) 

𝑎 𝑏 

In the 

formula 

booklet 

 
Theory 
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Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 3 

 

(C2 Winter 2007) 

Use the Trapezium Rule with five ordinates to find an approximate value for ∫ √2 + 𝑥3
2

1
𝑑𝑥. 

Show your working and give your answer correct to three decimal places.     [4]  
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What is the work?  

It is not possible to solve every equation using algebraic methods.  

For these equations, we can attempt to rearrange the equation to form 

a reccurence relation which, sometimes, leads to finding the roots 

through substitution. 

   

What is required before 

starting? 
 

GCSE Work: Substitution, rounding off, changing the subject. 

A Level Unit 1: Curve sketching. 

   

Where does this lead to?  

A Level Unit 3: Cobweb and staircase diagrams; the Newton-Raphson 

method for solving equations. 
 

Applications: To solve problems in context which lead to equations 

that cannot be solved analytically. 

 

 

Consider any function 𝑦 = 𝑓(𝑥), for example 𝑦 = 3𝑥3 + 𝑥 − 8. 

 

The roots of an equation are where the curve intersects the 𝑥-axis, so that 𝑓(𝑥) = 0. For the above example, we 

see that one root exists, between 1 and 2. If we cannot solve the equation using algebraic methods, then we can 

attempt to form a recurrence relation to solve the equation. To do this, the first step is to rearrange the equation 

𝑓(𝑥) = 0 to make 𝑥 the subject of the equation. 

Example: 𝑦 = 3𝑥3 + 𝑥 − 8. 

  Attempt 1: 3𝑥3 + 𝑥 − 8 = 0   Attempt 2: 3𝑥3 + 𝑥 − 8 = 0 

     𝑥 = 8 − 3𝑥3     3𝑥3 = 8 − 𝑥 

            𝑥3 =
8−𝑥

3
 

           𝑥 = √
8−𝑥

3

3
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𝑥 

𝑦 𝑦 = 3𝑥3 + 𝑥 − 8 
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The recurrence relation is formed from the equation: 

   𝑥𝑛+1 = 8 − 3𝑥𝑛
3    𝑥𝑛+1 = √

8−𝑥𝑛

3

3
 

We see from the graph on the previous page that the root of the equation 𝑦 = 3𝑥3 + 𝑥 − 8 is close to 𝑥 = 1.  

So, we can choose to start at 𝑥0 = 1 and use the recurrence relation to try to find the root. 

   𝑥1 = 8 − 3 × 𝑥0
3    𝑥1 = √

8−𝑥0

3

3
 

   𝑥1 = 5      𝑥1 = 1.326352403 

   𝑥2 = −367     𝑥2 = 1.305411212 

   𝑥3 = 148292597    𝑥3 = 1.3067752 

   𝑥4 = −9.783171512 × 1024   𝑥4 = 1.306686444 

   𝑥5 = 2.809055093 × 1075   𝑥5 = 1.30669222 

  𝑥6 = MATH ERROR    𝑥6 = 1.306691844 and so on... 

  Divergent, cannot find the root.   Converges to 1.306691867. 

 

(C3 Winter 2006) 

Show that the equation 4𝑥3 + 10𝑥 − 1 = 0 has a root 𝛼 between 0 and 1. 

The recurrence relation 𝑥𝑛+1 =
1−4𝑥𝑛

3

10
 with 𝑥0 = 0.1 may be used to find 𝛼. Calculate and record the values of  

𝑥1, 𝑥2, 𝑥3. Write down the value of 𝑥3 correct to six decimal places and show that it is the value of 𝛼 correct to six 

decimal places.              [7] 
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Use the ANS 

button to 

calculate these 

efficiently. 
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What is the work?  

In the previous workbook, we saw recurrence relations of the form 

𝑥𝑛+1 = 𝑔(𝑥𝑛). Cobweb and staircase diagrams visualise what happens 

when we use these recurrence relations to find the roots of equations. 

   

What is required before 

starting? 
 

GCSE Work: Substitution, rounding off, changing the subject. 

A Level Unit 1: Curve sketching. 

A Level Unit 3: Roots of equations (workbook 2). 

   

Where does this lead to?  

A Level Unit 3: The Newton-Raphson method for solving equations. 
 

Applications: To solve problems in context which lead to equations 

that cannot be solved analytically. 

 

 

Consider any function 𝑦 = 𝑓(𝑥), for example 𝑦 = 3𝑥3 + 𝑥 − 8. 

 

The roots of an equation are where the curve intersects the 𝑥-axis, so that 𝑓(𝑥) = 0. For the above example, we 

see that one root exists, between 1 and 2. In the previous workbook, we saw that we can attempt to solve the 

equation 𝑓(𝑥) = 0 by rearranging the equation to the form 𝑥 = 𝑔(𝑥), and then forming a recurrence relation 

𝑥𝑛+1 = 𝑔(𝑥𝑛). 

Example: 𝑦 = 3𝑥3 + 𝑥 − 8. 

  Attempt 1: 3𝑥3 + 𝑥 − 8 = 0   Attempt 2: 3𝑥3 + 𝑥 − 8 = 0 

     𝑥 = 8 − 3𝑥3     3𝑥3 = 8 − 𝑥 

      𝑥𝑛+1 = 8 − 3𝑥𝑛
3    𝑥3 =

8−𝑥

3
 

           𝑥 = √
8−𝑥

3

3
  

          𝑥𝑛+1 = √
8−𝑥𝑛

3

3
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𝑦 𝑦 = 3𝑥3 + 𝑥 − 8 
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Example 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 3 

We see from the graph on the previous page that the root of the equation 𝑦 = 3𝑥3 + 𝑥 − 8 is close to 𝑥 = 1.  

So, we can choose to start at 𝑥0 = 1 and use the recurrence relation to try to find the root. 

   𝑥1 = 8 − 3 × 𝑥0
3    𝑥1 = √

8−𝑥0

3

3
 

   𝑥1 = 5      𝑥1 = 1.326352403 

   𝑥2 = −367     𝑥2 = 1.305411212 

   𝑥3 = 148292597    𝑥3 = 1.3067752 

   𝑥4 = −9.783171512 × 1024   𝑥4 = 1.306686444 

   𝑥5 = 2.809055093 × 1075   𝑥5 = 1.30669222 

  𝑥6 = MATH ERROR    𝑥6 = 1.306691844 and so on... 

  Divergent, cannot find the root.   Converges to 1.306691867. 

To visualise what is happening, we can plot 𝑦 = 𝑓(𝑥), 𝑦 = 𝑥 and 𝑦 = 𝑔(𝑥) on the same diagram.  

 

 

 

 

 

 

 

 

 

In each case, we can see that the root of 𝑦 = 3𝑥3 + 𝑥 − 8 is equal to the value of 𝑥 where the line 𝑦 = 𝑥 intersects 

the curve 𝑦 = 𝑔(𝑥). This verifies that solving 𝑓(𝑥) = 0 is equivalent to solving 𝑥 = 𝑔(𝑥). 

We can use the numbers from the recurrence relation 𝑥𝑛+1 = 𝑔(𝑥𝑛) to form either a cobweb diagram or a 

staircase diagram.  

  Cobweb diagram     Staircase diagram 

  

Use the ANS 

button to 

calculate these 

efficiently. 
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3

-1 0 1 2 3
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𝑦 = 3𝑥3 + 𝑥 − 8 𝑦 = 3𝑥3 + 𝑥 − 8 

𝑦 = 𝑥 𝑦 = 𝑥 

𝑦 = 8 − 3𝑥3 

𝑦 = √
8 − 𝑥

3

3
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We need to plot lines going from (𝑥0, 𝑥0) to (𝑥0, 𝑥1) to (𝑥1, 𝑥1) to (𝑥1, 𝑥2) to (𝑥2, 𝑥2) to (𝑥2, 𝑥3) to ...  

These lines either converge to a root of 𝑦 = 𝑓(𝑥) or diverge.  

For the example on the previous page, this is what happens. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 1 

The following graphs show the line 𝑦 = 𝑥 and a function 𝑦 = 𝑔(𝑥). By starting at the stated value for 𝑥0, add lines to 

the graph to form either a cobweb diagram or a staircase diagram. Note underneath each graph whether the lines 

converge to a root of 𝑥 = 𝑔(𝑥) or diverge. 

(a) 𝑥0 = 0.2       (b) 𝑥0 = 1.6 
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(c) 𝑥0 = 0.6       (d) 𝑥0 = 0.6 

 

 

 

 

 

 

 

 

 

 

 

 

 

............................................................................................................................. ....................    ............................................................................................................................... 

Exercise 2 

The graph below shows a sketch of the equation 𝑦 = 𝑔(𝑥) and the line 𝑦 = 𝑥. The equation 𝑥 = 𝑔(𝑥) has roots 

𝑥 = 𝛼 and 𝑥 = 𝛽 as shown on the graph. 

 

The recurrence relation 𝑥𝑛+1 = 𝑔(𝑥𝑛) is used to try to find the roots of the equation 𝑥 = 𝑔(𝑥).  

Describe what happens to the iteration in the case where the initial value 𝑥0 

(a) is between 0 and 𝛼 

............................................................................................................................. ............................................................................................................................................................................. 

(b) is between 𝛼 and 𝛽 

............................................................................................................................. ............................................................................................................................................................................. 

(c) is greater than 𝛽 

............................................................................................................................. ............................................................................................................................................................................. 
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Exercise 3 

Siwan wants to solve the cubic equation 𝑦 = 2𝑥3 + 2𝑥 − 3. 

(a) (i) Re-arrange the equation 2𝑥3 + 2𝑥 − 3 = 0 (ii) Re-arrange the equation 2𝑥3 + 2𝑥 − 3 = 0 

to the form 𝑥 = 𝑔(𝑥), making the first 𝑥 (the red one) to the form 𝑥 = 𝑔(𝑥), making the second 𝑥 (the green one) 

the subject of the equation.    the subject of the equation. 

............................................................................................................................. ............ .......................................................................................................................................................... 

............................................................................................................................. ............ .......................................................................................................................................................... 

............................................................................................................................. ............ .......................................................................................................................................................... 

............................................................................................................................. ............ .......................................................................................................................................................... 

............................................................................................................................. ............ .......................................................................................................................................................... 

............................................................................................................................. ............ .......................................................................................................................................................... 

(b) Form a recurrence relation 𝑥𝑛+1 = 𝑔(𝑥𝑛) from the equations in part (a) of the question.  

(i)        (ii) 

............................................................................................................................. ............ .......................................................................................................................................................... 

(c) Starting at 𝑥0 = 0.5, find the values of 𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5 in each case. 

(i) 𝑥1 = .................................................................................................................... (ii) 𝑥1 = ...................................................................................................................................  

(i) 𝑥2 = .................................................................................................................... (ii) 𝑥2 = ................................................................................................................................... 

(i) 𝑥3 = .................................................................................................................... (ii) 𝑥3 = ................................................................................................................................... 

(i) 𝑥4 = .................................................................................................................... (ii) 𝑥4 = ................................................................................................................................... 

(i) 𝑥5 = .................................................................................................................... (ii) 𝑥5 = ................................................................................................................................... 

(d) Which one of the above sequences convergers, and which diverges? 

............................................................................................................................. ............................................................................................................................................................................. 

(e) Use the following diagrams to draw a cobweb diagram for each iteration.  

(i)        (ii)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(f) For the iteration that converges, write down the value of 𝑥5 correct to one decimal place. Prove that this is the 

root of Siwan’s original equation correct to one decimal place. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 
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In an examination the recurrence 

relation will be given to you. 
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Joseph Raphson published the 

book “Analysis Aequationum 

Universalis” in the year 1690. 

Here he built on previous work 

by Isaac Newton on solving 

equations. 
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What is the work?  
Given an equation 𝑦 = 𝑓(𝑥), the Newton-Raphson method uses 

tangents to try to find roots of the equation. 

   

What is required before 

starting? 
 

GCSE Work: Substitution, rounding off. 

A Level Unit 1: Curve sketching, differentiation. 

   

Where does this lead to?  

Applications:  

• To solve problems in context which lead to equations that 

cannot be solved analytically. 

• Finding stationary points. 

• Finding the reciprocal of a number without division. 

 

 

Consider any function 𝑦 = 𝑓(𝑥), for example 𝑦 = 𝑥2 − 2. 

 

The roots of the equation are where the curve intersects the 𝑥-axis, so that 𝑓(𝑥) = 0. For the example shown 

above, we see that there are two roots: a negative root between –2 and –1, and a positive root between 1 and 2. 

The Netwon-Raphson method uses tangents to try to find a root: 

𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛)

𝑓′(𝑥𝑛)
 

Note that 𝑓′(𝑥𝑛) represents the function obtained by differentiating 𝑓(𝑥𝑛). 
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This formula is 

given in the formula 

booklet. 
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Example: 𝑦 = 𝑥2 − 2. 

We see from the graph on the previous page that a root of the equation 𝑦 = 𝑥2 − 2 is close to 𝑥 = 2.  

So, we can choose to start at 𝑥0 = 2 and use the recurrence relation to try to find the root. 

     𝑓(𝑥𝑛) = 𝑥𝑛
2 − 2   𝑓′(𝑥𝑛) = 2𝑥𝑛 

𝑥1 = 2 −
22−2

2×2
 

  𝑥1 = 1.5 

  𝑥2 = 1.5 −
1.52−2

2×1.5
 

  𝑥2 = 1.416̇ 

  𝑥3 = 1.414215686 

 𝑥4 = 1.414213562 

  𝑥5 = 1.414213562 

Using a normal calculator, the most precise value we can find for the root is 𝑥 = 1.414213562. (We could use the 

change of sign method to prove this is the value of the root correct to nine decimal places.) To visualise the method 

used above, we can use the following graph.  

 

• We start at the point (𝑥0, 0) on the 𝑥-axis, so at the point (2, 0). 

• We draw the tangent to the curve at the point (2, 22 − 2 = 2). 

• The tangent crosses the 𝑥-axis at the point (𝑥1, 0), so at (1.5, 0). 

• We draw the tangent to the curve at the point (1.5, 1.52 − 2 = 0.25). 

• The tangent crosses the 𝑥-axis at the point (𝑥2, 0), so at (1.416̇, 0). 

• And so on... 

The Newton-Raphson method usually converges quickly, but can be unreliable if the gradient of any tangent is 

small. 

Challenge!         Prove that 𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛)

𝑓′(𝑥𝑛)
 is the iterative function for the Newton-Raphson method, starting 

with the equation of a general tangent in the form 𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1). 
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If a function crosses the 𝑥-axis, then we can show that the function has a 

root by looking at the sign of the function either side of the root. The 

change in sign shows that the function has a root in a specified interval.  

For example, consider the function shown on the right. The change in sign 

between 𝑓(2.5) and 𝑓(3.5) shows that a root exists in the interval 

[2.5, 3.5]. 

However, the change of sign method does not work every time. 

Exercise 1 

Consider the function shown on the left. 

(a) There is a change of sign between 𝑓(−3) and 𝑓(−1.5).  

Why is there no root over the inverval [−3, −1.5]? 

............................................................................................................................. ............................................. 

............................................................................................................................. ............................................. 

............................................................................................................................. ............................................. 

(b) The graph shows that the function has a root when 𝑥 = 3.  

Why would a change of sign method not be able to locate the 

root over the interval [2, 4]? 
 

............................................................................................................................. ............................................. 

............................................................................................................................. ............................................. 

............................................................................................................................. ............................................. 

 

(c) Write down an interval where the change of sign method would be able to locate a root. 

............................................................................................................................. ............................................................................................................................................................................. 

Exercise 2 

Consider the function shown on the right.  

(a) What is the problem with using a change of sign method to 

locate a root over the interval [0, 2]? 

............................................................................................................................. ...................................... 

............................................................................................................................. ...................................... 

............................................................................................................................. ...................................... 

............................................................................................................................. ...................................... 

(b) What is the problem with using a change of sign method to 

locate a root over the interval [−1.75, 1.5]? 

............................................................................................................................. ...................................... 

............................................................................................................................. ...................................... 
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............................................................................................................................. ...................................... 
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Exercise 3 

For the graph on the right, what would be the problem in using the  

Newton-Raphson method with 𝑥0 = 2? 
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Exercise 4 

(a) The graph on the left shows the curve 𝑦 = 𝑥100.  

A loyal supporter of the Newton-Raphson method decides to use the method 

to find the root of 𝑦 = 𝑥100, which is at (0, 0). What happens when we use the 

method starting at 𝑥0 = 0.1? 
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(b) The loyal supporter now decides to use the method to find the root of  

𝑦 = 3𝑥
1

3, also located at (0, 0). What happens when we use the method 

starting at 𝑥0 = 0.1? 
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𝑦 = sec 𝑥 

𝑦 = cosec 𝑥 

𝑦 = cot 𝑥 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 2 

 

What is the work?  
Solving equations involving the trigonometric functions  

sec, cosec and cot. 

   

What is required before 

starting? 
 

GCSE Work: Substitution, solving equations, factorising quadratic 

expressions. 

A Level Unit 1: Solving trigonometric equations. 

   

Where does this lead to?  
Understand the domain, range and graphs of the three functions. 

Differentiate and integrate trigonometric functions. 

 

 

What is the reciprocal of the trigonometric functions sin, cos and tan? There is a problem 

with using the usual notation 𝑥−1 =
1

𝑥
 for the reciprocal, as we have already used sin−1, cos−1 

and tan−1 to help us find angles. For example, if sin(𝑥) = 0.5, then  

𝑥 = sin−1(0.5) 

𝑥 =  … , 30°, …  

So, sin−1(0.5) does not represeent 
1

sin(0.5)
, but rather the set of angles whose sin gives the 

answer 0.5. In order to represent 
1

sin(0.5)
, mathematicians have introduced three new 

trigonometric functions: 

sec(𝑥) =
1

cos(𝑥)
,               cosec(𝑥) =

1

sin(𝑥)
,               cot(𝑥) =

1

tan(𝑥)
. 

We can derive two new trigonometric identities from the identity sin2(𝑥) + cos2(𝑥) = 1. 

sin2(𝑥) + cos2(𝑥) = 1       sin2(𝑥) + cos2(𝑥) = 1 

sin2(𝑥)

sin2(𝑥)
+

cos2(𝑥)

sin2(𝑥)
=

1

sin2(𝑥)
            (Divide by sin2(𝑥))              (Divide by cos2(𝑥)) 

1 + cot2(𝑥) = cosec2(𝑥)  (Simplify)               (Simplify) 

cosec2(𝑥) = 1 + cot2(𝑥)  (Swap sides)               (Swap sides) 

We can use the above identities when solving trigonometric equations that contain the functions  

sec, cosec and cot. 

  

 
Theory 

Example 
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What is the work?  

In the GCSE course, we have been measuring angles in degrees, from  

0° to 360°. In order to calculate the length of a circular arc or the area 

of a sector efficiently, it is advantageous to use a different scale to 

measure angles at A Level. 

   

What is required before 

starting? 
 

GCSE Work: Measuring angles, calculating the circumference and area 

of a circle, calculating the area of a segment in a circle. 

A Level Unit 1: Trigonometry. 

   

Where does this lead to?  

A Level Unit 3:  

• Small angle approximations. 

• Integration of trigonometric functions. 

Applications:  

• Measuring angular speed in physics / further mathematics. 

• Measuring the frequency of an electromagnetic wave. 

 

 

When measuring angles, we must decide 

on a scale to use that goes from zero to 

the value for a full turn. When 

measuring angles in degrees, the scale 

goes from 0° to 360°. 360 was chosen 

because of its high number of factors – 

for example, considering the numbers 

between 1 and 10, only 7 is not a factor 

of 360. This means it is easy to divide a 

full turn into 3 equal parts; 5 equal 

parts; and so on.  

Degrees are not the only scale used to 

measure angles. Surveyors in Europe 

use 400 gradians for a full turn (so that 

100 gradians form each right angle.) This 

system comes from France, and appears 

on scientific calculators as one of the 

options available to measure angles. We 

will not, however, use gradians to 

measure angles in the A Level course. 

Instead, a system that will be of use to 

us is the radians system. Here, a full 

term is equal to 2 radians (which, to 2 

decimal places, is equal to 6.28 radians). 

On first glance, using such a system will 

be more complicated – imagine, for 

example, measuring an obtuse angle using the protractor shown above. However, the major 

advantage of this system is that easier formulae appear when measuring angles in radians. 

 

 
Theory 

 
Example 
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Exericse 1 

(a) Complete the following table. Give your answers in terms of , if possible. 

Angle in degrees 0° 90°  360° 45°  100°  

Angle in radians    rad   
3𝜋

2
 rad  5 rad 

 

(b) Complete the following sentences.  
 

           To change an angle in degrees to be in radians, we must multiply by ........................................................................... 
 

   To change an angle in radians to be in degrees, we must multiply by ........................................................................... 

The Length of an Arc and the Area of a Sector 

Let us consider the diagram on the right, which shows a circle with radius 𝑟.  

To begin, let us calculate the length of the red arc, which is a fraction of the 

circle’s cicumference. 

In degrees         In radians 

Length of the arc = 
𝜃

360°
× 𝜋 × diameter      Length of the arc = 

𝜃

2𝜋
× 𝜋 × diameter 

           Length of the arc = 
𝜃

2
× diameter 

           Length of the arc = 𝜃 × radius 

           Length of the arc = 𝑟𝜃 

We see that the formula for arc length is much simpler when the angle is measured in radians.  

This is also true when calculating the area of the purple segment, which is a fraction of the circle’s area.  

In degrees         In radians 

Area of the sector = 
𝜃

360°
× 𝜋 × radius²      Area of the sector = 

𝜃

2𝜋
× 𝜋 × radius² 

           Area of the sector = 
𝜃

2
× radius² 

           Area of the sector = 
1

2
𝑟2𝜃 

Again the formula is simpler when measuring the angle in radians, as the two 𝜋 symbols cancel.  

To summarise, when measuring an angle in radians, 

             Length of an arc = 𝒓𝜽         Area of a sector = 
𝟏

𝟐
𝒓𝟐𝜽 

 

Area of a Segment of a Circle 

It is also useful to be able to remember the formula for calculating the area of a 

circle’s segment, as shown on the right. When measuring the angle 𝜃 in radians: 

          Area of the segment = Area of the sector – Area of the triangle  

          Area of the segment = 
1

2
𝑟2𝜃 −

1

2
𝑎𝑏 sin𝐶 

 

          Area of the segment = 
𝟏

𝟐
𝒓𝟐𝜽 −

𝟏

𝟐
𝒓𝟐 𝐬𝐢𝐧𝜽 

  

𝜃 

𝑟 

𝜃 

𝑟 

𝐶 

𝐴 

𝐵 
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Bhaskara was an eminent 

Indian mathematician in 

the 12th century. He 

published a number of 

books, including 

Siddhantasiromani, a book 

on astronomy that 

contained the two 

formulae shown on the 

right. 

sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 

sin(𝐴 − 𝐵) = sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵 
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What is the work?  
This workbook considers the formulae for 

sin(𝐴 ± 𝐵), cos(𝐴 ± 𝐵) and tan(𝐴 ± 𝐵). 

   

What is required before 

starting? 
 

GCSE Work: Angles, trigonometry, similar shapes. 

A Level Unit 1: Trigonometry. 

   

Where does this lead to?  

A Level Unit 3:  

• Double angle formulae. 

• Writing values for (e.g.) sin 15° without using a calculator. 

Applications:  

• Vibration theory. 

• Electrical circuit theory. 

 

 

The trigonometric functions are not distributive. This means that (for example) 

sin(𝐴 + 𝐵) ≠ sin 𝐴 + sin 𝐵. We can prove this by considering 𝐴 = 𝐵 = 45°: 

Left hand side = sin(45° + 45°)  Right hand side = sin 45° + sin 45° 

Left hand side = sin(90°)   Right hand side =
1

√2
+

1

√2
 

Left hand side = 1    Right hand side =
2

√2
 

1 ≠
2

√2
 so it is not true that sin(𝐴 + 𝐵) = sin 𝐴 + sin 𝐵. The correct formula for sin(𝐴 + 𝐵) is 

sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵. 

If 𝐴 and 𝐵 are acute angles, then we can prove this formula by considering the triangles on the right.  

𝑂𝑃𝑄 and 𝑂𝑄𝑅 are right-angled triangles containing the angles 𝐴 and 𝐵. 

𝑅𝑇 and 𝑆𝑄 are lines forming the right angles 𝑂𝑇̂𝑅 and 𝑅𝑆̂𝑄. 

𝑂𝑈̂𝑇 = 𝑅𝑈̂𝑄 therefore 𝑂𝑇𝑈 and 𝑈𝑅𝑄 are similar triangles. 

Therefore, 𝑈𝑅̂𝑄 = 𝐴. 

sin(𝐴 + 𝐵) =
𝑇𝑅

𝑂𝑅
 

 sin(𝐴 + 𝐵) =
𝑇𝑆+𝑆𝑅

𝑂𝑅
  

 sin(𝐴 + 𝐵) =
𝑃𝑄+𝑆𝑅

𝑂𝑅
  

 sin(𝐴 + 𝐵) =
𝑃𝑄

𝑂𝑅
+

𝑆𝑅

𝑂𝑅
   

 sin(𝐴 + 𝐵) =
𝑃𝑄

𝑂𝑄
×

𝑂𝑄

𝑂𝑅
+

𝑆𝑅

𝑄𝑅
×

𝑄𝑅

𝑂𝑅
  

 sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 

 𝑂 

𝑅 

𝑄 

𝑃 𝑇 

𝑆 

𝑈 

𝐴 

𝐵 

𝐴 

Theory 

 
Example 
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If we substitute −𝐵 instead of 𝐵 in the formula 

sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 

we obtain 

sin(𝐴 − 𝐵) = sin 𝐴 cos(−𝐵) + cos 𝐴 sin(−𝐵) 

Considering the symmetry of the sin and cos graphs shown below, we see that cos(−𝐵) = cos 𝐵 and  

sin(−𝐵) = − sin 𝐵. Therefore, 

sin(𝐴 − 𝐵) = sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵 

 

 

 

 

 

 

-1.5

-1

-0.5

0

0.5

1

1.5

-450 -360 -270 -180 -90 0 90 180 270 360 450

-1.5

-1

-0.5

0

0.5

1

1.5

-450 -360 -270 -180 -90 0 90 180 270 360 450

𝜃 

𝑦 = cos 𝜃 

𝑦 

𝑦 

𝜃 

𝑦 = sin 𝜃 
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If we substitute (
𝜋

2
− 𝐴) instead of 𝐴 in the formula 

 sin(𝐴 − 𝐵) = sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵 

we obtain 

sin (
𝜋

2
− 𝐴 − 𝐵) = sin (

𝜋

2
− 𝐴) cos 𝐵 − cos (

𝜋

2
− 𝐴) sin 𝐵  

sin (
𝜋

2
− 𝐴 − 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵  

(through the connection between the graphs of sin and cos) 

sin(𝑂𝑅̂𝑇) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵  

(considering the triangle 𝑂𝑅𝑇) 

cos (
𝜋

2
− 𝑂𝑅̂𝑇) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵 

(through the connection between the graphs of sin and cos) 

cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵 

(considering the triangle 𝑂𝑅𝑇) 

Then, if we substitute −𝐵 instead of 𝐵 in the formula 

cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵 

we obtain 

cos(𝐴 − 𝐵) = cos 𝐴 cos(−𝐵) − sin 𝐴 sin(−𝐵) 

cos(𝐴 − 𝐵) = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵 

(through the symmetry of the graphs of sin and cos) 

Next, remembering that tan 𝜃 =
sin 𝜃

cos 𝜃
, it follows that 

tan(𝐴 + 𝐵) =
sin(𝐴 + 𝐵)

cos(𝐴 + 𝐵)
 

tan(𝐴 + 𝐵) =
sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵

cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵
 

(using the previous formulae for sin(𝐴 + 𝐵) and cos(𝐴 + 𝐵)) 

 

tan(𝐴 + 𝐵) =

sin 𝐴 cos 𝐵
cos 𝐴 cos 𝐵 +

cos 𝐴 sin 𝐵
cos 𝐴 cos 𝐵

cos 𝐴 cos 𝐵
cos 𝐴 cos 𝐵 −

sin 𝐴 sin 𝐵
cos 𝐴 cos 𝐵

 

(dividing each term by cos 𝐴 cos 𝐵)  

tan(𝐴 + 𝐵) =
tan 𝐴 + tan 𝐵

1 − tan 𝐴 tan 𝐵
 

(cancelling and using tan 𝜃 =
sin 𝜃

cos 𝜃
)  

𝑂 

𝑅 

𝑄 

𝑃 𝑇 

𝑆 

𝑈 

𝐴 

𝐵 

𝐴 
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Finally, if we substitute −𝐵 instead of 𝐵 in the formula 

tan(𝐴 + 𝐵) =
tan 𝐴 + tan 𝐵

1 − tan 𝐴 tan 𝐵
 

we obtain 

tan(𝐴 − 𝐵) =
tan 𝐴 + tan(−𝐵)

1 − tan 𝐴 tan(−𝐵)
 

tan(𝐴 − 𝐵) =
tan 𝐴 − tan 𝐵

1 + tan 𝐴 tan 𝐵
 

(through the symmetry of the tan graph shown below, where tan(−𝐵) = − tan 𝐵)  

 

 

To summarise: 

 

 

sin(𝐴 ± 𝐵) = sin 𝐴 cos 𝐵 ± cos 𝐴 sin 𝐵 

 

cos(𝐴 ± 𝐵) = cos 𝐴 cos 𝐵 ∓ sin 𝐴 sin 𝐵 

 

tan(𝐴 ± 𝐵) =
tan 𝐴 ± tan 𝐵

1 ∓ tan 𝐴 tan 𝐵
 

 

  

-5

-4

-3

-2

-1

0

1

2

3

4

5

-450 -360 -270 -180 -90 0 90 180 270 360 450

𝜃 

𝑦 = tan 𝜃 

𝑦 

These formulae 

are given in the 

formula 

booklet. 
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sin(2𝐴) = 2 sin𝐴 cos𝐴 
 

cos(2𝐴) = cos2(𝐴) − sin2(𝐴) 

cos(2𝐴) = 1 − 2sin2(𝐴) 

cos(2𝐴) = 2cos2(𝐴) − 1 
 

tan(2𝐴) =
2 tan𝐴

1 − tan2𝐴
 

 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 2 

 

What is the work?  
This workbook considers the formulae for sin(2𝐴), cos(2𝐴) and 

tan(2𝐴). 

   

What is required before 

starting? 
 

A Level Unit 1: Trigonometry. 

A Level Unit 3: Trigonometric Addition Formulae. 

   

Where does this lead to?  

A Level Unit 3:  

• Integration of functions that contain (e.g.) sin2(𝑥). 
Applications:  

• Solving trigonometric equations by reducing the power of the 

equation. 

 

 

In the previous workbook, the following formulae were introducted for trigonometric addition: 

sin(𝐴 + 𝐵) = sin𝐴 cos𝐵 + cos𝐴 sin𝐵 

cos(𝐴 + 𝐵) = cos𝐴 cos𝐵 − sin𝐴 sin𝐵 

tan(𝐴 + 𝐵) =
tan𝐴 + tan𝐵

1 − tan𝐴 tan𝐵
 

We will now consider what happens above when the angles 𝐴 and 𝐵 are equal. 

sin(𝐴 + 𝐴) = sin𝐴 cos𝐴 + cos𝐴 sin𝐴 

sin(2𝐴) = 2 sin𝐴 cos𝐴 

cos(𝐴 + 𝐴) = cos𝐴 cos𝐴 − sin𝐴 sin𝐴 

cos(2𝐴) = cos2(𝐴) − sin2(𝐴) 

tan(𝐴 + 𝐴) =
tan𝐴 + tan𝐴

1 − tan𝐴 tan𝐴
 

tan(2𝐴) =
2 tan𝐴

1 − tan2𝐴
 

The above formulae are recognised as the formulae for double angles. In the case of the formula for cos(2𝐴), it 

turns out that using the identity sin2𝐴 + cos2𝐴 = 1 from the Unit 1 course makes the formula even more useful. 

cos(2𝐴) = cos2(𝐴) − sin2(𝐴)     cos(2𝐴) = cos2(𝐴) − sin2(𝐴)  
 cos(2𝐴) = (1 − sin2(𝐴)) − sin2(𝐴)    cos(2𝐴) = cos2(𝐴) − (1 − cos2(𝐴)) 

  cos(2𝐴) = 1 − 2sin2(𝐴)     cos(2𝐴) = cos2(𝐴) − 1 + cos2(𝐴) 

          cos(2𝐴) = 2cos2(𝐴) − 1 

  

Theory 
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Here is a summary of the formulae for double angles. These need to be memorised.  

 

 

      sin(2𝐴) = 2 sin𝐴 cos𝐴 
 

      cos(2𝐴) = cos2(𝐴) − sin2(𝐴) 

      cos(2𝐴) = 1 − 2sin2(𝐴) 

      cos(2𝐴) = 2cos2(𝐴) − 1 
 

      tan(2𝐴) =
2 tan𝐴

1−tan2𝐴
 

 

Challenge!  

Show that it is possible to write (a) sin(2𝐴) =
2 tan𝐴

1+tan2(𝐴)
,  (b) cos(2𝐴) =

1−tan2(𝐴)

1+tan2(𝐴)
. 
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13

The small angle 

approximations use part of 

these Taylor series for 

sin, cos and tan. 

sinሺ𝜃ሻ = 𝜃 −
𝜃3

3!
+

𝜃5

5!
−

𝜃7

7!
+

𝜃9

9!
− ⋯ 

cosሺ𝜃ሻ = 1 −
𝜃2

2!
+

𝜃4

4!
−

𝜃5

5!
+

𝜃7

7!
− ⋯ 

tanሺ𝜃ሻ = 𝜃 +
2𝜃3

3!
+

16𝜃5

5!
+

272𝜃7

7!
+ ⋯ 

 

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

−2𝜋 −
3𝜋

2
  −𝜋 −

𝜋

2
  0 𝜋

2
  𝜋 3𝜋

2
  2𝜋 

 

𝑦 = sin 𝜃 

𝑦 = 𝜃 𝑦 = 𝜃 −
𝜃3

3!
  𝑦 = 𝜃 −

𝜃3

3!
+

𝜃5

5!
  𝑦 

𝜃 
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What is the work?  

If you have an angle 𝜃 that is sufficiently small, then it is possible to use 

alternate expressions for sin 𝜃, cos 𝜃 and tan 𝜃, ones that do not 

require a calculator in order to calculate them. 

   

What is required before 

starting? 
 

GCSE Work: Trigonometry, area of a sector, inequalities.  

A Level Unit 3: Measuring angles in radians, trigonometric addition 

formulae. 

   

Where does this lead to?  

A Level Unit 3: 

• Differentiating sin 𝜃 and cos 𝜃 from first principles. 

Applications:  

• Measuring the distance to the stars. 

• The “one in 60” rule when flying. 

 

 

If we have a small angle measured in radians, then we can use the following approximations. 

sin 𝜃 ≈ 𝜃  cos 𝜃 ≈ 1 −
𝜃2

2
   tan 𝜃 ≈ 𝜃 

The approximations are correct to three significant figures if –0.115 < 𝜃 < 0.115 (around –6.6° < 𝜃 < 6.6°), and are 

correct to two significant figures if –0.241 < 𝜃 < 0.241 (around –13.8° < 𝜃 < 13.8°). The approximation for cos is 

the most accurate, and the approximation for tan is the least accurate. 

Sin Proof 

Let a small angle 𝜃 form the sector 𝑂𝐴𝐵 of a circle. The area of the sector is 
1

2
𝑟2𝜃. 

 

 

 

 

Let us add the chord 𝐴𝐵 and extend the radius 𝑂𝐴 to reach the point 𝐶 so that 𝑂𝐵 and 𝐵𝐶 are perpendicular. 

 

 

 

 

𝑂𝐶𝐵 is a right-angled triangle with base 𝑟 and height 𝑟 tan 𝜃. 

The area of the triangle 𝑂𝐶𝐵 is 
1

2
𝑟2 tan 𝜃. 

The area of the isosceles triangle 𝑂𝐴𝐵 is 
1

2
𝑟2 sin 𝜃. 

𝜃 

𝑟 

𝑟 

𝑂 

𝐴 

𝐵 

𝜃 

𝑟 

𝑟 

𝑂 

𝐴 

𝐵 

𝐶 

GCSE 

Trigonometry 

Theory 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 3 

Area of triangle 𝑂𝐴𝐵 < area of sector 𝑂𝐴𝐵 < area of triangle 𝑂𝐶𝐵 

1

2
𝑟2 sin 𝜃 <

1

2
𝑟2𝜃 <

1

2
𝑟2 tan 𝜃 

We can divide by 
1

2
𝑟2 as it is always positive. 

sin 𝜃 < 𝜃 < tan 𝜃 

Because 𝜃 is a small positive angle, sin 𝜃 is positive. We can therefore divide the inequality by sin 𝜃. 

sin 𝜃

sin 𝜃
<

𝜃

sin 𝜃
<

tan 𝜃

sin 𝜃
 

1 <
𝜃

sin 𝜃
<

sin 𝜃

cos 𝜃
×

1

sin 𝜃
 

1 <
𝜃

sin 𝜃
< sec 𝜃 

As 𝜃 approaches 0, sec 𝜃 approaches 1  

(consider the graphs on the right).  

Therefore, as 𝜃 approaches 0, 
𝜃

sin 𝜃
 lies between 

1 and a number approaching 1. 

Therefore, as θ approaches 0, 
𝜃

sin 𝜃
 approaches 1. 

This means that sin 𝜃 ≈ 𝜃 for small values of 𝜃. 

Tan Proof 

The proof for tan is very similar to the proof for 

sin. We use exactly the same steps until we 

reach the inequality  

sin 𝜃 < 𝜃 < tan 𝜃 

Here, we divide by tan 𝜃 (instead of by sin 𝜃): 

sin 𝜃

tan 𝜃
<

𝜃

tan 𝜃
<

tan 𝜃

tan 𝜃
 

sin 𝜃

sin 𝜃
cos 𝜃

<
𝜃

tan 𝜃
< 1 

cos 𝜃 <
𝜃

tan 𝜃
< 1 

As 𝜃 approaches 0, cos 𝜃 approaches 1  

(consider the graph on the right).  

Therefore, as 𝜃 approaches 0, 
𝜃

tan 𝜃
 lies between 

a number approaching 1 and 1. 

Therefore, as 𝜃 approaches 0, 
𝜃

tan 𝜃
 approaches 1. 

This means that tan 𝜃 ≈ 𝜃 for small values of 𝜃. 

 

-1.5

-1

-0.5

0

0.5

1

1.5

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

𝑦 

𝑦 

𝜃 

𝜃 

𝑦 = sec 𝜃 

−2𝜋 −
3𝜋

2
  −𝜋 −

𝜋

2
  0 𝜋

2
  𝜋 3𝜋

2
  2𝜋 

 

−2𝜋 −
3𝜋

2
  −𝜋 −

𝜋

2
  0 𝜋

2
  𝜋 3𝜋

2
  2𝜋 

 

𝑦 = cos 𝜃 
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Cos Proof 

We use the double angle identity cos 2𝜃 ≡ 1 − 2sin2𝜃 to find the approximation for cos. 

In the identity, we halve the angles, so that 2𝜃 changes to be 𝜃, and 𝜃 changes to be 
𝜃

2
. 

cos 𝜃 ≡ 1 − 2sin2 (
𝜃

2
) 

If 
𝜃

2
 is a small angle, then we can use the approximation sin (

𝜃

2
) ≈

𝜃

2
, so that 

cos 𝜃 ≈ 1 − 2 (
𝜃

2
)

2

 

cos 𝜃 ≈ 1 −
𝜃2

2
 

Summary 

If 𝜃 is a small angle, then  

 

sin 𝜃 ≈ 𝜃 

cos 𝜃 ≈ 1 −
𝜃2

2
 

tan 𝜃 ≈ 𝜃 

 

 

 

Exercise 1 

If 𝜃 is a small angle, find an approximation for the expression 
sin 3𝜃

1+cos 2𝜃
. 
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Exact Values 

Consider a right-angled triangle where the length of the shortest sides are 1 unit.  

It is possible to use this triangle to calculate the exact values of sin, cos and tan  

for the angle 
𝜋

4
 (or 45°).  

  sin (
𝜋

4
) =

opposite

hypotenuse
  cos (

𝜋

4
) =

adjacent

hypotenuse
 tan (

𝜋

4
) =

opposite

adjacent
 

 sin (
𝜋

4
) =

1

√2
   cos (

𝜋

4
) =

1

√2
  tan (

𝜋

4
) = 1 

 

Next, consider an equilateral triangle where the length of the sides are 2 units.  

By splitting this triangle in half, it is possible to calculate the exact values of  

sin, cos and tan for the angles 
𝜋

6
 (or 30°) and 

𝜋

3
 (or 60°). 

 sin (
𝜋

6
) =

opposite

hypotenuse
  cos (

𝜋

6
) =

adjacent

hypotenuse
 tan (

𝜋

6
) =

opposite

adjacent
 

  sin (
𝜋

6
) =

1

2
   cos (

𝜋

6
) =

√3

2
  tan (

𝜋

6
) =

1

√3
 

 

 sin (
𝜋

3
) =

opposite

hypotenuse
  cos (

𝜋

3
) =

adjacent

hypotenuse
 tan (

𝜋

3
) =

opposite

adjacent
 

sin (
𝜋

3
) =

√3

2
   cos (

𝜋

3
) =

1

2
  tan (

𝜋

3
) = √3 

 

Summary 

 sin cos tan 

0 0 1 0 

𝜋

6
 (or 30°) 

1

2
 

√3

2
 

1

√3
 

𝜋

4
 (or 45°) 

1

√2
 

1

√2
 1 

𝜋

3
 (or 60°) √3

2
 

1

2
 √3 

𝜋

2
 (or 90°) 1 0 Not defined 

 

We can find the value of sin, cos and tan for other multiplies of 
𝜋

6
 (or 30°) by using the symmetry in the graphs of 

sin, cos and tan. 

 

 

𝜋

4
  

𝜋

4
  

1  

1  

√2 

o
p

p
o

si
te

 

adjacent 

𝜋

6
  𝜋

6
  

𝜋

3
  

𝜋

3
  

2  2  

1  1  
opposite 

ad
ja

ce
n

t 

o
p

p
o

si
te

 

adjacent 

√3 
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Exercise 2 

If 𝜃 is a small angle, show that tan (
𝜋

4
+ 𝜃) ≈

1+𝜃

1−𝜃
. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

Exercise 3 

If 𝜃 is sufficiently small so that you can ignore 𝜃2, show that 4 sin (
𝜋

4
− 𝜃) ≈ 2√2ሺ1 − 𝜃ሻ. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 
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............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 
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Exericse 4 

Given that 1° ≈ 0.017 radian, find values for each of the following without using the trigonometric functions on your 

calculator. 

(a) tanሺ61°ሻ 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

(b) sinሺ29°ሻ 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 
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Carl Friedrick 

Gauss was a 

famous German 

mathematician. In 

his primary school, 

he amazed his 

teacher by quickly 

adding the numbers 

between 1 and 100. 
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What is the work?  

Given an arithmetic series where we add the same number to obtain the 

next number, how can we find the 𝑛th term, or the sum of the first 𝑛 

terms? 

   

What is required before 

starting? 
 

GCSE Work: Solving equations, 𝑛th term. 

A Level Unit 1: Solving quadratic equations. 

   

Where does this lead to?  

Applications:  

 Finance: borrowing and investing money. 

 Studying how populations change. 

 Managing time in large projects. 

 

 

A sequence of numbers is an arithmetic sequence if we add the same constant to obtain the next number in the 

sequence. For example, the sequence 5, 8, 11, 14, 17, ... is an arithmetic sequence where the first term is 5 and the 

common difference is 3. 

Terminology 

𝑎 First term of the sequence 

𝑑 The common difference 

𝑙 Last term of the sequence, if one exists 

𝑡𝑛  The 𝑛th term of the sequence 

For an arithmetic sequence with first term 𝑎 and common difference 𝑑: 

First term:      𝑡1 = 𝑎 

Second term:      𝑡2 = 𝑎 + 𝑑 

Third term:      𝑡3 = 𝑎 + 2𝑑 

Fourth term:      𝑡4 = 𝑎 + 3𝑑 

Nth term:      𝑡𝑛 = 𝑎 + (𝑛 − 1)𝑑 

For all integers 𝑛,  

       𝑑 = 𝑡𝑛+1 − 𝑡𝑛 

Exercise 1 

For the arithmetic sequence 9, 14, 19, 24, 29, ..., write down 

(a) 𝑎 ....................................................................................  (b) 𝑑 ............................................................................... 

(c) 𝑡7 ...................................................................................  (d) 𝑡𝑛 ............................................................................ 

It is possible to consider the sum of the first 𝑛 terms in an arithmetic sequence, written as 𝑆𝑛. 

For the arithmetic sequence 5, 8, 11, 14, 17, ....  

𝑆3 = 5 + 8 + 11 = 24 

𝑆6 = 5 + 8 + 11 + 14 + 17 + 20 = 75 

The proof for calculating 𝑆𝑛 needs to be learnt. 

Theory 
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Prove that the sum of the first 𝑛 terms of an arithmetic sequence with first term 𝑎 and common 

difference 𝑑 is given by  

𝑆𝑛 =
1

2
𝑛(𝑎 + 𝑙). 

Proof 

Let us write the terms of the arithmetic series in order and then in reverse order. 

𝑆𝑛  = 𝑡1 + 𝑡2 + 𝑡3 + ⋯ + 𝑡𝑛−1 + 𝑡𝑛 

𝑆𝑛 = 𝑡𝑛 + 𝑡𝑛−1 + 𝑡𝑛−2 + ⋯ + 𝑡2 + 𝑡1 

By adding the above we obtain 

𝑆𝑛 + 𝑆𝑛 = (𝑡1 + 𝑡𝑛) + (𝑡2 + 𝑡𝑛−1) + (𝑡3 + 𝑡𝑛−2) +⋯+ (𝑡𝑛−1 + 𝑡2) + (𝑡𝑛 + 𝑡1). 

Each of the expressions in brackets is equivalent to 𝑡1 + 𝑡𝑛. For example, 

𝑡2 + 𝑡𝑛−1 = (𝑡1 + 𝑑) + (𝑡𝑛 − 𝑑) = 𝑡1 + 𝑡𝑛, and 

𝑡3 + 𝑡𝑛−2 = (𝑡1 + 2𝑑) + (𝑡𝑛 − 2𝑑) = 𝑡1 + 𝑡𝑛.  

Therefore 2𝑆𝑛 = (𝑡1 + 𝑡𝑛) + (𝑡1 + 𝑡𝑛) + (𝑡1 + 𝑡𝑛) + ⋯+ (𝑡1 + 𝑡𝑛)⏟                                 

 

  2𝑆𝑛 = 𝑛(𝑡1 + 𝑡𝑛)  

  𝑆𝑛 =
1

2
𝑛(𝑡1 + 𝑡𝑛).  

But 𝑡1 is the first term 𝑎 of the arithmetic sequence and 𝑡𝑛 is the last term 𝑙 of the arithmetic sequence, so 

𝑆𝑛 =
1

2
𝑛(𝑎 + 𝑙).                    QED 

Prove that the sum of the first 𝑛 terms of an arithmetic sequence with first term 𝑎 and common 

difference 𝑑 is given by 

𝑆𝑛 =
1

2
𝑛(2𝑎 + (𝑛 − 1)𝑑). 

Proof 

Let us write the terms of the arithmetic series in order and then in reverse order. 

𝑆𝑛  = 𝑡1 + 𝑡2 + 𝑡3 + ⋯ + 𝑡𝑛−1 + 𝑡𝑛 

𝑆𝑛 = 𝑡𝑛 + 𝑡𝑛−1 + 𝑡𝑛−2 + ⋯ + 𝑡2 + 𝑡1 

By adding the above we obtain 

𝑆𝑛 + 𝑆𝑛 = (𝑡1 + 𝑡𝑛) + (𝑡2 + 𝑡𝑛−1) + (𝑡3 + 𝑡𝑛−2) +⋯+ (𝑡𝑛−1 + 𝑡2) + (𝑡𝑛 + 𝑡1). 

Each of the expressions in brackets is equivalent to 𝑡1 + 𝑡𝑛. For example, 

𝑡2 + 𝑡𝑛−1 = (𝑡1 + 𝑑) + (𝑡𝑛 − 𝑑) = 𝑡1 + 𝑡𝑛, and 

𝑡3 + 𝑡𝑛−2 = (𝑡1 + 2𝑑) + (𝑡𝑛 − 2𝑑) = 𝑡1 + 𝑡𝑛.  

Therefore 2𝑆𝑛 = (𝑡1 + 𝑡𝑛) + (𝑡1 + 𝑡𝑛) + (𝑡1 + 𝑡𝑛) + ⋯+ (𝑡1 + 𝑡𝑛)⏟                                 

 

  2𝑆𝑛 = 𝑛(𝑡1 + 𝑡𝑛)  

  𝑆𝑛 =
1

2
𝑛(𝑡1 + 𝑡𝑛).   

But the 𝑛th term of an arithmetic sequence is 𝑡𝑛 = 𝑎 + (𝑛 − 1)𝑑, so 

 

  𝑆𝑛 =
1

2
𝑛(𝑎 + (𝑎 + (𝑛 − 1)𝑑))  

  𝑆𝑛 =
1

2
𝑛(2𝑎 + (𝑛 − 1)𝑑).                 QED 

𝑛 times 

𝑛 times 
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13

An infinite number of 

mathematicians walk into a bar. 

The first one orders a drink, the 

second one orders half a drink, the 

third one wants a quarter of a 

drink, and the next one wants just 
1

8
th. The bartender sees where this 

is going, and stops them before 

anyone else can order. The 

bartender pours two drinks, hands 

them over, and says “you 

mathematicians should really know 

your limits”. 
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What is the work?  

Given a geometric series where we multiply the same number to obtain 

the next number, how can we find the 𝑛th term, or the sum of the first 

𝑛 terms? 

   

What is required before 

starting? 
 

GCSE Work: Solving equations, 𝑛th term. 

A Level Unit 1: Solving quadratic equations, logarithms. 

   

Where does this lead to?  

Applications:  

• The expansion rate of the universe. 

• Radioactive decay. 

• Compound interest. 

 

 

A sequence of numbers is a geometric sequence if we multiply by the same constant to obtain the next number in 

the sequence. For example, the sequence 3, 6, 12, 24, 48, ... is a geometric sequence where the first term is 3 and 

the common ratio is 2. 

Terminology 

𝑎 First term of the sequence 

𝑟 The common ratio 

𝑙 Last term of the sequence, if one exists 

𝑡𝑛  The 𝑛th term of the sequence 

For a geometric series with first term 𝑎 and common ratio 𝑟: 

First term:      𝑡1 = 𝑎 

Second term:      𝑡2 = 𝑎𝑟 

Third term:      𝑡3 = 𝑎𝑟2 

Fourth term:      𝑡4 = 𝑎𝑟3 

Nth term:      𝑡𝑛 = 𝑎𝑟𝑛−1 

For all integers 𝑛,  

       𝑟 =
𝑡𝑛+1

𝑡𝑛
   

Exercise 1 

For the geometric series 2, 6, 18, 54, 162, ..., write down 

(a) 𝑎 ....................................................................................  (b) 𝑟 ...............................................................................  

(c) 𝑡7 ...................................................................................  (d) 𝑡𝑛 ............................................................................ 

It is possible to consider the sum of the first 𝑛 terms in a geometric series, written as 𝑆𝑛. 

For the geometric series 3, 6, 12, 24, 48, ... 

𝑆3 = 3 + 6 + 12 = 21 

𝑆6 = 3 + 6 + 12 + 24 + 48 + 96 = 189 

Theory 
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The proof for calculating 𝑆𝑛 needs to be learnt. 

Prove that the sum of the first 𝑛 terms in a geometric series with first term 𝑎 and common ratio 𝑟 is given by  

𝑆𝑛 =
𝑎(1 − 𝑟𝑛)

1 − 𝑟
. 

Proof 

1st Term: 𝑡1 = 𝑎  

2nd Term: 𝑡2 = 𝑎𝑟 

Nth Term: 𝑡𝑛 = 𝑎𝑟𝑛−1 

Sum of the first 𝑛 terms: 𝑆𝑛 = 𝑡1 + 𝑡2 +⋯+ 𝑡𝑛−1 + 𝑡𝑛 

    𝑆𝑛 = 𝑎 + 𝑎𝑟 +⋯+ 𝑎𝑟𝑛−2 + 𝑎𝑟𝑛−1   ––––– 

Multiply by 𝑟:   𝑟𝑆𝑛 = 𝑎𝑟 + 𝑎𝑟2 +⋯+ 𝑎𝑟𝑛−1 + 𝑎𝑟𝑛   ––––– 

Subtracting  – :  𝑆𝑛 − 𝑟𝑆𝑛 = 𝑎 − 𝑎𝑟𝑛 

    𝑆𝑛(1 − 𝑟) = 𝑎(1 − 𝑟𝑛) 

    𝑆𝑛 =
𝑎(1−𝑟𝑛)

1−𝑟
                 QED 

Sum to Infinity 

If |𝑟| < 1, then we can consider the sum 𝑆∞ of all the terms in a geometric series. 

Proof 

If |𝑟| < 1 (so that −1 < 𝑟 < 1), then 𝑟𝑛 will become closer and closer to 0 as 𝑛 increases.  

We say that 𝑟𝑛 → 0 as 𝑛 → ∞.  

So, if |𝑟| < 1,   

𝑆𝑛 =
𝑎(1 − 𝑟𝑛)

1 − 𝑟
 

𝑆𝑛 →
𝑎(1 − 0)

1 − 𝑟
 

𝑆∞ =
𝑎

1 − 𝑟
. 

 

Exercise 2 

Read the joke on the cover of the workbook. 

The joke describes a geometric series where 𝑎 = 1 and 𝑟 =
1

2
. Write down 

(a) 𝑡6 ............................................................................................................................................................................................................. 

(b) 𝑆6 ............................................................................................................................................................................................................ 

........................................................................................................................................................................................................................ 

(c) 𝑆∞ ............................................................................................................................................................................................................ 

........................................................................................................................................................................................................................ 

........................................................................................................................................................................................................................ 

........................................................................................................................................................................................................................ 

  

𝑟𝑛 tends to 0 as 

𝑛 tends to ∞. 
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What is the work?  

Learning how to recognise arithmetic sequences; geometric sequences; 

increasing sequences; decreasing sequences; periodic sequences; and 

sequences of the form 𝑥𝑛+1 = 𝑓(𝑥𝑛). 

   

What is required before 

starting? 
 

GCSE Work: Solving equations, 𝑛th term. 

A Level Unit 1: Solving quadratic equations. 

A Level Unit 3: Arithmetic sequences; geometric sequences. 

   

Where does this lead to?  

Applications:  

• Periodic sequences can model circular situations, e.g. the motion 

of planets; radio waves; tides. 

 

 

A sequence of numbers is an arithmetic sequence if we add the same constant to obtain the next number in the 

sequence. 

𝑡𝑛 = 𝑎 + (𝑛 − 1)𝑑 

Example 1 𝑡𝑛 = 4 + 3(𝑛 − 1). 

   The sequence is 4, 7, 10, 13, 16, … 

A sequence of numbers is a geometric sequence if we multiply by the same constant to obtain the next number in 

the sequence. 

𝑡𝑛 = 𝑎𝑟𝑛−1 

Example 2 𝑡𝑛 = 5 × 2𝑛−1. 

   The sequence is 5, 10, 20, 40, 80, … 

A sequence of numbers is a periodic sequence if the sequence repeats itself after 𝑥 terms. 𝑥 is the period of the 

sequence. 

Example 3 𝑡𝑛 = (−1)𝑛. 

   The sequence is −1, 1, −1, 1, −1, …  
   This is a periodic sequence with period 2.  

A sequence of numbers is an increasing sequence if 𝑡𝑛+1 > 𝑡𝑛 for all 𝑛 ≥ 1. 

The sequences in examples 1 and 2 are increasing sequences. 

A sequence of numbers is a decreasing sequence if 𝑡𝑛+1 < 𝑡𝑛 for all 𝑛 ≥ 1. 

Note: a periodic sequence is neither increasing nor decreasing. 
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Exericse 1 

Are the following sequences increasing, decreasing or periodic? 

 Nth Term 
1st 

Term 

2nd 

Term 

3rd 

Term 

4th 

Term 

5th 

Term 

Increasing, Decreasing 

or Periodic? 

(a) 𝑡𝑛 = 4𝑛 + 3       

(b) 𝑡𝑛 =
5

𝑛 + 1
       

(c) 𝑡𝑛 = 𝑛2 + 2𝑛 + 5       

(d) 𝑡𝑛 = sin(30𝑛)°       

(e) 𝑡𝑛 = 3 − 2𝑛       

(f) 𝑡𝑛 =
𝑛

𝑛 + 1
       

 

Exercise 2 

For the increasing sequences in Exercise 1, prove that they are increasing, by showing that 𝑡𝑛+1 − 𝑡𝑛 is always 

positive.  

For the decreasing sequences in Exercise 1, prove that they are decreasing, by showing that 𝑡𝑛+1 − 𝑡𝑛 is always 

negative. 

For the periodic sequences in Exercise 1, find the period of the sequences. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 4 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 5 

 

(Unit 3 Summer 2022) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 6 

(Unit 3 Summer 2019) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 7 

(C2 Winter 2010) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 8 

(Sample Assessment Materials) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 9 

(Unit 3 Summer 2024) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 10 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



@mathemateg 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

  

13

1000 × 494 pixels. JPEG 100%. 440 Kb 

1000 × 494 pixels. JPEG 10%. 31 Kb 1000 × 494 pixels. JPEG 1%. 16 Kb 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 2 

 

What is the work?  
Considering how to develop the Unit 1 work on expanding (𝑎 + 𝑏𝑥)𝑛 

to include cases where 𝑛 is a negative number or a fraction. 

   

What is required before 

starting? 
 

GCSE Work: Expanding brackets; simplifying; substitution; rules of 

indices; solving inequalities.  

A Level Unit 1: Binomial expansion. 

   

Where does this lead to?  
We can use this work to estimate the value of algebraic expressions or 

irrational numbers. 

 

 

Unit 1 Revision  

If 𝑛 is a positive integer, then 

(1 + 𝑥)𝑛 = 1 + (
𝑛

1
) 𝑥 + (

𝑛

2
) 𝑥2 + (

𝑛

3
)𝑥3 +⋯+ 𝑥𝑛 

(𝑎 + 𝑥)𝑛 = 𝑎𝑛 + (
𝑛

1
)𝑎𝑛−1𝑥 + (

𝑛

2
)𝑎𝑛−2𝑥2 + (

𝑛

3
)𝑎𝑛−3𝑥3 +⋯+ 𝑥𝑛 

(𝑎 + 𝑏𝑥)𝑛 = 𝑎𝑛 + (
𝑛

1
)𝑎𝑛−1(𝑏𝑥) + (

𝑛

2
) 𝑎𝑛−2(𝑏𝑥)2 + (

𝑛

3
)𝑎𝑛−3(𝑏𝑥)3 +⋯+ (𝑏𝑥)𝑛 

where (𝑛
𝑟
) represents how many ways 𝑟 items can be chosen from 𝑛 items, and can be calculated from Pascal’s 

triangle or the nCr button on a calculator. 

Example 1 

Expand (1 + 3𝑥)4. 

Pascal’s Triangle:     1 

      1  1 

     1  2  1 

    1  3  3  1 

   1  4  6  4  1 

(1 + 3𝑥)4 = 1(1)4(3𝑥)0 + 4(1)3(3𝑥)1 + 6(1)2(3𝑥)2 + 4(1)1(3𝑥)3 + 1(1)0(3𝑥)4  

(1 + 3𝑥)4 = 1(1)4 + 4(1)3(3𝑥)1 + 6(1)2(3𝑥)2 + 4(1)1(3𝑥)3 + 1(3𝑥)4  

(1 + 3𝑥)4 = 1 + 4(3𝑥) + 6(9𝑥2) + 4(27𝑥3) + 1(81𝑥4)  

(1 + 3𝑥)4 = 1 + 12𝑥 + 54𝑥2 + 108𝑥3 + 81𝑥4  

If 𝑛 is not a positive integer, then  

• We cannot find (𝑎 + 𝑏𝑥)𝑛 by multiplying out (𝑎 + 𝑏𝑥) 𝑛 times; 

• It is not possible to use Pascal’s triangle or the nCr button on a calculator to calculate the coefficients. 

We must instead use an infinite series and the general definition of (𝑛
𝑟
). 

Theory 
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In general, 

(
𝑛

𝑟
) =

𝑛!

𝑟! (𝑛 − 𝑟)!
 

where 𝑛! = 𝑛 × (𝑛 − 1) × (𝑛 − 2) ×⋯× 3 × 2 × 1. 

For example, 

(
𝑛

4
) =

𝑛!

4! (𝑛 − 4)!
 

(
𝑛

4
) =

𝑛 × (𝑛 − 1) × (𝑛 − 2) × (𝑛 − 3) × (𝑛 − 4) × (𝑛 − 5) × ⋯× 3 × 2 × 1

[4 × 3 × 2 × 1] × [(𝑛 − 4) × (𝑛 − 5) ×⋯× 3 × 2 × 1]
 

(
𝑛

4
) =

𝑛(𝑛 − 1)(𝑛 − 2)(𝑛 − 3)

4 × 3 × 2 × 1
 

So, for a positive integer 𝑛, 

(𝑎 + 𝑏𝑥)𝑛 = 𝑎𝑛 + 𝑛𝑎𝑛−1(𝑏𝑥) +
𝑛(𝑛 − 1)

2 × 1
𝑎𝑛−2(𝑏𝑥)2 +

𝑛(𝑛 − 1)(𝑛 − 2)

3 × 2 × 1
𝑎𝑛−3(𝑏𝑥)3 +⋯+ (𝑏𝑥)𝑛 

If 𝑛 is not a positive integer, then we cannot say how many terms are in the series. It is however possible to write 

the expansion as an infinite series: 

(𝑎 + 𝑏𝑥)𝑛 = 𝑎𝑛 + 𝑛𝑎𝑛−1(𝑏𝑥) +
𝑛(𝑛 − 1)

2 × 1
𝑎𝑛−2(𝑏𝑥)2 +

𝑛(𝑛 − 1)(𝑛 − 2)

3 × 2 × 1
𝑎𝑛−3(𝑏𝑥)3 +⋯ 

The expansion is only sensible if the terms get progressively smaller (closer to zero). This happens when  

|
𝑏𝑥

𝑎
| < 1 

and this is when the expansion is valid. 

Example 2 

Expand (3 + 2𝑥)−
1

2  up to and including the term in 𝑥2. Note when your expansion is valid. 

(3 + 2𝑥)−
1

2 = 3−
1

2 + (−
1

2
) × 3−

1

2
−1 × (2𝑥) +

(−
1

2
)(−

1

2
−1)

2×1
× 3−

1

2
−2 × (2𝑥)2 +⋯  

(3 + 2𝑥)−
1

2 = 3−
1

2 + (−
1

2
) × 3−

3

2 × (2𝑥) +
(−

1

2
)(−

3

2
)

2×1
× 3−

5

2 × (2𝑥)2 +⋯  

(3 + 2𝑥)−
1

2 = 3−
1

2 − 3−
3

2𝑥 +
3

8
× 3−

5

2 × 4𝑥2 +⋯  

(3 + 2𝑥)−
1

2 = 3−
1

2 − 3−
3

2𝑥 + 3−
5

2 ×
3

2
𝑥2 +⋯  

(3 + 2𝑥)−
1

2 =
1

3
1
2

−
1

3
3
2

𝑥 +
1

3
5
2

×
3

2
𝑥2 +⋯  

(3 + 2𝑥)−
1

2 =
1

√3
−

1

3√3
𝑥 +

1

9√3
×

3

2
𝑥2 +⋯  

(3 + 2𝑥)−
1

2 =
1

√3
−

1

3√3
𝑥 +

1

6√3
𝑥2 +⋯  

(3 + 2𝑥)−
1

2 =
√3

3
−

√3

9
𝑥 +

√3

18
𝑥2 +⋯  

(3 + 2𝑥)−
1

2 ≈
√3

3
(1 −

𝑥

3
+

𝑥2

6
)     (up to and including the term in 𝑥2) 

The expansion is valid if |
2𝑥

3
| < 1, so that |𝑥| <

3

2
. 
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𝑦 
𝑑𝑦

𝑑𝑥
 

(𝑓(𝑥))𝑛 𝑛(𝑓(𝑥))𝑛−1𝑓′(𝑥) 

𝑢𝑣 𝑢
𝑑𝑣

𝑑𝑥
+ 𝑣

𝑑𝑢

𝑑𝑥
 

𝑢

𝑣
 𝑣

𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
 

sin(𝑓(𝑥)) 𝑓′(𝑥) cos(𝑓(𝑥)) 

cos(𝑓(𝑥)) −𝑓′(𝑥) sin(𝑓(𝑥)) 

tan(𝑓(𝑥)) 𝑓′(𝑥) sec2(𝑓(𝑥)) 

sec(𝑓(𝑥)) 𝑓′(𝑥) sec(𝑓(𝑥)) tan(𝑓(𝑥)) 

cosec(𝑓(𝑥)) −𝑓′(𝑥) cosec(𝑓(𝑥)) cot(𝑓(𝑥)) 

cot(𝑓(𝑥)) −𝑓′(𝑥) cosec2(𝑓(𝑥)) 

sin−1(𝑓(𝑥)) 
𝑓′(𝑥)

√1 − (𝑓(𝑥))2
 

cos−1(𝑓(𝑥)) −
𝑓′(𝑥)

√1 − (𝑓(𝑥))2
 

tan−1(𝑓(𝑥)) 
𝑓′(𝑥)

1 + (𝑓(𝑥))2
 

𝑒𝑓(𝑥) 𝑓′(𝑥)𝑒𝑓(𝑥) 

𝑎𝑓(𝑥) 𝑓′(𝑥)𝑎𝑓(𝑥) ln(𝑎) 

ln(𝑓(𝑥)) 
𝑓′(𝑥)

𝑓(𝑥)
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What is the work?  

Consider how to develop the Unit 1 work on differentiation to include 

trigonometric, exponential and logarithmic functions. Understand how 

to differentiate combinations of functions using the product rule, the 

quotient rule and the chain rule. 

   

What is required before 

starting? 
 

GCSE Work: Substitution, solving equations, changing the subject.  

A Level Unit 1: Differentiation. 

   

Where does this lead to?  
Finding the rate of change in physics, engineering and chemical problems 

(and more!). 

 

 

Unit 1 Revision  

If 𝑦 = 𝑎𝑥𝑛 then 
𝑑𝑦

𝑑𝑥
= 𝑛𝑎𝑥𝑛−1. (The notation 

𝑑𝑦

𝑑𝑥
 or 𝑦′ is used to represent the gradient.) 

Example 1 

𝑦 𝑑𝑦

𝑑𝑥
 

5𝑥2 10𝑥 

8𝑥5 + 3𝑥2 + 8𝑥 + 4  40𝑥4 + 6𝑥 + 8 

−5𝑥3 + 2𝑥−6 −15𝑥2 − 12𝑥−7 
 

Exercise 1 

Complete the following table. 

𝑦 𝑑𝑦

𝑑𝑥
 

4𝑥7  

6𝑥3 − 12𝑥 + 5  

18𝑥3 + 12𝑥−4 −
6

𝑥
   

 

Exercise 2 

If 𝑦 = 4𝑥3 + 5, find the value of 𝑦′ if 𝑥 = 2. 

............................................................................................................................. ............................................................................................................................................................................. 
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Trigonometric Functions 

Proof 

If 𝑦 = sin 𝑥, find 
𝑑𝑦

𝑑𝑥
 from first principles. 

From Unit 1, to differentiate from first principles we use 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
. 

So 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

sin(𝑥+ℎ)−sin(𝑥)

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

sin(𝑥) cos(ℎ)+cos(𝑥) sin(ℎ)−sin(𝑥)

ℎ
  using sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 

As ℎ → 0, sin(ℎ) → ℎ and cos(ℎ) → 1 −
ℎ2

2
.  

So 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

sin(𝑥)(1−
ℎ2

2
)+cos(𝑥)ℎ−sin(𝑥)

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

sin(𝑥)−sin(𝑥)(
ℎ2

2
)+cos(𝑥)ℎ−sin(𝑥)

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

−sin(𝑥)(
ℎ2

2
)+cos(𝑥)ℎ

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0
−sin(𝑥) (

ℎ

2
) + cos(𝑥) 

  
𝑑𝑦

𝑑𝑥
= −sin(𝑥) (

0

2
) + cos(𝑥) 

  
𝑑𝑦

𝑑𝑥
= cos(𝑥) 

 

Proof 

If 𝑦 = cos 𝑥, find 
𝑑𝑦

𝑑𝑥
 from first principles. 

From Unit 1, to differentiate from first principles we use 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
. 

So 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

cos(𝑥+ℎ)−cos(𝑥)

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

cos(𝑥) cos(ℎ)−sin(𝑥) sin(ℎ)−cos(𝑥)

ℎ
  using cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵 

As ℎ → 0, sin(ℎ) → ℎ and cos(ℎ) → 1 −
ℎ2

2
. 

So 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

cos(𝑥)(1−
ℎ2

2
)−sin(𝑥)ℎ−cos(𝑥)

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

cos(𝑥)−cos(𝑥)(
ℎ2

2
)−sin(𝑥)ℎ−cos(𝑥)

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

−cos(𝑥)(
ℎ2

2
)−sin(𝑥)ℎ

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0
−cos(𝑥) (

ℎ

2
) − sin(𝑥) 

  
𝑑𝑦

𝑑𝑥
= −cos(𝑥) (

0

2
) − sin(𝑥) 

  
𝑑𝑦

𝑑𝑥
= −sin(𝑥) 

Note 

The diagram on the right may help you to remember how to differentiate the 

sin and cos functions. 

 

-1.5

-1

-0.5

0

0.5

1

1.5

-450-360-270-180-90 0 90 180 270 360 450

sin(𝑥) 

cos(𝑥) 

−sin(𝑥) 

−cos(𝑥) 

𝑦 

𝜃 

𝑦 = sin 𝜃 

-1.5

-1

-0.5

0

0.5

1

1.5

-450-360-270-180-90 0 90 180 270 360 450

𝑦 

𝜃 

𝑦 = cos 𝜃 

The gradient 

of sin is cos 

The gradient 

of cos is −sin 
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The Chain Rule 

Given two functions 𝑦 = 𝑓(𝑡) and 𝑡 = 𝑔(𝑥),   

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
×

𝑑𝑡

𝑑𝑥
 

We can use the chain rule to differentiate more complex functions 

then the ones seen in Unit 1. 

Example 2 

If 𝑦 = (2𝑥 + 4)3, use the chain rule to find 
𝑑𝑦

𝑑𝑥
. 

Let 𝑡 = 2𝑥 + 4, so that 𝑦 = 𝑡3. 

Then 
𝑑𝑡

𝑑𝑥
= 2 and 

𝑑𝑦

𝑑𝑡
= 3𝑡2. 

So  
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
×

𝑑𝑡

𝑑𝑥
 

Felly ma
𝑑𝑦

𝑑𝑥
= 3𝑡2 × 2 

Felly ma
𝑑𝑦

𝑑𝑥
= 6𝑡2 

Felly ma
𝑑𝑦

𝑑𝑥
= 6(2𝑥 + 4)2 

Example 3 

If 𝑦 = sin(3𝑥), use the chain rule to find 
𝑑𝑦

𝑑𝑥
. 

Let 𝑡 = 3𝑥, so that 𝑦 = sin(𝑡). 

Then 
𝑑𝑡

𝑑𝑥
= 3 and 

𝑑𝑦

𝑑𝑡
= cos(𝑡). 

So 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
×

𝑑𝑡

𝑑𝑥
 

Felly ma
𝑑𝑦

𝑑𝑥
= cos(𝑡) × 3 

Felly ma
𝑑𝑦

𝑑𝑥
= 3 cos(𝑡) 

Exercise 3 

Use the chain rule to find 
𝑑𝑦

𝑑𝑥
 in each of the following cases. 

(a) 𝑦 = (3𝑥 + 9)5     (b) 𝑦 = sin(5𝑥) 

 
............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

(c) 𝑦 = √4𝑥 − 3     (d) 𝑦 = 4 cos(9𝑥) 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

If a car travels twice as 

fast as a bike and the 

bike is four times as fast 

as a person’s walking 

speed, then the car 

travels 2 × 4 = 8 times 

as fast as the person. 
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Exercise 4 

Use the chain rule to find 
𝑑𝑦

𝑑𝑥
 in each of the following cases. 

(a) 𝑦 = (𝑓(𝑥))
𝑛
     (b) 𝑦 = sin(𝑓(𝑥)) 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

The Product Rule (Leibniz’s Rule)  

If 𝑦 = 𝑢𝑣, then 

𝑑𝑦

𝑑𝑥
= 𝑢

𝑑𝑣

𝑑𝑥
+ 𝑣

𝑑𝑢

𝑑𝑥
 

 

Proof (no need to learn) 

Let 𝑦 = 𝑢(𝑥)𝑣(𝑥). By defining 𝑓(𝑥) = 𝑢(𝑥)𝑣(𝑥), we have 

 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑢(𝑥+ℎ)𝑣(𝑥+ℎ)−𝑢(𝑥)𝑣(𝑥)

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑢(𝑥+ℎ)𝑣(𝑥+ℎ)−𝑢(𝑥)𝑣(𝑥+ℎ)+𝑢(𝑥)𝑣(𝑥+ℎ)−𝑢(𝑥)𝑣(𝑥)

ℎ
 (Note that −𝑢(𝑥)𝑣(𝑥 + ℎ) + 𝑢(𝑥)𝑣(𝑥 + ℎ) = 0) 

 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑣(𝑥+ℎ)[𝑢(𝑥+ℎ)−𝑢(𝑥)]+𝑢(𝑥)[𝑣(𝑥+ℎ)−𝑣(𝑥)]

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑢(𝑥)[𝑣(𝑥+ℎ)−𝑣(𝑥)]+𝑣(𝑥+ℎ)[𝑢(𝑥+ℎ)−𝑢(𝑥)]

ℎ
  (Re-arranging the numerator) 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0
𝑢(𝑥) × lim

ℎ→0

𝑣(𝑥+ℎ)−𝑣(𝑥)

ℎ
+ lim

ℎ→0
𝑣(𝑥 + ℎ) × lim

ℎ→0

𝑢(𝑥+ℎ)−𝑢(𝑥)

ℎ
 

  
𝑑𝑦

𝑑𝑥
= 𝑢

𝑑𝑣

𝑑𝑥
+ 𝑣

𝑑𝑢

𝑑𝑥
                   QED 

Example 4 

If 𝑦 = 4𝑥3 sin(𝑥), find 
𝑑𝑦

𝑑𝑥
. 

Let 𝑢 = 4𝑥3, 𝑣 = sin(𝑥).  

Then 
𝑑𝑦

𝑑𝑥
= 𝑢

𝑑𝑣

𝑑𝑥
+ 𝑣

𝑑𝑢

𝑑𝑥
  

  
𝑑𝑦

𝑑𝑥
= 4𝑥3 cos(𝑥) + sin(𝑥) × 12𝑥2  

  
𝑑𝑦

𝑑𝑥
= 4𝑥2(𝑥 cos(𝑥) + 3 sin(𝑥))      

Exercise 5 

(a) If 𝑦 = 5𝑥2 cos(𝑥), find 
𝑑𝑦

𝑑𝑥
.    (b) If 𝑦 = 9√𝑥 sin(𝑥), find 

𝑑𝑦

𝑑𝑥
. 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 
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The Quotient Rule 

If 𝑦 =
𝑢

𝑣
, then 

𝑑𝑦

𝑑𝑥
=

𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
 

Proof (no need to learn) 

Let 𝑦 =
𝑢(𝑥)

𝑣(𝑥)
. By defining 𝑓(𝑥) =

𝑢(𝑥)

𝑣(𝑥)
, we have 

 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
  

 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑢(𝑥+ℎ)

𝑣(𝑥+ℎ)
−

𝑢(𝑥)

𝑣(𝑥)

ℎ
 

  
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑢(𝑥+ℎ)𝑣(𝑥)−𝑢(𝑥)𝑣(𝑥+ℎ)

𝑣(𝑥+ℎ)𝑣(𝑥)

ℎ
 

 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑢(𝑥+ℎ)𝑣(𝑥)−𝑢(𝑥)𝑣(𝑥+ℎ)

𝑣(𝑥+ℎ)𝑣(𝑥)ℎ
 

 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑢(𝑥+ℎ)𝑣(𝑥)−𝑢(𝑥)𝑣(𝑥+ℎ)

ℎ
× lim

ℎ→0

1

𝑣(𝑥+ℎ)𝑣(𝑥)
   

 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑢(𝑥+ℎ)𝑣(𝑥)−𝑢(𝑥)𝑣(𝑥)+𝑢(𝑥)𝑣(𝑥)−𝑢(𝑥)𝑣(𝑥+ℎ)

ℎ
× lim

ℎ→0

1

𝑣(𝑥+ℎ)𝑣(𝑥)
     (Note that −𝑢(𝑥)𝑣(𝑥) + 𝑢(𝑥)𝑣(𝑥) = 0) 

 
𝑑𝑦

𝑑𝑥
= [lim

ℎ→0

𝑢(𝑥+ℎ)𝑣(𝑥)−𝑢(𝑥)𝑣(𝑥)

ℎ
− lim

ℎ→0

𝑢(𝑥)𝑣(𝑥+ℎ)−𝑢(𝑥)𝑣(𝑥)

ℎ
] × lim

ℎ→0

1

𝑣(𝑥+ℎ)𝑣(𝑥)
  

 
𝑑𝑦

𝑑𝑥
= [lim

ℎ→0
𝑣(𝑥) × lim

ℎ→0

𝑢(𝑥+ℎ)−𝑢(𝑥)

ℎ
− lim

ℎ→0
𝑢(𝑥) × lim

ℎ→0

𝑣(𝑥+ℎ)−𝑣(𝑥)

ℎ
] × lim

ℎ→0

1

𝑣(𝑥+ℎ)𝑣(𝑥)
 

  
𝑑𝑦

𝑑𝑥
= [𝑣 ×

𝑑𝑢

𝑑𝑥
− 𝑢 ×

𝑑𝑣

𝑑𝑥
] ×

1

𝑣2 

  
𝑑𝑦

𝑑𝑥
=

𝑣
𝑑𝑢

𝑑𝑥
−𝑢

𝑑𝑣

𝑑𝑥

𝑣2                     QED 

Example 5 

If 𝑦 =
sin(𝑥)

𝑥2 , find 
𝑑𝑦

𝑑𝑥
. 

Let 𝑢 = sin(𝑥), 𝑣 = 𝑥2.  

Then 
𝑑𝑦

𝑑𝑥
=

𝑣
𝑑𝑢

𝑑𝑥
−𝑢

𝑑𝑣

𝑑𝑥

𝑣2   

  
𝑑𝑦

𝑑𝑥
=

𝑥2 cos(𝑥)−sin(𝑥)×2𝑥

(𝑥2)2   

  
𝑑𝑦

𝑑𝑥
=

𝑥2 cos(𝑥)−2𝑥 sin(𝑥)

𝑥4     

 
𝑑𝑦

𝑑𝑥
=

𝑥 cos(𝑥)−2 sin(𝑥)

𝑥3    

Exercise 6 

(a) If 𝑦 =
4𝑥3

sin(𝑥)
, find 

𝑑𝑦

𝑑𝑥
.     (b) If 𝑦 =

7𝑥2+3

𝑥5 , find 
𝑑𝑦

𝑑𝑥
. 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

By re-arranging the question 

in the form 𝑦 = 𝑥−2 sin(𝑥), it 

would be possible to answer 

the question using the product 

rule. 

This is given in the formula 

booklet in the form 
𝑑

𝑑𝑥
(

𝑓(𝑥)

𝑔(𝑥)
) =

𝑓′(𝑥)𝑔(𝑥)−𝑓(𝑥)𝑔′(𝑥)

(𝑔(𝑥))2  
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Trigonometric Functions 2 

Example 6 

(a) If 𝑦 = tan(𝑥), find 
𝑑𝑦

𝑑𝑥
.    (b) If 𝑦 = tan−1(𝑥), find 

𝑑𝑦

𝑑𝑥
. 

𝑦 =
sin(𝑥)

cos(𝑥)
       𝑦 = tan−1(𝑥) 

Let 𝑢 = sin(𝑥), 𝑣 = cos(𝑥)    tan(𝑦) = 𝑥  (taking tan of both sides)  

𝑑𝑦

𝑑𝑥
=

𝑣
𝑑𝑢

𝑑𝑥
−𝑢

𝑑𝑣

𝑑𝑥

𝑣2        𝑥 = tan(𝑦)  (swap sides) 

𝑑𝑦

𝑑𝑥
=

cos(𝑥) ×cos(𝑥)−sin(𝑥)×− sin(𝑥)

(cos(𝑥))2     
𝑑𝑥

𝑑𝑦
= sec2(𝑦)  (using the result from part (a))  

𝑑𝑦

𝑑𝑥
=

cos2(𝑥)+sin2(𝑥)

cos2(𝑥)
      

𝑑𝑦

𝑑𝑥
=

1

sec2(𝑦)
  (taking the reciprocal) 

𝑑𝑦

𝑑𝑥
=

1

cos2(𝑥)
  (using sin2(𝑥) + cos2(𝑥) = 1)  

𝑑𝑦

𝑑𝑥
=

1

1+tan2(𝑦)
  (using sec2(𝑦) = 1 + tan2(𝑦)) 

𝑑𝑦

𝑑𝑥
= sec2(𝑥)       

𝑑𝑦

𝑑𝑥
=

1

1+𝑥2   

Exercise 7 

(a) By writing 𝑦 = cot(𝑥) as 𝑦 =
cos(𝑥)

sin(𝑥)
,   (b) By writing 𝑦 = sec(𝑥) as 𝑦 =

1

cos(𝑥)
, 

(a) show that 
𝑑𝑦

𝑑𝑥
= − cosec2(𝑥).   (b) show that 

𝑑𝑦

𝑑𝑥
= sec(𝑥) tan(𝑥). 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

(c) If 𝑦 = tan−1(3𝑥), find 
𝑑𝑦

𝑑𝑥
 using the chain rule. (d) By writing 𝑦 = cosec(𝑥) as 

1

sin(𝑥)
, 

        (d) show that 
𝑑𝑦

𝑑𝑥
= − cosec(𝑥) cot(𝑥). 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 
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Example 7      Exercise 8 

The graph of 𝑦 = sin−1(𝑥) between −1 and 1   The graph of 𝑦 = cos−1(𝑥) between –1 and 1  

is shown below.      Is shown below.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

If 𝑦 = sin−1(𝑥), show that 
𝑑𝑦

𝑑𝑥
=

1

√1−𝑥2
.   If 𝑦 = cos−1(𝑥), show that 

𝑑𝑦

𝑑𝑥
= −

1

√1−𝑥2
.  

𝑦 = sin−1(𝑥)       ............................................................................................................................. ........................... 

sin(𝑦) = 𝑥  (taking sin of both sides) ............................................................................................................................. ........................... 

𝑥 = sin(𝑦)  (swap sides)   ............................................................................................................................. ........................... 
𝑑𝑥

𝑑𝑦
= cos(𝑦)      ............................................................................................................................. ........................... 

𝑑𝑦

𝑑𝑥
=

1

cos(𝑦)
  (taking the reciprocal)  ............................................................................................................................. ........................... 

Now sin2(𝑦) + cos2(𝑦) = 1, so   ............................................................................................................................. ........................... 

cos2(𝑦) = 1 − sin2(𝑦)      ............................................................................................................................. ........................... 

cos(𝑦) = ±√1 − sin2(𝑦)      ............................................................................................................................. ........................... 

So  
𝑑𝑦

𝑑𝑥
= ±

1

√1−sin2(𝑦)
    ............................................................................................................................. ........................... 

  
𝑑𝑦

𝑑𝑥
= ±

1

√1−𝑥2
     ............................................................................................................................. ........................... 

But the gradient of the graph of 𝑦 = sin−1(𝑥)   ............................................................................................................................. ........................... 

is positive, so 
𝑑𝑦

𝑑𝑥
=

1

√1−𝑥2
   QED ............................................................................................................................. ........................... 

Exercise 9 

(a) If 𝑦 = sin−1(8𝑥), find 
𝑑𝑦

𝑑𝑥
 using the chain rule. (b) If 𝑦 = cos−1(5𝑥2), find 

𝑑𝑦

𝑑𝑥
 using the chain rule. 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

-1 -0.5 0 0.5 1
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-1 -0.5 0 0.5 1

𝑦 𝑦 

𝑥 

𝑥 
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Exponential Functions 

From Unit 1, the gradient of the graph of 𝑦 = 𝑒𝑥 is 
𝑑𝑦

𝑑𝑥
= 𝑒𝑥. 

Example 8      Exercise 10 

If 𝑦 = 𝑒4𝑥6
, find 

𝑑𝑦

𝑑𝑥
.     If 𝑦 = 𝑒3𝑥2+5𝑥+3, find 

𝑑𝑦

𝑑𝑥
. 

Let 𝑡 = 4𝑥6, so that 𝑦 = 𝑒𝑡 .    ............................................................................................................................. ........................... 

Then 
𝑑𝑡

𝑑𝑥
= 24𝑥5 and 

𝑑𝑦

𝑑𝑡
= 𝑒𝑡.    ............................................................................................................................. ........................... 

So 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
×

𝑑𝑡

𝑑𝑥
     ............................................................................................................................. ........................... 

Felly ma
𝑑𝑦

𝑑𝑥
= 𝑒𝑡 × 24𝑥5     ............................................................................................................................. ........................... 

Felly ma
𝑑𝑦

𝑑𝑥
= 24𝑥5𝑒4𝑥6

     ............................................................................................................................. ........................... 

Exericse 11 

(a) If 𝑦 = 𝑒𝑓(𝑥), find 
𝑑𝑦

𝑑𝑥
.     (b) If 𝑦 = 𝑒5𝑥 sin(𝑥), find 

𝑑𝑦

𝑑𝑥
. 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

(c) If 𝑦 =
𝑒𝑥3

2𝑥+3
, find 

𝑑𝑦

𝑑𝑥
.     (d) If 𝑦 = (2 + 𝑒cos(𝑥))

3
, find 

𝑑𝑦

𝑑𝑥
. 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

If 𝑦 = 𝑎𝑥, then 
𝑑𝑦

𝑑𝑥
= 𝑎𝑥 ln(𝑎). 

Proof (no need to learn) 

Let 𝑦 = 𝑎𝑥 . From Unit 1’s definition of a logarithm, we have 𝑒ln(𝑎) = 𝑎 (recall that ln(𝑎) is a logarithm with base 𝑒). 

So 𝑦 = (𝑒ln (𝑎))
𝑥

  

  𝑦 = 𝑒𝑥 ln(𝑎)  (rules of indices, (𝑛𝑎)𝑏 = 𝑛𝑎×𝑏) 

Let 𝑡 = 𝑥 ln(𝑎), so that 𝑦 = 𝑒𝑡. 

Then 
𝑑𝑡

𝑑𝑥
= ln(𝑎) and 

𝑑𝑦

𝑑𝑡
= 𝑒𝑡.     

So 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
×

𝑑𝑡

𝑑𝑥
     

Felly ma
𝑑𝑦

𝑑𝑥
= 𝑒𝑡 × ln(𝑎)     

Felly ma
𝑑𝑦

𝑑𝑥
= 𝑎𝑥 ln(𝑎)                    QED 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 10 

Example 9      Exercise 12 

If 𝑦 = 56𝑥2
, find  

𝑑𝑦

𝑑𝑥
.     If 𝑦 = 412𝑥, find 

𝑑𝑦

𝑑𝑥
. 

Let 𝑡 = 6𝑥2, so that 𝑦 = 5𝑡 .    ............................................................................................................................. ........................... 

Then 
𝑑𝑡

𝑑𝑥
= 12𝑥 and 

𝑑𝑦

𝑑𝑡
= 5𝑡 ln(5).   ............................................................................................................................. ........................... 

So 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
×

𝑑𝑡

𝑑𝑥
     ............................................................................................................................. ........................... 

Felly ma
𝑑𝑦

𝑑𝑥
= 5𝑡 ln(5) × 12𝑥    ............................................................................................................................. ........................... 

Felly ma
𝑑𝑦

𝑑𝑥
= 12𝑥 × 56𝑥2

ln(5)    ............................................................................................................................. ........................... 

Exercise 13 

(a) If 𝑦 = 𝑎𝑓(𝑥), find 
𝑑𝑦

𝑑𝑥
.     (b) If 𝑦 = 27𝑥 cos(𝑥), find 

𝑑𝑦

𝑑𝑥
. 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

(c) If 𝑦 =
6𝑥2

5𝑥−7
, find 

𝑑𝑦

𝑑𝑥
.     (d) If 𝑦 = (7 + 82𝑥)4, find 

𝑑𝑦

𝑑𝑥
. 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

Logarithmic Functions 

If 𝑦 = ln(𝑥), then 
𝑑𝑦

𝑑𝑥
=

1

𝑥
. 

Proof (no need to learn) 

Let 𝑦 = ln(𝑥).  

So 𝑒𝑦 = 𝑒ln(𝑥)  

  𝑒𝑦 = 𝑥  (by the definition of a logarithm) 

  𝑥 = 𝑒𝑦  (swap sides) 

  
𝑑𝑥

𝑑𝑦
= 𝑒𝑦 (differentiate) 

  
𝑑𝑦

𝑑𝑥
=

1

𝑒𝑦  (taking the reciprocal) 

  
𝑑𝑦

𝑑𝑥
=

1

𝑥
                     QED 
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Example 10      Exercise 14 

If 𝑦 = ln(3𝑥2 + 5), find 
𝑑𝑦

𝑑𝑥
.    If 𝑦 = ln(7 − 3𝑥4), find 

𝑑𝑦

𝑑𝑥
. 

Let 𝑡 = 3𝑥2 + 5, so that 𝑦 = ln(𝑡).   ............................................................................................................................. ........................... 

Then 
𝑑𝑡

𝑑𝑥
= 6𝑥 and 

𝑑𝑦

𝑑𝑡
=

1

𝑡
.    ............................................................................................................................. ........................... 

So 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
×

𝑑𝑡

𝑑𝑥
     ............................................................................................................................. ........................... 

Felly ma
𝑑𝑦

𝑑𝑥
=

1

𝑡
× 6𝑥     ............................................................................................................................. ........................... 

Felly ma
𝑑𝑦

𝑑𝑥
=

6𝑥

3𝑥2+5
     ............................................................................................................................. ........................... 

Exercise 15 

(a) If 𝑦 = ln(𝑓(𝑥)), find 
𝑑𝑦

𝑑𝑥
.    (b) If 𝑦 = 4𝑥 ln(8𝑥), find 

𝑑𝑦

𝑑𝑥
. 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

(c) If 𝑦 =
ln(7𝑥3+5𝑥)

sin(𝑥)
, find 

𝑑𝑦

𝑑𝑥
.    (d) If 𝑦 = (ln(8𝑥 + 2) + 𝑒𝑥)4, find 

𝑑𝑦

𝑑𝑥
. 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ............................................................................................................................. ........................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

(e) If 𝑦 = ln(sin(𝑥)), find 
𝑑𝑦

𝑑𝑥
.    (f) If 𝑦 = tan−1(5𝑥) ln(5𝑥), find 

𝑑𝑦

𝑑𝑥
. 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 

............................................................................................................................. ............. ..................................................................................................................... ................................... 
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Here is a summary of the differentiation skills and facts that have appeared in this workbook. 

Name 𝒚 
𝒅𝒚

𝒅𝒙
 Appearing in the formula booklet: 

Function to a power (𝑓(𝑥))𝑛 𝑛(𝑓(𝑥))𝑛−1𝑓′(𝑥) 
 

The product rule 

(Leibniz’s rule) 
𝑢𝑣 𝑢

𝑑𝑣

𝑑𝑥
+ 𝑣

𝑑𝑢

𝑑𝑥
 

 

The quotient rule 
𝑢

𝑣
 𝑣

𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
 

𝑑

𝑑𝑥
(

𝑓(𝑥)

𝑔(𝑥)
) =

𝑓′(𝑥)𝑔(𝑥) − 𝑓(𝑥)𝑔′(𝑥)

(𝑔(𝑥))2
 

Differentiating 

trigonometric 

functions 

sin(𝑓(𝑥)) 𝑓′(𝑥) cos(𝑓(𝑥)) 
 

cos(𝑓(𝑥)) −𝑓′(𝑥) sin(𝑓(𝑥)) 
 

tan(𝑓(𝑥)) 𝑓′(𝑥) sec2(𝑓(𝑥)) 

𝑑

𝑑𝑥
(tan(𝑥)) = sec2(𝑥) 

Differentiating the 

reciprocal of 

trigonometric 

functions 

sec(𝑓(𝑥)) 𝑓′(𝑥) sec(𝑓(𝑥)) tan(𝑓(𝑥)) 

𝑑

𝑑𝑥
(sec(𝑥)) = sec(𝑥) tan(𝑥) 

cosec(𝑓(𝑥)) −𝑓′(𝑥) cosec(𝑓(𝑥)) cot(𝑓(𝑥)) 
𝑑

𝑑𝑥
(cosec(𝑥)) = − cosec(𝑥) cot(𝑥) 

cot(𝑓(𝑥)) −𝑓′(𝑥) cosec2(𝑓(𝑥)) 
𝑑

𝑑𝑥
(cot(𝑥)) = −cosec2(𝑥) 

Differentiating the 

inverse of 

trigonometric 

functions 

sin−1(𝑓(𝑥)) 
𝑓′(𝑥)

√1 − (𝑓(𝑥))2
 

𝑑

𝑑𝑥
(sin−1(𝑥)) =

1

√1 − 𝑥2
 

cos−1(𝑓(𝑥)) −
𝑓′(𝑥)

√1 − (𝑓(𝑥))2
 

𝑑

𝑑𝑥
(cos−1(𝑥)) = −

1

√1 − 𝑥2
 

tan−1(𝑓(𝑥)) 
𝑓′(𝑥)

1 + (𝑓(𝑥))2
 

𝑑

𝑑𝑥
(tan−1(𝑥)) =

1

1 + 𝑥2
 

Differentiating 

exponential 

functions 

𝑒𝑓(𝑥) 𝑓′(𝑥)𝑒𝑓(𝑥) 
 

𝑎𝑓(𝑥) 𝑓′(𝑥)𝑎𝑓(𝑥) ln(𝑎) 
 

Differentiating 

logarithmic 

functions 

ln(𝑓(𝑥)) 
𝑓′(𝑥)

𝑓(𝑥)
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(Unit 3 Summer 2022) 
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What is the work?  
How to find a curve’s inflection points, where 

𝑑2𝑦

𝑑𝑥2
= 0 and the sign of 

𝑑2𝑦

𝑑𝑥2
 changes each side of each inflection point. 

   

What is required before 

starting? 
 

GCSE Work: Substitution, solving equations, factorising quadratic 

expressions.  

A Level Unit 1: Differentiation, finding stationary points. 

   

Where does this lead to?  
In business, an inflection point can show substantial growth, or suggest 

that a market bubble is about to burst. 

 

 

Let us consider the function 𝑦 = 𝑥3 − 10.5𝑥2 + 30𝑥 − 8. By differentiation, 
𝑑𝑦

𝑑𝑥
= 3𝑥2 − 21𝑥 + 30. By differentiating 

again, 
𝑑2𝑦

𝑑𝑥2
= 6𝑥 − 21. The graph below shows these three functions, and the connections between them. 

 
-25

-20

-15

-10

-5

0

5

10

15

20

25

30

-1 0 1 2 3 4 5 6 7

(2, 0) (5, 0)

(3.5, −6.75)

(3.5, 0)

𝑦 

𝑥 

𝑦 = 𝑥3 − 10.5𝑥2 + 30𝑥 − 8 

𝑑𝑦

𝑑𝑥
= 3𝑥2 − 21𝑥 + 30 

𝑑2𝑦

𝑑𝑥2
= 6𝑥 − 21 

(2, 18) 

(5, 4.5) 

(3.5, 11.25) 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 3 

Concentrating on the purple curve for 𝑦 = 𝑥3 − 10.5𝑥2 + 30𝑥 − 8, we see that we have a local maximum point at 

(2, 18) and a local minimum point at (5, 4.5). These correspond to the points where 
𝑑𝑦

𝑑𝑥
= 0. 

Concentrating on the green curve for 
𝑑𝑦

𝑑𝑥
= 3𝑥2 − 21𝑥 + 30, we see that we have a minimum point at (3.5, −6.75). 

This corresponds to the point where 
𝑑2𝑦

𝑑𝑥2
= 0. On the original purple curve, an inflection point occurs at the point 

(3.5, 11.25).  

Definitions 

Convex and Concave 

• A curve is convex if 
𝑑2𝑦

𝑑𝑥2
> 0, and so the tangent to the curve appears underneath the curve. 

• A curve is concave if 
𝑑2𝑦

𝑑𝑥2
< 0, and so the tangent to the curve appears above the curve. 

Inflection Point 

• An inflection point occurs when a curve changes its concavity from convex to concave, or from concave 

to convex. This happens when the sign of 
𝑑2𝑦

𝑑𝑥2
 changes. 

 

 

 

 

 

 

 

 

Looking at the purple curve on the previous page, the curve is concave before 𝑥 = 3.5, because 
𝑑2𝑦

𝑑𝑥2
< 0, and the 

tangent to the curve appears above the curve. After 𝑥 = 3.5, the curve is convex, because 
𝑑2𝑦

𝑑𝑥2
> 0, and the tangent 

to the curve appears underneath the curve. At 𝑥 = 3.5, the curve therefore changes its concavity from concave to 

convex, and we can say that the point (3.5, 11.25) is an inflection point. 

Here is a strategy to find the coordinates of a curve’s inflection points: 

• Solve 
𝑑2𝑦

𝑑𝑥2
= 0 to find the 𝑥–coordinates of any potential inflection points. 

• Verify to see if the sign of 
𝑑2𝑦

𝑑𝑥2
 changes each side of each 𝑥–coordinate.  

If this is true, then you have an inflection point. If this is not true, then you have another type of point (for 

example, a local maximum point or a local minimum point). 

• For the inflection points you have found, substitute back into 𝑦 to find the 𝑦–coordinates. 

  

A rising inflection 

point that is not a 

stationary point 

A falling inflection 

point that is also a 

stationary point 

Concave 

Convex Convex 

Concave 

Stationary 

point:  
𝑑𝑦

𝑑𝑥
= 0  

You need to verify that the sign of 
𝑑2𝑦

𝑑𝑥2
 changes; it is not sufficient to just 

solve 
𝑑2𝑦

𝑑𝑥2
= 0. 

Theory 
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Example 1 

(a) Find the coordinate of the inflection point of the curve 𝑦 = 𝑥3 − 10.5𝑥2 + 30𝑥 − 8. 

(b) Show that this point is not a stationary point. 

Answer: (a) Differentiate: 
𝑑𝑦

𝑑𝑥
= 3𝑥2 − 21𝑥 + 30    

Differentiate again: 
𝑑2𝑦

𝑑𝑥2
= 6𝑥 − 21 

Solve 
𝑑2𝑦

𝑑𝑥2
= 0: 6𝑥 − 21 = 0 

  6𝑥 = 21 

  𝑥 = 3.5 

Substitute back into 𝑦: 𝑦 = 3.53 − 10.5 × 3.52 + 30 × 3.5 − 8 

    𝑦 = 11.25 

Verify that (3.5, 11.25) is an inflection point: 

If 𝑥 = 3.4, then 
𝑑2𝑦

𝑑𝑥2
= 6 × 3.4 − 21  If 𝑥 = 3.6, then 

𝑑2𝑦

𝑑𝑥2
= 6 × 3.6 − 21 

If 𝑥 = 3.4, then 
𝑑2𝑦

𝑑𝑥2
= −0.6   If 𝑥 = 3.6, then 

𝑑2𝑦

𝑑𝑥2
= 0.6 

The sign of 
𝑑2𝑦

𝑑𝑥2
 changes, so (3.5, 11.25) is an inflection point. 

(b) If 𝑥 = 3.5, then 
𝑑𝑦

𝑑𝑥
= 3 × 3.52 − 21 × 3.5 + 30 

(b) If 𝑥 = 3.5, then 
𝑑𝑦

𝑑𝑥
= −6.75 

𝑑𝑦

𝑑𝑥
≠ 0 so (3.5, 11.25) is not a stationary point. 

Exercise 1 

The graph on the right shows the curve for 

𝑦 = 𝑥4 − 3𝑥3.  

(a) Where is the curve concave? 

(b) How many inflection points does the curve 

have? 

(c) How many stationary points does the curve 

have? 

(d) Find the coordinates and the nature of each of 

the inflection points. 

(e) Find the coordinates and the nature of each of 

the stationary points. 
 

............................................................................................................................. ...... 

............................................................................................................................. ...... 

............................................................................................................................. ...... 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 
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What is the work?  

Finding the equation of tangents and normals to curves that are defined 

parametrically or implicitly. Converting between Cartesian and 

parametric forms. 

   

What is required before 

starting? 
 

GCSE Work: Substitution, solving equations, changing the subject.  

A Level Unit 3: Differentiation. 

   

Where does this lead to?  
Parametric equations can model movement that is circular in nature, or 

movement that returns to the same location. 

 

 

Thus far, we have been differentiating functions of the form  

𝑦 = 𝑓(𝑥), where there is one value of 𝑦 for each value of 𝑥. 

Not every curve is of this type however; consider the equation 

𝑥2 + 𝑦2 = 1 that gives the unit circle. To try to differentiate 

this function, we could attempt to re-arrange it to the form 

𝑦 = 𝑓(𝑥): 

𝑦2 = 1 − 𝑥2  

𝑦 = ±√1 − 𝑥2  

This is not an explicit function, as there are two values of 𝑦 for 

each value of 𝑥. For example, if 𝑥 = 0, we have 

𝑦 = ±√1 − 02  

𝑦 = ±1  

This can be seen on the graph as the points (0, 1) and (0, −1) 

lie on the circle. Because it is not explicit what the value of 𝑦 is 

for each value of 𝑥, we say that 𝑥2 + 𝑦2 = 1 is an implicit equation. 

Differentiating Implicit Equations 

How do we differentiate 𝑥2 + 𝑦2 = 1 with respect to 𝑥? There is no problem in differentiating 𝑥2 with respect to 𝑥: 

this would give us 2𝑥. We could also differentiate 1 with respect to 𝑥 to give 0. But how do we differentiate 𝑦2 with 

respect to 𝑥? To see how, let us define 𝑧 as 𝑧 = 𝑦2. We can differentiate 𝑧 with respect to 𝑦: 

𝑑𝑧

𝑑𝑦
= 2𝑦 

Then, we can use the chain rule to differentiate 𝑧 with respect to 𝑥: 

𝑑𝑧

𝑑𝑥
=
𝑑𝑧

𝑑𝑦
×
𝑑𝑦

𝑑𝑥
 

𝑑𝑧

𝑑𝑥
= 2𝑦 ×

𝑑𝑦

𝑑𝑥
 

-2

-1

0

1

2

-2 -1 0 1 2

𝑥 

𝑦 

Theory 
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So, to differentiate 𝑧 with respect to 𝑥, we differentiate it with respect to 𝑦, and then multiply by 
𝑑𝑦

𝑑𝑥
. 

𝑑

𝑑𝑥
(𝑦2) =

𝑑

𝑑𝑦
(𝑦2) ×

𝑑𝑦

𝑑𝑥
 

In general, to differentiate any function of 𝑦 with respect to 𝑥, we differentiate it with respect to 𝑦, and then multiply 

by 
𝑑𝑦

𝑑𝑥
.  

𝑑

𝑑𝑥
(𝑓(𝑦)) =

𝑑

𝑑𝑦
(𝑓(𝑦)) ×

𝑑𝑦

𝑑𝑥
 

 

Returning to the equation of a unit circle, 𝑥2 + 𝑦2 = 1, when we differentiate it with respect to 𝑥, we obtain 

2𝑥 + 2𝑦 ×
𝑑𝑦

𝑑𝑥
= 0 

We can re-arrange this to find 
𝑑𝑦

𝑑𝑥
: 

2𝑦 ×
𝑑𝑦

𝑑𝑥
= −2𝑥 

𝑑𝑦

𝑑𝑥
=
−2𝑥

2𝑦
 

𝑑𝑦

𝑑𝑥
= −

𝑥

𝑦
 

Given a point that lies on the circle, we can substitute the point into 
𝑑𝑦

𝑑𝑥
 to find the gradient of the circle at that 

point. For example, on the previous page we saw that the point (0, 1) lies on the circle. Here we have 

𝑑𝑦

𝑑𝑥
= −

0

1
 

𝑑𝑦

𝑑𝑥
= 0 

We can now (for example) find the equation of the tangent to the circle at the point (0, 1): 

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1) 

𝑦 − 1 = 0(𝑥 − 0) 

𝑦 − 1 = 0 

𝑦 = 1 

This is a horizontal line that goes through the point (0, 1). 

Example 1 

Find 
𝑑𝑦

𝑑𝑥
 for the curve 3𝑥2 + 5𝑦2 = 7. 

Answer: By differentiating implicitly: 6𝑥 + 10𝑦 ×
𝑑𝑦

𝑑𝑥
= 0  

      10𝑦 ×
𝑑𝑦

𝑑𝑥
= −6𝑥 

      
𝑑𝑦

𝑑𝑥
=

−6𝑥

10𝑦
 

      
𝑑𝑦

𝑑𝑥
= −

3𝑥

5𝑦
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Exercise 1 

(a) Find 
𝑑𝑦

𝑑𝑥
 for the curve 8𝑥2 + 2𝑦2 = 10. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 
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............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

(b) The point (−1, 1) lies on the curve 8𝑥2 + 2𝑦2 = 10.  

Find the equation of the tangent to the curve 8𝑥2 + 2𝑦2 = 10 at the point (−1, 1). 
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............................................................................................................................. ............................................................................................................................................................................. 
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............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

Exercise 2 

Find the equation of the normal to the curve 4𝑥2 + 3𝑦2 − 7𝑥 + 2𝑦 = 13 at the point (1, 2).  

Write your answer in the form 𝑦 = 𝑚𝑥 + 𝑐. 
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............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 5 

Parametric Equations 

The parametric equations for a curve define the coordinates 

of the curve using a third variable, usually 𝑡, which represents 

the parameter. 

𝑥 = 𝑓(𝑡) 

𝑦 = 𝑔(𝑡) 

For example, we could represent the unit circle using the 

following parametric equations.  

𝑥 = cos⁡(𝑡) 

𝑦 = sin⁡(𝑡) 

The following table shows the value of 𝑥 and 𝑦 for various 

values of 𝑡, starting at 𝑡 = 0, and going up in increments of 0.1. 

(The values are shown correct to four decimal places, with the 

angle 𝑡 in radians). These are plotted as the purple coordinates 

on the graph on the right. (To plot the entire circle, the value of 𝑡 would need to reach 2𝜋.) 

𝑡 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

𝑥 1 0.9950 0.9801 0.9553 0.9211 0.8776 0.8253 0.7648 0.6967 0.6216 0.5403 

𝑦 0 0.0998 0.1987 0.2955 0.3894 0.4794 0.5646 0.6442 0.7174 0.7833 0.8415 

 

To find the gradient of the curve at any point, we can differentiate the functions  

𝑓(𝑡) and 𝑔(𝑡) with respect to 𝑡: 

𝑑𝑥

𝑑𝑡
= 𝑓′(𝑡) 

𝑑𝑦

𝑑𝑡
= 𝑔′(𝑡) 

We can then use the chain rule to find the gradient: 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑡
×
𝑑𝑡

𝑑𝑥
 

where 

𝑑𝑡

𝑑𝑥
=

1

𝑑𝑥
𝑑𝑡

 

For the above example, we have 

𝑑𝑥

𝑑𝑡
= −sin(𝑡) 

𝑑𝑦

𝑑𝑡
= cos(𝑡) 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑡
×
𝑑𝑡

𝑑𝑥
 

𝑑𝑦

𝑑𝑥
= cos⁡(𝑡) ×

1

−sin⁡(𝑡)
 

𝑑𝑦

𝑑𝑥
= −cot⁡(𝑡) 

If (for example) 𝑡 = 1, then 
𝑑𝑦

𝑑𝑥
= −cot⁡(1) 

If (for example) 𝑡 = 1, then 
𝑑𝑦

𝑑𝑥
= −0.6421 to 4 decimal places. 

-2

-1

0

1

2

-2 -1 0 1 2

𝑥 

𝑦 

𝑡 = 0 

𝑡 = 1 

𝑡 = 0.5 

The table uses 

values of 𝑡 from 

zero upwards, but 

it is important to 

note that 𝑡 could 

also take negative 

values. 

Theory 
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To find the equation of the normal to the curve at the point where 𝑡 = 1, we can use the following information from 

the previous page: 

If 𝑡 = 1, then (to 4 decimal places) 𝑥 = 0.5403, 𝑦 = 0.8415, 
𝑑𝑦

𝑑𝑥
= −0.6421 

The gradient of the normal is −
1

−0.6421
= 1.5574 (which is the negative reciprocal of 

𝑑𝑦

𝑑𝑥
). 

The equation of the normal at the point where 𝑡 = 1 is 𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1) 

        𝑦 − 0.8415 = 1.5574(𝑥 − 0.5403) 

        𝑦 − 0.8415 = 1.5574𝑥 − 0.8415 

        𝑦 = 1.5574𝑥 

Exercise 3 

A curve is defined by the following parametric 

equations. 

𝑥 = 𝑡2 

𝑦 = 2𝑡 + 3 

(a) Complete the following table. 

𝑡 0 1 2 3 4 5 

𝑥       

𝑦       

 

(b) Use the above table to plot a part of the curve 

on the graph paper on the right. 

(c) Find the gradient 
𝑑𝑦

𝑑𝑥
 of the curve, writing your 

answer in terms of 𝑡. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

(d) Find the equation of the tangent to the curve  (e) Find the equation of the normal to the curve  

at the point where 𝑡 = 2.    at the point where 𝑡 = 4. 

............................................................................................................................. ............... .......................................................................................................................................................... 
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Writing Parametric Equations as a Cartesian Equation 

Sometimes, it is possible to transform a set of parametric equations to be one Cartesian equation, which avoids 

using the original parameter, and uses only 𝑥 and 𝑦. 

Example 2 

On page 5, the following parametric equations were used to define the unit circle. 

𝑥 = cos⁡(𝑡) 

𝑦 = sin⁡(𝑡) 

To delete the parameter 𝑡 from these equations, we can use the identity sin2(𝑡) + cos2(𝑡) = 1 from Unit 1: 

𝑦2 + 𝑥2 = 1 

𝑥2 + 𝑦2 = 1 

This is the equation for the unit circle from page 2.  

Example 3 

In Exercise 3, the following parametric equations were used to define a curve. 

𝑥 = 𝑡2 

𝑦 = 2𝑡 + 3 

To delete the parameter 𝑡 from these equations, we can re-arrange the second equation to make 𝑡 its subject: 

𝑦 − 3 = 2𝑡 
𝑦 − 3

2
= 𝑡 

We can then substitute for 𝑡 into the first equation: 

𝑥 = (
𝑦 − 3

2
)
2

 

𝑥 =
(𝑦 − 3)2

22
 

𝑥 =
(𝑦 − 3)(𝑦 − 3)

4
 

4𝑥 = 𝑦2 − 3𝑦 − 3𝑦 + 9 

4𝑥 = 𝑦2 − 6𝑦 + 9 

4𝑥 − 𝑦2 + 6𝑦 − 9 = 0 

Exercise 4 

A curve is defined by the parametric equations 

𝑥 = 𝑡2 − 3 

𝑦 = 𝑡 + 2 

Find the Cartesian equation that defines this curve. 

............................................................................................................................. ............................................................................................................................................................................. 
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13

∫(𝑎𝑥 + 𝑏)𝑛 𝑑𝑥 =
1

(𝑛 + 1)𝑎
(𝑎𝑥 + 𝑏)𝑛+1 + 𝑐 

∫cos(𝑎𝑥 + 𝑏) 𝑑𝑥 =
1

𝑎
sin(𝑎𝑥 + 𝑏) + 𝑐 

∫sin(𝑎𝑥 + 𝑏) 𝑑𝑥 = −
1

𝑎
cos(𝑎𝑥 + 𝑏) + 𝑐 

∫sec2(𝑎𝑥 + 𝑏)𝑑𝑥 =
1

𝑎
tan(𝑎𝑥 + 𝑏) + 𝑐 

∫𝑒𝑎𝑥+𝑏 𝑑𝑥 =
1

𝑎
𝑒𝑎𝑥+𝑏 + 𝑐 

∫𝑎𝛼𝑥+𝑏 ln(𝑎) 𝑑𝑥 =
1

𝛼
𝑎𝛼𝑥+𝑏 + 𝑐 

∫
1

𝑎𝑥 + 𝑏
𝑑𝑥 =

1

𝑎
ln|𝑎𝑥 + 𝑏| + 𝑐 
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What is the work?  

Using the previous work on differentiating trigonometric; exponential 

and logarithmic functions to integrate similar functions. Using definite 

integrals to find the area between two curves. 

   

What is required before 

starting? 
 

A Level Unit 1: Differentiation and integration. 

A Level Unit 3: Further differentiation. 

   

Where does this lead to?  
The questions in this workbook can appear when modelling population 

growth; radioactive decay and financial growth. 

 

 

Here are some of the differentiation techniques that appeared in a previous workbook on further differentiation.  

Name 𝒚 
𝒅𝒚

𝒅𝒙
 

Appearing in the formula 

booklet: 

Function to a 

power 
(𝑓(𝑥))𝑛 𝑛(𝑓(𝑥))𝑛−1𝑓′(𝑥) 

 

Differentiating 

trigonometric 

functions 

sin(𝑓(𝑥)) 𝑓′(𝑥) cos(𝑓(𝑥)) 
 

cos(𝑓(𝑥)) −𝑓′(𝑥) sin(𝑓(𝑥)) 
 

tan(𝑓(𝑥)) 𝑓′(𝑥) sec2(𝑓(𝑥)) 
𝑑

𝑑𝑥
(tan(𝑥)) = sec2(𝑥) 

Differentiating 

exponential 

functions 

𝑒𝑓(𝑥) 𝑓′(𝑥)𝑒𝑓(𝑥) 
 

𝑎𝑓(𝑥) 𝑓′(𝑥)𝑎𝑓(𝑥) ln(𝑎) 
 

Differentiating 

logarithmic 

functions 

ln(𝑓(𝑥)) 
𝑓′(𝑥)

𝑓(𝑥)
 

 

 

The above techniques all use the chain rule: Given two functions 𝑦 = 𝑓(𝑡) and 𝑡 = 𝑔(𝑥), we have  

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑡
×
𝑑𝑡

𝑑𝑥
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The following set of differentiation questions all use the table on the previous page in cases where the function 𝑓(𝑥) 

is of the form 𝑎𝑥 + 𝑏 for some constants 𝑎 and 𝑏. 

Example 1 

 

Differentiate the following functions. 

Exercise 1 

 

Differentiate the following functions. 

(a) 𝑦 = (3𝑥 − 5)4 (a) 𝑦 = (6𝑥 + 11)7 

𝑑𝑦

𝑑𝑥
= 4(3𝑥 − 5)3 × 3 

𝑑𝑦

𝑑𝑥
= 12(3𝑥 − 5)3 

 

(b) 𝑦 = sin⁡(6𝑥 − 4) (b) 𝑦 = cos⁡(9𝑥 + 7) 

𝑑𝑦

𝑑𝑥
= 6 × cos⁡(6𝑥 − 4) 

𝑑𝑦

𝑑𝑥
= 6 cos(6𝑥 − 4) 

 

(c) 𝑦 = 𝑒8𝑥+9 (c) 𝑦 = 𝑒𝑥−3 

𝑑𝑦

𝑑𝑥
= 8 × 𝑒8𝑥+9 

𝑑𝑦

𝑑𝑥
= 8𝑒8𝑥+9 

 

(d) 𝑦 = 65𝑥+3 (d) 𝑦 = 92𝑥−9 

𝑑𝑦

𝑑𝑥
= 5 × 65𝑥+3 × ln(6) 

𝑑𝑦

𝑑𝑥
= 5 ln(6) × 68𝑥+3 

 

(e) 𝑦 = ln⁡(7𝑥 + 3) (e) 𝑦 = ln(9𝑥 + 25) 

𝑑𝑦

𝑑𝑥
=

7

7𝑥 + 3
 

 

 

Remembering that integration reverses differentiation, we can use the above work to write some integration 

questions: 

∫12(3𝑥 − 5)3 𝑑𝑥 = (3𝑥 − 5)4 + 𝑐 

∫6cos(6𝑥 − 4)𝑑𝑥 = sin(6𝑥 − 4) + 𝑐 

∫8𝑒8𝑥+9 𝑑𝑥 = 𝑒8𝑥+9 + 𝑐 

and so on... 

These integration sums all undo the chain rule. In general, if  

∫𝑓(𝑥) 𝑑𝑥 = 𝐹(𝑥) + 𝑐, 

then 

∫𝑓(𝑎𝑥 + 𝑏)𝑑𝑥 =
1

𝑎
𝐹(𝑎𝑥 + 𝑏) + 𝑐 
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Proof (no need to remember) 

Let 𝑦 =
1

𝑎
𝐹(𝑎𝑥 + 𝑏) + 𝑐. By defining 𝑡 = 𝑎𝑥 + 𝑏, we have 𝑦 =

1

𝑎
𝐹(𝑡) + 𝑐. 

By differentiating, 
𝑑𝑡

𝑑𝑥
= 𝑎, 

𝑑𝑦

𝑑𝑡
=

1

𝑎
𝑓(𝑡).     Using the chain rule:  

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
×

𝑑𝑡

𝑑𝑥
 

           
𝑑𝑦

𝑑𝑥
=

1

𝑎
𝑓(𝑡) × 𝑎 

           
𝑑𝑦

𝑑𝑥
= 𝑓(𝑡) 

           
𝑑𝑦

𝑑𝑥
= 𝑓(𝑎𝑥 + 𝑏) 

So, ∫𝑓(𝑎𝑥 + 𝑏)𝑑𝑥 =
1

𝑎
𝐹(𝑎𝑥 + 𝑏) + 𝑐.   QED 

Practically, when we use the above technique to integrate, we think about what differentiates to give 𝑓(𝑎𝑥 + 𝑏), 

multiplying by a constant as required. 

Example 2 

 

Integrate the following. 

Exercise 2 

 

Integrate the following. 

(a) ∫18(3𝑥 + 2)5 𝑑𝑥 (a) ∫10(2𝑥 − 5)4 𝑑𝑥 

Differentiating (3𝑥 + 2)6 gives 6 × (3𝑥 + 2)5 × 3 
= 18(3𝑥 + 2)5, so 

∫18(3𝑥 + 2)5 𝑑𝑥 = (3𝑥 + 2)6 + 𝑐.  

 

(b) ∫32(2𝑥 − 5)3 𝑑𝑥 (b) ∫70(5𝑥 + 1)6 𝑑𝑥 

Differentiating (2𝑥 − 5)4 gives 4 × (2𝑥 − 5)3 × 2  

= 8(2𝑥 − 5)3. But we need 32(2𝑥 − 5)3, which is 4 

times greater, so we need to differentiate 4(2𝑥 − 5)4  

to give 32(2𝑥 − 5)3. So, 

∫32(2𝑥 − 5)3 𝑑𝑥 = 4(2𝑥 − 5)4 + 𝑐.  

 

(c) ∫ sin(7𝑥 − 1)𝑑𝑥 (c) ∫ cos(3𝑥 + 2)𝑑𝑥 

Differentiating −cos(7𝑥 − 1) gives  

7 × sin(7𝑥 − 1). But we need sin(7𝑥 − 1), which is 7 

times less, so we need to differentiate −
1

7
cos(7𝑥 − 1) 

to give sin(7𝑥 − 1). So,  

∫ sin(7𝑥 − 1)𝑑𝑥 = −
1

7
cos(7𝑥 − 1) + 𝑐.  

 

(d) ∫ 𝑒5𝑥+7 𝑑𝑥 (d) ∫ 𝑒−2𝑥+3 𝑑𝑥 

Differentiating 𝑒5𝑥+7 gives 5 × 𝑒5𝑥+7. But we need 

𝑒5𝑥+7, which is 5 times less, so we need to differentiate 
1

5
𝑒5𝑥+7 to give 

1

5
× 5 × 𝑒5𝑥+7 = 𝑒5𝑥+7. So, 

∫ 𝑒5𝑥+7𝑑𝑥 =
1

5
𝑒5𝑥+7 + 𝑐.  

 

(e) ∫15 ln(7) × 75𝑥−2 𝑑𝑥 (e) ∫18 ln(3) × 32𝑥+4 𝑑𝑥 

Differentiating 75𝑥−2 gives 5 × 75𝑥−2 × ln(7). But we 

need 15 ln(7) × 75𝑥−2, which is 3 times greater, so we 

need to differentiate 3 × 75𝑥−2 to give  

3 × 5 × 75𝑥−2 × ln(7) = 15 ln(7) × 75𝑥−2. So,  

∫15 ln(7) × 75𝑥−2 𝑑𝑥 = 3 × 75𝑥−2 + 𝑐.  

 

 
Theory 
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Example 3 

Evaluate ∫
4

2𝑥−3
𝑑𝑥

−2

−5
. 

 

Answer: If we write the integrand 
4

2𝑥−3
 in the form 2 ×

2

2𝑥−3
, we see that the fraction is of the form 

𝑓′(𝑥)

𝑓(𝑥)
.  

The fraction therefore integrates to give a natural logarithm, as 
𝑑

𝑑𝑥
(ln(𝑓(𝑥))) =

𝑓′(𝑥)

𝑓(𝑥)
. 

The rule that we use to integrate a fraction of the form 
𝑓′(𝑥)

𝑓(𝑥)
 is 

∫
𝑓′(𝑥)

𝑓(𝑥)
𝑑𝑥 = ln|𝑓(𝑥)| + 𝑐 

In the example, we have 

∫
4

2𝑥 − 3
𝑑𝑥

−2

−5

 

= ∫ 2 ×
2

2𝑥 − 3
𝑑𝑥

−2

−5

 

= [2 ln|2𝑥 − 3|]−5
−2 

= (2 ln|2 × −2 − 3|) − (2 ln|2 × −5 − 3|) 

= (2 ln|−7|) − (2 ln|−13|) 

= 2 ln(7) − 2 ln(13) 

= −1.238 to 3 decimal places 

This corresponds to the yellow area in the above graph. 

 

 

-6

-5

-4

-3

-2

-1

0

1

2

3

4

5

6

-10 -8 -6 -4 -2 0 2 4 6 8 10

𝑦 

𝑥 

𝑦 =
4

2𝑥 − 3
 

We need to be careful  

to not integrate across 

the asymptote 𝑥 = 1.5 

to avoid infinite areas. 
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Why do we need the modulus symbols? 

Consider that we attempt to use the rule ∫
𝑓′(𝑥)

𝑓(𝑥)
𝑑𝑥 = ln(𝑓(𝑥)) + 𝑐 to integrate the fraction 

𝑓′(𝑥)

𝑓(𝑥)
, not  

∫
𝑓′(𝑥)

𝑓(𝑥)
𝑑𝑥 = ln|𝑓(𝑥)| + 𝑐. The calculations for evaluating ∫

4

2𝑥−3
𝑑𝑥

−2

−5
 would begin as follows: 

∫
4

2𝑥 − 3
𝑑𝑥

−2

−5

 

= ∫ 2 ×
2

2𝑥 − 3
𝑑𝑥

−2

−5

 

= [2 ln(2𝑥 − 3)]−5
−2 

= (2 ln(2 × −2 − 3)) − (2 ln(2 × −5 − 3)) 

= (2 ln(−7)) − (2 ln(−13)) 

It would be impossible to proceed from this point, as it is not possible to evaluate ln(−7) or ln(−13). (Remember 

that the natural logarithm ln(𝑥) finds the power 𝑝 of the number 𝑒 that gives 𝑥, so that 𝑒𝑝 = 𝑥. Because the value of 

𝑒𝑝 is always positive no matter what the value of 𝑝 is, there is no possible value for ln(𝑥) if 𝑥 is negative.) 

So, we need to use the modulus symbols when integrating 
𝑓′(𝑥)

𝑓(𝑥)
 to give ln|𝑓(𝑥)| + 𝑐, but why does this work? 

Consider again the graph for 𝑦 =
4

2𝑥−3
 on the previous page. When evaluating ∫

4

2𝑥−3
𝑑𝑥

−2

−5
, we are finding the yellow 

area below the 𝑥–axis between 𝑥 = −5 and 𝑥 = −2. By the symmetry of the graph, the magnitude of the yellow 

area is the same as the magnitude of the green area on the right, between 𝑥 = 5 and 𝑥 = 8. Compare the following 

calculations for integrating the function between −5 and −2 to begin with, and then between 5 and 8. 

∫
4

2𝑥 − 3
𝑑𝑥

−2

−5

 

= ∫ 2 ×
2

2𝑥 − 3
𝑑𝑥

−2

−5

 

= [2 ln|2𝑥 − 3|]−5
−2 

= (2 ln|2 × −2 − 3|) − (2 ln|2 × −5 − 3|) 
= (2 ln|−7|) − (2 ln|−13|) 
= 2 ln(7) − 2 ln(13) 
= −1.238 to 3 decimal places 

∫
4

2𝑥 − 3
𝑑𝑥

8

5

 

= ∫ 2 ×
2

2𝑥 − 3
𝑑𝑥

8

5

 

= [2 ln|2𝑥 − 3|]5
8 

= (2 ln|2 × 8 − 3|) − (2 ln|2 × 5 − 3|) 
= (2 ln|13|) − (2 ln|7|) 
= 2 ln(13) − 2 ln(7) 
= 1.238 to 3 decimal places 

 

Note that the calculations in the penultimate line both use the numbers 7 and 13, but in a different order.  

On the left, the calculations give a negative answer, corresponding to the yellow area underneath the 𝑥–axis. 

On the right, the calculations give a positive answer, corresponding to the green area above the 𝑥–axis. 

Exercise 3 

Evaluate ∫
2

4𝑥+5
𝑑𝑥

−2

−6
. 

............................................................................................................................. ............................................................................................................................................................................. 
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Summary 

Name Integrand Answer 

Function to a power ∫(𝑎𝑥 + 𝑏)𝑛 𝑑𝑥 
1

(𝑛 + 1)𝑎
(𝑎𝑥 + 𝑏)𝑛+1 + 𝑐 

Integrating trigonometric 

functions 

∫cos(𝑎𝑥 + 𝑏)𝑑𝑥 
1

𝑎
sin(𝑎𝑥 + 𝑏) + 𝑐 

∫sin(𝑎𝑥 + 𝑏)𝑑𝑥 −
1

𝑎
cos(𝑎𝑥 + 𝑏) + 𝑐 

∫sec2(𝑎𝑥 + 𝑏)𝑑𝑥 
1

𝑎
tan(𝑎𝑥 + 𝑏) + 𝑐 

Integrating exponential 

functions 

∫𝑒𝑎𝑥+𝑏 𝑑𝑥 
1

𝑎
𝑒𝑎𝑥+𝑏 + 𝑐 

∫𝑎𝛼𝑥+𝑏 ln(𝑎) 𝑑𝑥 
1

𝛼
𝑎𝛼𝑥+𝑏 + 𝑐 

Integrating to give 

logarithmic functions 
∫

1

𝑎𝑥 + 𝑏
𝑑𝑥 

1

𝑎
ln|𝑎𝑥 + 𝑏| + 𝑐 

 

Area between two curves 

Example 4 

The diagram on the right shows a sketch of the curves  

𝑦 = 𝑥2 + 4 and 𝑦 = 12 − 𝑥2. Find the area of the region 

bounded by the two curves. 

Answer: Step 1: Find where the curves intersect.  

𝑥2 + 4 = 12 − 𝑥2  

2𝑥2 = 8  

𝑥2 = 4   

𝑥 = ±√4   

𝑥 = ±2  

Either 𝑥 = 2 or 𝑥 = −2. 

Step 2: The area between the curves  

= (Area underneath 12 − 𝑥2 between −2 and 2) – (Area underneath 𝑥2 + 4 between −2 and 2) 

Area underneath 12 − 𝑥2 between −2 and 2:   Area underneath 𝑥2 + 4 between −2 and 2: 

∫ 12 − 𝑥2 𝑑𝑥
2

−2
        ∫ 𝑥2 + 4𝑑𝑥

2

−2
 

= [12𝑥 −
𝑥3

3
]
−2

2

       = [
𝑥3

3
+ 4𝑥]

−2

2

 

= (12 × 2 −
23

3
) − (12 × −2 −

(−2)3

3
)     = (

23

3
+ 4 × 2) − (

(−2)3

3
+ 4 × −2) 

= (24 −
8

3
) − (−24 +

8

3
)      = (

8

3
+ 8) − (−

8

3
− 8) 

=
64

3
−−

64

3
       =

32

3
−−

32

3
 

=
128

3
        =

64

3
 

So, the area between the two curves is 
128

3
−

64

3
=

64

3
 square units. 

-4

0

4

8

12

16

-5 -4 -3 -2 -1 0 1 2 3 4 5

𝑦 

𝑥 

𝑦 = 𝑥2 + 4 

𝑦 = 12 − 𝑥2 
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∫𝑓′(𝑔(𝑥))𝑔′(𝑥) 𝑑𝑥 = 𝑓(𝑔(𝑥)) + 𝑐 

∫𝑢
𝑑𝑣

𝑑𝑥
𝑑𝑥 = 𝑢𝑣 −∫𝑣

𝑑𝑢

𝑑𝑥
𝑑𝑥 
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What is the work?  
Reversing the chain rule and the product rule to integrate by 

substitution and integrate by parts. 

   

What is required before 

starting? 
 

A Level Unit 1: Differentiation and integration. 

A Level Unit 3: Further differentiation and integration. 

   

Where does this lead to?  
Integration by parts can be extended to produce reduction formulae 

than can integrate expressions such as cos𝑛 𝑥. 

 

 

In cases where we are integrating something that includes a function and its derivative, we can try to find the 

answer through integration by substitution. We show how this works using the following example. 

Example 1 

∫(24𝑥2 + 9)𝑒8𝑥
3+9𝑥 𝑑𝑥 

We recognise that the integral contains the function 𝑓(𝑥) = 8𝑥3 + 9𝑥 and its derivative 𝑓′(𝑥) = 24𝑥2 + 9.  

We choose the substitution based on this function: 𝑢 = 8𝑥3 + 9𝑥. 

By differentiating 𝑢, we obtain 

𝑑𝑢

𝑑𝑥
= 24𝑥2 + 9 

We can re-arrange the above to make 𝑑𝑥 the subject: 

𝑑𝑢 = (24𝑥2 + 9)𝑑𝑥 

𝑑𝑢

24𝑥2 + 9
= 𝑑𝑥 

We now substitute 𝑢 instead of 8𝑥3 + 9𝑥 and 
𝑑𝑢

24𝑥2+9
 instead of 𝑑𝑥 in the original integral: 

∫(24𝑥2 + 9)𝑒8𝑥
3+9𝑥 𝑑𝑥 

= ∫(24𝑥2 + 9) 𝑒𝑢
𝑑𝑢

24𝑥2 + 9
 

= ∫𝑒𝑢𝑑𝑢 

𝑒𝑢 integrates (with respect to 𝑢) to give 𝑒𝑢. Therefore 

∫𝑒𝑢 𝑑𝑢 = 𝑒𝑢 + 𝑐 

  

Theory 
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To finish, we substitute back for 𝑢: 

∫𝑒𝑢 𝑑𝑢 = 𝑒8𝑥
3+9𝑥 + 𝑐 

Therefore  

∫(24𝑥2 + 9)𝑒8𝑥
3+9𝑥 𝑑𝑥 = 𝑒8𝑥

3+9𝑥 + 𝑐 

Exercise 1 

Use integration by substitution to show that  

∫12𝑥 cos(6𝑥2 − 4)𝑑𝑥 = sin(6𝑥2 − 4) + 𝑐 

............................................................................................................................. ............................................................................................................................................................................. 
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............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

In general, we can integrate by substitution when we integrate an expression of the form 𝑓′(𝑔(𝑥))𝑔′(𝑥).  

∫𝑓′(𝑔(𝑥))𝑔′(𝑥) 𝑑𝑥 = 𝑓(𝑔(𝑥)) + 𝑐 

 

To show why the above is true, we can use the chain rule to differentiate 𝑦 = 𝑓(𝑔(𝑥)) + 𝑐. 

Let 𝑢 = 𝑔(𝑥) so that 𝑦 = 𝑓(𝑢) + 𝑐. 

By differentiating, 
𝑑𝑢

𝑑𝑥
= 𝑔′(𝑥) and 

𝑑𝑦

𝑑𝑢
= 𝑓′(𝑢). 

Chain rule:  
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
×

𝑑𝑢

𝑑𝑥
 

    
𝑑𝑦

𝑑𝑥
= 𝑓′(𝑢) × 𝑔′(𝑥) 

    
𝑑𝑦

𝑑𝑥
= 𝑓′(𝑔(𝑥))𝑔′(𝑥)   

So, ∫𝑓′(𝑔(𝑥))𝑔′(𝑥) 𝑑𝑥 = 𝑓(𝑔(𝑥)) + 𝑐, and we can think of integration by substitution as the reverse of the chain 

rule. 
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Example 2 

Evaluate ∫ 𝑥
0.5

0
cos(3𝑥2 + 5)𝑑𝑥. 

We recognise that the integral contains the function  

𝑓(𝑥) = 3𝑥2 + 5 and a multiple of its derivative 𝑓′(𝑥) = 6𝑥. 

We choose the substitution based on this function:  

𝑢 = 3𝑥2 + 5. 

By differentiating 𝑢, we obtain 

𝑑𝑢

𝑑𝑥
= 6𝑥 

We can re-arrange the above to make 𝑑𝑥 the subject: 

𝑑𝑢 = 6𝑥 𝑑𝑥 

𝑑𝑢

6𝑥
= 𝑑𝑥 

We now substitute 𝑢 instead of 3𝑥2 + 5 and 
𝑑𝑢

6𝑥
 instead of 𝑑𝑥 in the original integral: 

∫ 𝑥
0.5

0

cos(3𝑥2 + 5)𝑑𝑥 

= ∫ 𝑥
0.5

0

cos(𝑢)
𝑑𝑢

6𝑥
 

= ∫
1

6

0.5

0

cos(𝑢) 𝑑𝑢 

Before integrating with respect to 𝑢, we must ensure that the limits are also in terms of 𝑢, not 𝑥.  

Currently, we are integrating between 𝑥 = 0 and 𝑥 = 0.5. Remembering that 𝑢 = 3𝑥2 + 5,  

If 𝑥 = 0 then 𝑢 = 3 × 02 + 5   If 𝑥 = 0.5 then 𝑢 = 3 × 0.52 + 5 

If 𝑥 = 0 then 𝑢 = 5    If 𝑥 = 0.5 then 𝑢 = 5.75 

So, the integral in terms of 𝑢 is 

∫
1

6

5.75

5

cos(𝑢) 𝑑𝑢 

cos⁡(𝑢) integrates (with respect to 𝑢) to give sin⁡(𝑢). Therefore 

∫
1

6

5.75

5

cos(𝑢) 𝑑𝑢 

= [
1

6
sin(𝑢)]

5

5.75

 

= (
1

6
× sin(5.75)) − (

1

6
× sin(5)) 

= −0.08471317958 −−0.1598207124 

= 0.07510753282 

= 0.075⁡square units, to 3 decimal places 

  

-4

-3

-2

-1

0

1

2

3

4

-4 -3 -2 -1 0 1 2 3 4

𝑦 

𝑥 

𝑦 = 𝑥 cos(3𝑥2 + 5) 
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Exercise 2 

Evaluate ∫ 12𝑥
2

1
𝑒3𝑥

2−4 𝑑𝑥. 

............................................................................................................................. ............................................................................................................................................................................. 
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............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

........................................................................................................................................................................................................................................................ .................................................. 

Integrating 𝐬𝐢𝐧𝟐(𝜽) and 𝐜𝐨𝐬𝟐(𝜽) 

We remember from previous work that 

  cos(2𝜃) = 2 cos2(𝜃) − 1   or  cos(2𝜃) = 1 − 2 sin2(𝜃) 

By re-arranging, 

  
cos(2𝜃)+1

2
= cos2(𝜃)     sin2(𝜃) =

1−cos⁡(2𝜃)

2
 

Therefore 

  ∫ cos2(𝜃) 𝑑𝜃      ∫ sin2(𝜃) 𝑑𝜃 

  = ∫
cos(2𝜃)+1

2
𝑑𝜃      = ∫

1−cos⁡(2𝜃)

2
𝑑𝜃 

  = ∫
1

2
cos(2𝜃) +

1

2
𝑑𝜃     = ∫

1

2
−

1

2
cos⁡(2𝜃) 𝑑𝜃 

  =
1

4
sin(2𝜃) +

𝜃

2
+ 𝑐     =

𝜃

2
−

1

4
sin(2𝜃) + 𝑐 

Example 3 

(a) Use the substitution 𝑥 = 4 sin(𝜃) to show that 

∫
𝑥2

√(16 − 𝑥2)
𝑑𝑥

2√2

0

= ∫ 𝑏 sin2 𝜃 𝑑𝜃
𝑎

0

 

where 𝑎 and 𝑏 are constants whose values are to be determined. 

(b) Hence, evaluate 

∫
𝑥2

√(16 − 𝑥2)
𝑑𝑥

2√2

0

 

Give your answer in the form 𝑐𝜋 + 𝑑, where 𝑐 and 𝑑 are integers whose values are to be determined. 
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(a) If 𝑥 = 4 sin(𝜃)    then  
𝑑𝑥

𝑑𝜃
= 4cos(𝜃)  and  𝑥2 = 16sin2(𝜃) 

     𝑑𝑥 = 4 cos(𝜃) 𝑑𝜃 

Limits:  If 𝑥 = 0       then 0 = 4 sin(𝜃)  If 𝑥 = 2√2      then  2√2 = 4 sin(𝜃) 

     0 = sin⁡(𝜃)     
√2

2
= sin(𝜃) 

     𝜃 = sin−1(0)     𝜃 = sin−1 (
√2

2
) 

     𝜃 = 0      𝜃 =
𝜋

4
 

Therefore  

∫
𝑥2

√(16 − 𝑥2)
𝑑𝑥

2√2

0

 

= ∫
16 sin2(𝜃)

√(16 − 16 sin2(𝜃))
× 4 cos(𝜃) 𝑑𝜃

𝜋
4

0

 

= ∫
16 sin2(𝜃)

√16(1 − sin2(𝜃))
× 4 cos(𝜃) 𝑑𝜃

𝜋
4

0

 

= ∫
16 sin2(𝜃)

√16 cos2(𝜃)
× 4 cos(𝜃) 𝑑𝜃

𝜋
4

0

 

= ∫
16sin2(𝜃)

4 cos(𝜃)
× 4 cos(𝜃) 𝑑𝜃

𝜋
4

0

 

= ∫ 16sin2(𝜃) 𝑑𝜃

𝜋
4

0

 

So, 𝑎 =
𝜋

4
 and 𝑏 = 16. 

(b)  

∫
𝑥2

√(16 − 𝑥2)
𝑑𝑥

2√2

0

 

= ∫ 16sin2(𝜃)𝑑𝜃

𝜋
4

0

 

= ∫ 16(
1 − cos(2𝜃)

2
)𝑑𝜃

𝜋
4

0

 

= ∫ 8(1 − cos(2𝜃))𝑑𝜃

𝜋
4

0

 

= ∫ 8 − 8 cos(2𝜃)𝑑𝜃

𝜋
4

0

 

= [8𝜃 − 4 sin(2𝜃)]0

𝜋
4  

= (8 ×
𝜋

4
− 4 × sin (2 ×

𝜋

4
)) − (8 × 0 − 4 × sin(2 × 0)) 

= (2𝜋 − 4 × 1) − (0 − 4 × 0) 

= (2𝜋 − 4) − (0 − 0) 

= 2𝜋 − 4 

So, 𝑐 = 2 and 𝑑 = −4. 

 

 

cos(2𝜃) = 1 − 2 sin2(𝜃)    

sin2(𝜃) =
1 − cos⁡(2𝜃)

2
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Exercise 3 

Use an appropriate sustitution to show that  

∫
𝑥2

√1 − 𝑥2
𝑑𝑥

1
2

0

=
𝜋

12
−
√3

8
. 

............................................................................................................................. ............................................................................................................................................................................. 
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Example 4 

Use the substitution 𝑢 = 3𝑥 − 2 to evaluate 

∫
𝑥

(3𝑥 − 2)4
𝑑𝑥

2

1

. 

If 𝑢 = 3𝑥 − 2    then 
𝑑𝑢

𝑑𝑥
= 3    If 𝑢 = 3𝑥 − 2    then 𝑢 + 2 = 3𝑥 

    𝑑𝑢 = 3𝑑𝑥      
𝑢+2

3
= 𝑥 

    
𝑑𝑢

3
= 𝑑𝑥 

Limits: If 𝑥 = 1   then  𝑢 = 3 × 1 − 2   If 𝑥 = 2   then 𝑢 = 3 × 2 − 2 

    𝑢 = 1      𝑢 = 4 

Therefore 

∫
𝑥

(3𝑥 − 2)4
𝑑𝑥

2

1

 

= ∫
(
𝑢 + 2
3

)

𝑢4
𝑑𝑢

3

4

1

 

=
1

9
∫

𝑢 + 2

𝑢4

4

1

𝑑𝑢 

=
1

9
∫ 𝑢−3 + 2𝑢−4

4

1

𝑑𝑢 

=
1

9
[
𝑢−2

−2
+
2𝑢−3

−3
]
1

4

 

=
1

9
[(
4−2

−2
+
2 × 4−3

−3
) − (

1−2

−2
+
2 × 1−3

−3
)] 

=
1

9
[(

1

−32
+

2

−192
) − (

1

−2
+

2

−3
)] 

=
1

9
[−

1

24
− −

7

6
] 

=
1

9
×
9

8
 

=
1

8
 

Exercise 4 

Use the substitution 𝑢 = 2𝑥 − 3 to evaluate 

∫
𝑥

(2𝑥 − 3)3
𝑑𝑥

3

2

. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

This time the 𝑥 on top of 

the fraction will not cancel. 
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............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

Choosing an appropriate substitution 

The substitution is not always given in an examination question. Here are some appropriate substitutions. 

Integral Substitution 

∫√𝑎2 − 𝑥2 𝑑𝑥⁡ 𝑥 = 𝑎 sin𝜃 

∫
1

√𝑎2 − 𝑥2
𝑑𝑥 𝑥 = 𝑎 sin𝜃 

∫
1

𝑎2 + 𝑥2
𝑑𝑥 𝑥 = 𝑎 tan 𝜃 

 

Otherwise, choose a substitution for 𝑢 so that 

• 𝑢 and its derivative appears in the integral 

• 𝑢 appears in a bracket 

• 𝑢 appears in the denominator 

• 𝑢 is a function raised to the highest exponent 
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Integration by Parts 

In a previous workbook on further differentiation, we saw the product rule, which was the technique for 

differentiating an expression of the form 𝑦 = 𝑢𝑣. 

𝑑𝑦

𝑑𝑥
= 𝑢

𝑑𝑣

𝑑𝑥
+ 𝑣

𝑑𝑢

𝑑𝑥
 

We can integrate the above with respect to 𝑥 to give the following. 

∫
𝑑𝑦

𝑑𝑥
𝑑𝑥 = ∫𝑢

𝑑𝑣

𝑑𝑥
𝑑𝑥 + ∫𝑣

𝑑𝑢

𝑑𝑥
𝑑𝑥 

𝑦 = ∫𝑢
𝑑𝑣

𝑑𝑥
𝑑𝑥 + ∫𝑣

𝑑𝑢

𝑑𝑥
𝑑𝑥 

𝑢𝑣 = ∫𝑢
𝑑𝑣

𝑑𝑥
𝑑𝑥 + ∫𝑣

𝑑𝑢

𝑑𝑥
𝑑𝑥 

𝑢𝑣 − ∫𝑣
𝑑𝑢

𝑑𝑥
𝑑𝑥 = ∫𝑢

𝑑𝑣

𝑑𝑥
𝑑𝑥 

By swapping sides, we arrive at the formula for integrating by parts:  
 

∫𝑢
𝑑𝑣

𝑑𝑥
𝑑𝑥 = 𝑢𝑣 −∫𝑣

𝑑𝑢

𝑑𝑥
𝑑𝑥 

 

We use this technique to integrate a product made up of two parts, 𝑢 and 
𝑑𝑣

𝑑𝑥
.  

As a rule, choose 𝑢 as the function that appears highest in the following ‘LIATE’ list. 

L Logarithmic functions, e.g. ln(3𝑥) 
I Inverse trigonometric functions, e.g. tan−1(2𝑥) 
A Algebraic functions (simple polynomials), e.g. 3𝑥2 − 5𝑥 + 8 

T Trigonometric functions, e.g. sin(5𝑥) 
E Exponential functions, e.g. 𝑒7𝑥 

 

Example 5 

Find  

∫5𝑥 cos 𝑥 𝑑𝑥. 

Answer: The integral is a product of two expressions, so we can attempt to use integration by parts to find a solution. 

Let  𝑢 = 5𝑥  
𝑑𝑣

𝑑𝑥
= cos 𝑥 

  
𝑑𝑢

𝑑𝑥
= 5  𝑣 = sin𝑥 

Then  

∫𝑢
𝑑𝑣

𝑑𝑥
𝑑𝑥 = 𝑢𝑣 −∫𝑣

𝑑𝑢

𝑑𝑥
𝑑𝑥 

∫5𝑥 cos𝑥 𝑑𝑥 = 5𝑥 × sin𝑥 − ∫sin𝑥 × 5𝑑𝑥 

∫5𝑥 cos𝑥 𝑑𝑥 = 5𝑥 sin𝑥 − ∫5 sin 𝑥 𝑑𝑥 

∫5𝑥 cos𝑥 𝑑𝑥 = 5𝑥 sin𝑥 − −5 cos𝑥 + 𝑐 

∫5𝑥 cos𝑥 𝑑𝑥 = 5𝑥 sin𝑥 + 5 cos 𝑥 + 𝑐 

∫5𝑥 cos𝑥 𝑑𝑥 = 5(𝑥 sin𝑥 + cos 𝑥) + 𝑐 

This is given in the 

formula booklet. 

Theory 
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Exercise 5 

Find 

∫7𝑥𝑒3𝑥 𝑑𝑥. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

Example 6 

Find  

∫𝑥2 𝑒𝑥 𝑑𝑥. 

Answer: Let  𝑢 = 𝑥2  
𝑑𝑣

𝑑𝑥
= 𝑒𝑥 

   
𝑑𝑢

𝑑𝑥
= 2𝑥 𝑣 = 𝑒𝑥 

Then  

∫𝑢
𝑑𝑣

𝑑𝑥
𝑑𝑥 = 𝑢𝑣 −∫𝑣

𝑑𝑢

𝑑𝑥
𝑑𝑥 

∫𝑥2 𝑒𝑥 𝑑𝑥 = 𝑥2 × 𝑒𝑥 −∫𝑒𝑥 × 2𝑥 𝑑𝑥 

∫𝑥2 𝑒𝑥 𝑑𝑥 = 𝑥2𝑒𝑥 −∫2𝑥𝑒𝑥 𝑑𝑥 

 

Now for ∫2𝑥𝑒𝑥 𝑑𝑥 we must integrate by parts again. 

Let   𝑢 = 2𝑥  
𝑑𝑣

𝑑𝑥
= 𝑒𝑥 

   
𝑑𝑢

𝑑𝑥
= 2  𝑣 = 𝑒𝑥 

Then  

∫𝑢
𝑑𝑣

𝑑𝑥
𝑑𝑥 = 𝑢𝑣 −∫𝑣

𝑑𝑢

𝑑𝑥
𝑑𝑥 

∫2𝑥 𝑒𝑥 𝑑𝑥 = 2𝑥 × 𝑒𝑥 −∫𝑒𝑥 × 2𝑑𝑥 
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∫2𝑥 𝑒𝑥 𝑑𝑥 = 2𝑥𝑒𝑥 −∫2𝑒𝑥 𝑑𝑥 

∫2𝑥 𝑒𝑥 𝑑𝑥 = 2𝑥𝑒𝑥 − 2𝑒𝑥 + 𝑐 

Therefore 

∫𝑥2 𝑒𝑥 𝑑𝑥 = 𝑥2𝑒𝑥 − (2𝑥𝑒𝑥 − 2𝑒𝑥 + 𝑐) 

∫𝑥2 𝑒𝑥 𝑑𝑥 = 𝑥2𝑒𝑥 − 2𝑥𝑒𝑥 + 2𝑒𝑥 + 𝑐 

∫𝑥2 𝑒𝑥 𝑑𝑥 = 𝑒𝑥(𝑥2 − 2𝑥 + 2) + 𝑐 

Exercise 6 

Find 

∫𝑒𝑥 sin 𝑥 𝑑𝑥. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

We can continue to 

add the constant of 

integration (Why?) 
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(C4 Summer 2005) 
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What is the work?  
Solving first order differential equations, which are equations 

containing a function and its derivative. 

   

What is required before 

starting? 
 

A Level Unit 1: Differentiation and integration; logarithms. 

A Level Unit 3: Further integration. 

   

Where does this lead to?  
Further Mathematics: solving second order differential equations. 

Applications: Modelling electrical circuits; forces on beams. 

 

 

A differential equation connects a function 𝑦 to its derivative 
𝑑𝑦

𝑑𝑥
. By separating the variables and integrating, we 

can find an equation that connects 𝑥 and 𝑦. 

Example (C4 Summer 2005) 

The size 𝑃 of a population of bacteria at time 𝑡 days is to be modelled as a continuous variable such that the rate of 

increase of 𝑃 is directly proportional to 𝑃. 

(a) Write down a differential equation that is satisfied by 𝑃. 

(b) Given that the initial size of the population is 𝑃0, show that 𝑃 = 𝑃0𝑒𝑘𝑡, where 𝑘 is a positive constant. 

(c) Two days after the start, the population is 1.2𝑃0. Find when the population will be 2𝑃0. 

Answer: (a) If the rate of increase of 𝑃 at time 𝑡 days is directly proportional to 𝑃, then  

𝑑𝑃

𝑑𝑡
∝ 𝑃 

𝑑𝑃

𝑑𝑡
= 𝑘𝑃 

(b) Separating the variables in the differential equation above, 

𝑑𝑃 = 𝑘𝑃 𝑑𝑡 
1

𝑃
𝑑𝑃 = 𝑘 𝑑𝑡 

Integrating, 

∫
1

𝑃
𝑑𝑃 = ∫ 𝑘 𝑑𝑡 

ln|𝑃| = 𝑘𝑡 + 𝑐 

The initial size of the population is 𝑃0, so 𝑃 = 𝑃0 when 𝑡 = 0. 

ln|𝑃0| = 𝑘(0) + 𝑐 

ln|𝑃0| = 𝑐 

 
Theory 
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Therefore 

ln|𝑃| = 𝑘𝑡 + ln|𝑃0| 

ln|𝑃| − ln|𝑃0| = 𝑘𝑡 

ln |
𝑃

𝑃0
| = 𝑘𝑡 

𝑃

𝑃0
= 𝑒𝑘𝑡 

𝑃 = 𝑃0𝑒𝑘𝑡 

(c) If 𝑡 = 2, 𝑃 = 1.2𝑃0. Therefore 

1.2𝑃0 = 𝑃0𝑒𝑘(2) 

1.2 = 𝑒2𝑘 

ln(1.2) = 2𝑘 
1

2
ln(1.2) = 𝑘 

Therefore 

𝑃 = 𝑃0𝑒
1
2

ln(1.2)𝑡
 

If 𝑃 = 2𝑃0, 

2𝑃0 = 𝑃0𝑒
1
2

ln(1.2)𝑡
 

2 = 𝑒
1
2

ln(1.2)𝑡
 

ln(2) =
1

2
ln(1.2) 𝑡 

2 ln(2)

ln(1.2)
= 𝑡 

𝑡 = 7.60 days, to 2 decimal places. 

Establishing a Differential Equation 

Exercise 1 

Complete the following table. 

Description Proportional Relationship Differential Equation 

The rate of increase of 𝑃 at time 𝑡 is directly 

proportional to 𝑃2. 

𝑑𝑃

𝑑𝑡
∝ 𝑃2 

𝑑𝑃

𝑑𝑡
= 𝑘𝑃2 

The rate of increase of 𝑃 at time 𝑡 is inversely 

proportional to 𝑃2. 

𝑑𝑃

𝑑𝑡
∝

1

𝑃2
 

𝑑𝑃

𝑑𝑡
=

𝑘

𝑃2
 

The rate of decrease of 𝑃 at time 𝑡 is directly 

proportional to 𝑃2. 

𝑑𝑃

𝑑𝑡
∝ −𝑃2 

𝑑𝑃

𝑑𝑡
= −𝑘𝑃2 

The rate of decrease of 𝑃 at time 𝑡 is inversely 

proportional to 𝑃2. 

𝑑𝑃

𝑑𝑡
∝ −

1

𝑃2
 

𝑑𝑃

𝑑𝑡
= −

𝑘

𝑃2
 

The rate of increase of 𝑃 at time 𝑡 is directly 

proportional to 𝑃3. 

 
 

The rate of decrease of 𝑃 at time 𝑡 is inversely 

proportional to 𝑃. 

 
 

The rate of increase of 𝑃 at time 𝑡 is inversely 

proportional to 𝑃4. 

 
 

The rate of decrease of 𝑃 at time 𝑡 is directly 

proportional to √𝑃. 
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Rational Function Partial Fractions 

𝑝𝑥 + 𝑞

(𝑎𝑥 + 𝑏)(𝑐𝑥 + 𝑑)
 

𝐴

𝑎𝑥 + 𝑏
+

𝐵

𝑐𝑥 + 𝑑
 

𝑝𝑥 + 𝑞

(𝑎𝑥 + 𝑏)2
 

𝐴

𝑎𝑥 + 𝑏
+

𝐵

(𝑎𝑥 + 𝑏)2
 

𝑝𝑥2 + 𝑞𝑥 + 𝑟

(𝑎𝑥 + 𝑏)(𝑐𝑥 + 𝑑)(𝑒𝑥 + 𝑓)
 

𝐴

𝑎𝑥 + 𝑏
+

𝐵

𝑐𝑥 + 𝑑
+

𝐶

𝑒𝑥 + 𝑓
 

𝑝𝑥2 + 𝑞𝑥 + 𝑟

(𝑎𝑥 + 𝑏)2(𝑐𝑥 + 𝑑)
 

𝐴

𝑎𝑥 + 𝑏
+

𝐵

(𝑎𝑥 + 𝑏)2
+

𝐶

𝑐𝑥 + 𝑑
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What is the work?  
Separating an algebraic fraction into a fraction sum with linear 

denominators. Using this work to integrate algebraic fractions. 

   

What is required before 

starting? 
 

A Level Unit 1: Differentiation and integration. 

A Level Unit 3: Further integration. 

   

Where does this lead to?  
Applications: Reducing the noise in an audio clip; compressing 

computer files; studying how a drug decays in the body. 

 

 

Simplifying Rational Expressions 

Before using the techniques for partial fractions that follow, it is important to check whether an 

algebraic expression can be simplified using previous techniques. 

Example 1      Example 2 

Simplify 
15𝑥+20

(3𝑥+4)(2𝑥−3)
.     Simplify 

𝑥2+8𝑥+15

𝑥2+2𝑥−15
. 

Answer:  
15𝑥+20

(3𝑥+4)(2𝑥−3)
=

5(3𝑥+4)

(3𝑥+4)(2𝑥−3)
   Answer:  

𝑥2+8𝑥+15

𝑥2+2𝑥−15
=

(𝑥+5)(𝑥+3)

(𝑥+5)(𝑥−3)
 

 
15𝑥+20

(3𝑥+4)(2𝑥−3)
=

5

(2𝑥−3)
    

𝑥2+8𝑥+15

𝑥2+2𝑥−15
=

𝑥+3

𝑥−3
 

Example 3      Example 4 

Simplify 
6𝑥3−5𝑥2+2𝑥+3

2𝑥+1
.     Simplify 

6𝑥3−5𝑥2+2𝑥+5

2𝑥+1
. 

Answer: By using a division frame,   Answer: By using a division frame, 

 

2𝑥 + 1   6𝑥3 − 5𝑥2 + 2𝑥 + 3    2𝑥 + 1   6𝑥3 − 5𝑥2 + 2𝑥 + 5 

   6𝑥3 + 3𝑥2        6𝑥3 + 3𝑥2 

          −8𝑥2 + 2𝑥 + 3              −8𝑥2 + 2𝑥 + 5 

          −8𝑥2 − 4𝑥              −8𝑥2 − 4𝑥 

            6𝑥 + 3                6𝑥 + 5 

            6𝑥 + 3                6𝑥 + 3 

                  2 

 

So, 
6𝑥3−5𝑥2+2𝑥+3

2𝑥+1
= 3𝑥2 − 4𝑥 + 3.    So, 

6𝑥3−5𝑥2+2𝑥+5

2𝑥+1
= 3𝑥2 − 4𝑥 + 3 +

2

2𝑥+1
.  

     

 

 

 

3𝑥2 − 4𝑥 + 3 3𝑥2 − 4𝑥 + 3 
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Exercise 1      Exercise 2 

Simplify 
12𝑥−8

(2𝑥+5)(3𝑥−2)
.     Simplify 

𝑥2+7𝑥+12

𝑥2−2𝑥−15
. 

 

..................................................................................................................................... .......................................................................................................................... ............................... 
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............................................................................................................................. ........ ......................................................................................................................................................... 

............................................................................................................................. ........ ......................................................................................................................................................... 

............................................................................................................................. ........ ......................................................................................................................................................... 

Exercise 3      Exercise 4 

Simplify 
6𝑥3+19𝑥2+37𝑥+18

3𝑥+2
.    Simplify 

6𝑥3+19𝑥2+37𝑥+15

3𝑥+2
. 

 

............................................................................................................................. ........ .......................................................................................................................... ............................... 
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............................................................................................................................. ........ ............................................................................................................................. ............................ 
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..................................................................................................................................... ............................................................................................................................. ............................ 

..................................................................................................................................... ............................................................................................................................. ............................ 

............................................................................................................................. ........ .......................................................................................................................... ............................... 

Exercise 5      Exercise 6 

Solve the equation 
2𝑥2−3𝑥−20

𝑥−4
= 0.   Solve the equation 

6𝑥6+11𝑥5−4𝑥4−4𝑥3

2𝑥+1
= 0. 
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..................................................................................................................................... ............................................................................................................................. ............................ 
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Partial Fractions 

Given a fraction whose denominator is a product of linear factors, we can decompose the fraction 

into its partial fractions. 

Example 5 

Express the fraction 
7𝑥−10

(𝑥+2)(𝑥−6)
 in terms of partial fractions. 

Answer: It is possible to write the fraction in the form 
𝐴

𝑥+2
+

𝐵

𝑥−6
, where 𝐴 and 𝐵 are numbers to be found. 

7𝑥 − 10

(𝑥 + 2)(𝑥 − 6)
≡

𝐴

𝑥 + 2
+

𝐵

𝑥 − 6
 

7𝑥 − 10 ≡
𝐴(𝑥 + 2)(𝑥 − 6)

𝑥 + 2
+

𝐵(𝑥 + 2)(𝑥 − 6)

𝑥 − 6
 

7𝑥 − 10 ≡ 𝐴(𝑥 − 6) + 𝐵(𝑥 + 2) 

There are two techniques for finding the values of 𝐴 and 𝐵: 

 Substitute values into the identity, usually values that eliminate some of the terms; 

 Compare coefficients, e.g. the coefficients of 𝑥. 

By substituting 𝑥 = 6 into the identity, the term with the 𝐴 vanishes, and we can calculate the value of 𝐵. 

7(6) − 10 ≡ 𝐴(6 − 6) + 𝐵(6 + 2) 

42 − 10 ≡ 𝐴(0) + 𝐵(8) 

32 ≡ 8𝐵 

𝐵 ≡ 4 

By substituting 𝑥 = −2 into the identity, the term with the 𝐵 vanishes, and we can calculate the value of 𝐴. 

7(−2) − 10 ≡ 𝐴(−2 − 6) + 𝐵(−2 + 2) 

−14 − 10 ≡ 𝐴(−8) + 𝐵(0) 

−24 ≡ −8𝐴 

𝐴 ≡ 3 

So, 
2𝑥

(𝑥+2)(𝑥−6)
=

3

𝑥+2
+

4

𝑥−6
. 

Exercise 7 

Express the fraction 
13𝑥−1

(𝑥+3)(𝑥−7)
 in terms of partial fractions. 

.............................................................................................................................................................................................................................. ............................................................................ 

................................................................................................................................................................................... ....................................................................................................................... 

..................................................................................................................................................................................................................................................................... ..................................... 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................................................................................................................ .............................................................................. 

.......................................................................................................................................................................................................................................................................................................... 

...................................................................................................................................... ............................................................................................................................. ....................................... 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ........................................................................................................................................ ..................................... 

Multiply by  

(𝑥 + 2)(𝑥 − 6) 
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If the denominator contains a squared factor, we must consider the factor both individually and squared. 

Example 6 (C4 Summer 2005) 

(a) Express the fraction 
8𝑥2+𝑥−5

(2𝑥−1)2(𝑥+2)
 in terms of partial fractions.  

(b) Find ∫
8𝑥2+𝑥−5

(2𝑥−1)2(𝑥+2)
𝑑𝑥. 

Answer: (a) It is possible to write the fraction in the form 
𝐴

2𝑥−1
+

𝐵

(2𝑥−1)2 +
𝐶

𝑥+2
, where 𝐴, 𝐵 and 𝐶 are numbers to be 

found. 

8𝑥2 + 𝑥 − 5

(2𝑥 − 1)2(𝑥 + 2)
≡

𝐴

2𝑥 − 1
+

𝐵

(2𝑥 − 1)2
+

𝐶

𝑥 + 2
 

8𝑥2 + 𝑥 − 5 ≡
𝐴(2𝑥 − 1)2(𝑥 + 2)

2𝑥 − 1
+

𝐵(2𝑥 − 1)2(𝑥 + 2)

(2𝑥 − 1)2
+

𝐶(2𝑥 − 1)2(𝑥 + 2)

𝑥 + 2
 

8𝑥2 + 𝑥 − 5 ≡ 𝐴(2𝑥 − 1)(𝑥 + 2) + 𝐵(𝑥 + 2) + 𝐶(2𝑥 − 1)2 

By substituting 𝑥 = −2 into the identity, the terms containing 𝐴 and 𝐵 will disappear, and we can calculate the value 

of 𝐶. 

8(−2)2 + (−2) − 5 ≡ 𝐴(2(−2) − 1)(−2 + 2) + 𝐵(−2 + 2) + 𝐶(2(−2) − 1)2 

32 − 2 − 5 ≡ 𝐴(0) + 𝐵(0) + 𝐶(25) 

25 ≡ 25𝐶 

𝐶 ≡ 1 

By substituting 𝑥 = 0.5 into the identity, the terms containing 𝐴 and 𝐶 will disappear, and we can calculate the value 

of 𝐵. 

8(0.5)2 + 0.5 − 5 ≡ 𝐴(2(0.5) − 1)(0.5 + 2) + 𝐵(0.5 + 2) + 𝐶(2(0.5) − 1)2 

2 + 0.5 − 5 ≡ 𝐴(0) + 𝐵(2.5) + 𝐶(0) 

−2.5 ≡ 25𝐵 

𝐵 ≡ −1 

By comparing the coefficients of 𝑥2, we can calculate the value of 𝐴. 

8 ≡ 2𝐴 + 0𝐵 + 4𝐶 

8 ≡ 2𝐴 + 4(1) 

4 ≡ 2𝐴 

𝐴 ≡ 2 

So, 
8𝑥2+𝑥−5

(2𝑥−1)2(𝑥+2)
=

2

2𝑥−1
−

1

(2𝑥−1)2 +
1

𝑥+2
. 

(b) ∫
8𝑥2+𝑥−5

(2𝑥−1)2(𝑥+2)
𝑑𝑥 = ∫

2

2𝑥−1
−

1

(2𝑥−1)2 +
1

𝑥+2
𝑑𝑥 

(b) ∫
8𝑥2+𝑥−5

(2𝑥−1)2(𝑥+2)
𝑑𝑥 = ∫

2

2𝑥−1
𝑑𝑥 − ∫(2𝑥 − 1)−2 𝑑𝑥 + ∫

1

𝑥+2
𝑑𝑥  

(b) ∫
8𝑥2+𝑥−5

(2𝑥−1)2(𝑥+2)
𝑑𝑥 = ln|2𝑥 − 1| +

1

2
(2𝑥 − 1)−1 + ln|𝑥 + 2| + 𝑐 

(b) ∫
8𝑥2+𝑥−5

(2𝑥−1)2(𝑥+2)
𝑑𝑥 = ln |(2𝑥 − 1)(𝑥 + 2)| +

1

2(2𝑥−1)
+ 𝑐 

  

Multiply by  

(2𝑥 − 1)2(𝑥 + 2) 

(2𝑥 − 1)(𝑥 + 2) =
2𝑥2 + 3𝑥 − 2, 

(2𝑥 − 1)2 = 

4𝑥2 − 4𝑥 + 1 

Which other 

methods could be 

used to find the 

value of 𝐴? 
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We can use integration to find the area bounded by the curve 𝑦 = 𝑓(𝑥), the 𝑥–axis, the line 𝑥 = 𝑎 and the line 

𝑥 = 𝑏. 

∫ 𝑦 𝑑𝑥
𝑏

𝑎

 

It would be possible to estimate this area by splitting it into rectangles of constant width 𝛿𝑥. 

Example 7 

The following diagram shows the curve 𝑦 = 𝑥2 + 4 between 𝑥 = −1 and 𝑥 = 5. 

 

We can estimate the value of ∫ 𝑥2 + 4
4

0
𝑑𝑥 by using the green rectangles above, all of width 1 unit.  

The height of each rectangle is the value of the function to the left of the rectangle. 

∫ 𝑥2 + 4
4

0

𝑑𝑥 ≈ (1 × 4) + (1 × 5) + (1 × 8) + (1 × 13) 

∫ 𝑥2 + 4
4

0

𝑑𝑥 ≈ 30 

We see from the diagram that the estimate is an underestimate, as the red curve lies above the rectangle. In reality, 

we have 

∫ 𝑥2 + 4
4

0

𝑑𝑥 = [
𝑥3

3
+ 4𝑥]

0

4

 

∫ 𝑥2 + 4
4

0

𝑑𝑥 = [
43

3
+ 4 × 4] − [

03

3
+ 4 × 0] 

∫ 𝑥2 + 4
4

0

𝑑𝑥 =
112

3
 

So, our estimate is 
112

3
− 30 =

22

3
 square units too small. It would be possible to improve the estimate by using more 

rectangles, of smaller width. 

In general, if we have 𝑛 rectangles, each of width 𝛿𝑥, then the estimate of the area 𝐴 is 

𝐴 ≈ 𝑦1𝛿𝑥 + 𝑦2𝛿𝑥 + ⋯ + 𝑦𝑛𝛿𝑥 
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𝑦 = 𝑥2 + 4 
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We can write the above sum using sigma notation: 

𝐴 ≈ ∑ 𝑦𝑖𝛿𝑥

𝑛

𝑖=1

 

If we increase the number 𝑛 of rectangles, the width 𝛿𝑥 of each rectangle decreases, and the sum gives a better 

estimate of the area. Taking the limit, 

lim
𝑛→∞

∑ 𝑦𝑖𝛿𝑥

𝑛

𝑖=1

= ∫ 𝑦
𝑏

𝑎

𝑑𝑥 

Because the values of 𝑦𝑖 come from the function 𝑦 = 𝑓(𝑥), we can write 

lim
𝛿𝑥→0

∑ 𝑓(𝑥)𝛿𝑥

𝑏

𝑥=𝑎

= ∫ 𝑦
𝑏

𝑎

𝑑𝑥 

Exercise 8 

The following diagram shows the curve 𝑦 = −𝑥2 + 20 between 𝑥 = −1 and 𝑥 = 5. 

 

Find an estimate for ∫ −𝑥2 + 20
4

0
𝑑𝑥 using the four green rectangles in the diagram.  

Is your estimate an underestimate or an overestimate? 
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“Let us prove that  

this is true...” 
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What is the work?  
Proving that something is true by showing that the opposite cannot be 

true. 

   

What is required before 

starting? 
 

GCSE: Solving equations and inequalities. 

A Level Unit 1: Proof. 

   

Where does this lead to?  
Applications: Showing that there is an infinite number of prime 

numbers; showing that √2 cannot be written in the form 
𝑎

𝑏
. 

 

 

Proof by contradiction  

We can show that something is true by showing that the opposite can never be true. 

Example 1 (C4 Summer 2005) 

Complete the following proof by contradiction to show that 𝑥 +
25

𝑥
≥ 10 when 𝑥 is real and positive. 

Assume that 𝑥 +
25

𝑥
< 10, where 𝑥 is real and positive. 

Since 𝑥 is positive, multiplication of both sides of the inequality by 𝑥 gives 𝑥2 + 25 < 10𝑥. 

Answer: By subtracting 10𝑥 from both sides, we obtain 𝑥2 − 10𝑥 + 25 < 0. 

By factorising,  (𝑥 − 5)(𝑥 − 5) < 0. 

   (𝑥 − 5)2 < 0. 

Squaring any real number gives a number that is greater than or equal to 0, so there is no real and positive value of 𝑥 such 

that (𝑥 − 5)2 is less than zero. This contradicts the assumption that 𝑥 is real, so we must have 𝑥 +
25

𝑥
≥ 10 if 𝑥 is real and 

positive. 

Example 2 (C4 Summer 2006) 

Complete the following proof by contradiction to show that √2 is irrational. 

Assume that √2 is rational. Then √2 may be written in the form 
𝑎

𝑏
, where 𝑎 and 𝑏 are positive integers having no common 

factor. 

 ∴ 𝑎2 = 2𝑏2. 

  ∴ 𝑎2 has a factor of 2. 

  ∴ 𝑎 has a factor of 2 so that 𝑎 = 2𝑘, where 𝑘 is an integer. 

Answer:  Substituting 𝑎 = 2𝑘 into 𝑎2 = 2𝑏2, we obtain 

  (2𝑘)2 = 2𝑏2. 

  4𝑘2 = 2𝑏2. 

  2𝑘2 = 𝑏2. 

∴ is ‘therefore’ 

 
Theory 
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 ∴  𝑏2 has a factor of 2. 

  ∴  𝑏 has a factor of 2. 

If 2 is a factor of both 𝑎 and 𝑏, then this contradicts the earlier assumption that 𝑎 and 𝑏 were positive integers having no 

common factors. (We have found a common factor, namely 2.) 

So, √2 is not rational. 

Example 3 

Use proof by contradiction to show that there is an infinite number of prime numbers. 

Answer: Assume, to the contrary, that a finite number 𝑛 of prime numbers exist.  

  We can list the prime numbers like this: 2, 3, 5, 7, … , 𝑝𝑛. 

 Let 𝑥 be the product of all of these prime numbers, and then add one.  

  𝑥 = (2 × 3 × 5 × 7 × ⋯ × 𝑝𝑛) + 1. 

 2 is not a factor of 𝑥 as it has a remainder of 1 when we divide 𝑥 by 2.  

 We can use the same argument to show that all the other prime numbers, up to 𝑝𝑛 , are also not factors of 𝑥. 

 So, 𝑥 must be a prime number that is greater than 𝑝𝑛 . 

 This contradicts the earlier assumption that the greatest prime number is 𝑝𝑛 . 

  So, there must be an infinite number of prime numbers. 

Example 4 (C4 Summer 2014) 

Complete the following proof by contradiction to show that  

sin 𝜃 + cos 𝜃 ≤ √2 

for all values of 𝜃. 

 Assume that there is a value of 𝜃 for which sin 𝜃 + cos 𝜃 > √2. 

  Then squaring both sides, we have: 

Answer: (sin 𝜃 + cos 𝜃)2 > 2 

  (sin 𝜃 + cos 𝜃)(sin 𝜃 + cos 𝜃) > 2 

  sin2 𝜃 + sin 𝜃 cos 𝜃 + cos 𝜃 sin 𝜃 + cos2 𝜃 > 2 

  sin2 𝜃 + 2 sin 𝜃 cos 𝜃 + cos2 𝜃 > 2 

  sin2 𝜃 + cos2 𝜃 + 2 sin 𝜃 cos 𝜃 > 2 

  1 + 2 sin 𝜃 cos 𝜃 > 2    (using sin2 𝜃 + cos2 𝜃 = 1) 

  2 sin 𝜃 cos 𝜃 > 1 

  sin 2𝜃 > 1     (using 2 sin 𝜃 cos 𝜃 = sin 2𝜃)  

  The graph of sin 𝜃 varies between −1 and 1, so the graph of sin 2𝜃 will also vary between −1 and 1. 

 

 

 

 

 

 

 

 

  It is therefore impossible to find a value of 𝜃 so that sin 2𝜃 > 1. 

  This contradicts the earlier assumption that sin 𝜃 + cos 𝜃 > √2. 

  So, we must have sin 𝜃 + cos 𝜃 ≤ √2 for all values of 𝜃. 

-1.5

-1

-0.5

0

0.5

1

1.5

-450-360-270-180 -90 0 90 180 270 360 450

-1.5

-1

-0.5

0

0.5

1

1.5

-450-360-270-180-90 0 90 180 270 360 450

𝑦 

𝑥 

𝑦 = sin 𝜃 

𝑥 

𝑦 

𝑦 = sin 2𝜃 
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What is the work?  Combining the transformations of graphs from Unit 1. 

   

What is required before 

starting? 
 

GCSE: Plotting graphs; transformations of graphs. 

A Level Unit 1: Transformations of graphs. 

   

Where does this lead to?  
Applications: Unit conversion (e.g. temperature in Celsius, Fahrenheit 

and Kelvin); simple harmonic motion. 

 

 

The following theory comes from the GCSE notes, or the Unit 1 notes.  

The questions in this workbook will combine the parts that follow. 

Transformations of Graphs 

We can transform the function 𝑦 = 𝑓(𝑥) using the following techniques. 

𝒚 = 𝒇(𝒙) + 𝒂                 𝒚 = 𝒇(𝒙 + 𝒂) 

 

 

 

 

 

 

 

 

 

 

 

 

The transformation 𝑦 = 𝑓(𝑥) + 𝑎 moves the graph         The transformation 𝑦 = 𝑓(𝑥 + 𝑎) moves the graph 

𝑎 units up (if 𝑎 is positive) or 𝑎 units down          𝑎 units to the left (if 𝑎 is positive) or 𝑎 units to the 

(if 𝑎 is negative).             right (if 𝑎 is negative). 
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𝒚 = 𝒂𝒇(𝒙)                𝒚 = 𝒇(𝒂𝒙) 

 

 

 

 

 

 

 

 

 

 

 

 

The transformation 𝑦 = 𝑎𝑓(𝑥) stretches the graph in         The transformation 𝑦 = 𝑓(𝑎𝑥) compresses the graph  

the direction of the 𝑦–axis (if 𝑎 > 1) or compresses the         in the direction of the 𝑥–axis (if 𝑎 > 1) or stretches  

the graph in the direction of the 𝑦–axis (if 0 < 𝑎 < 1).         the graph in the direction of the 𝑥–axis (if 0 < 𝑎 < 1). 

As general advice, we need to follow anything that takes place outside parentheses, and undo anything that takes 

place inside parentheses. So, for example, we follow 𝑦 = 𝑓(𝑥) + 3 and translate the graph 3 units up, but undo 

𝑦 = 𝑓(𝑥 + 3) by translating the graph 3 units to the left. 

Special Cases 

𝒚 = −𝒇(𝒙)               𝒚 = 𝒇(−𝒙) 

 

 

 

 

 

 

 

 

 

Mae.... 

 

 

The transformation 𝑦 = −𝑓(𝑥) reflects the graph         The transformation 𝑦 = 𝑓(−𝑥) reflects the graph  

𝑦 = 𝑓(𝑥) in the 𝑥–axis.              𝑦 = 𝑓(𝑥) in the 𝑦–axis. 
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Combining the Transformations  

Consider the graph of 𝑦 = 𝑓(𝑥) that is shown on the right. 

To plot 𝑦 = 𝑓(2𝑥) + 1, we must combine two transformations. 

• To begin, we must form 𝑦 = 𝑓(2𝑥), which compresses 

the graph in the direction of the 𝑥–axis. Under this 

transformation, the points (−2, 0), (1, −4) and (4, 0) 

move to the points (−1, 0), (
1

2
, −4) and (2, 0). 

• Then, we must form 𝑦 = 𝑓(2𝑥) + 1, which moves the 

graph one unit up. The points (−1, 0), (
1

2
, −4) and 

(2, 0) move to the points (−1, 1), (
1

2
, −3) and (2, 1). 

 

Exercise 1 

Complete the following table, which considers how to combine two transformations of graphs.  

In each case, show what happens to the point (8, 12) under the transformations. 

Transformation First step 
Effect on 

(𝟖, 𝟏𝟐) 
Second step 

Effect on 

(𝟖, 𝟏𝟐) 

𝑦 = 3𝑓(𝑥 − 2) 
𝑦 = 𝑓(𝑥 − 2) 

Move 2 units to the right 
(10, 12) 

𝑦 = 3𝑓(𝑥 − 2) 
Stretch along the 𝑦–axis 

(10, 36) 

𝑦 = 𝑓(𝑥 + 1) − 4     

𝑦 = 𝑓(2𝑥) + 3     

𝑦 = 5𝑓(4𝑥)     

𝑦 =
1

2
𝑓 (

1

2
𝑥)     

𝑦 = −𝑓(𝑥 + 4)     

𝑦 = 2𝑓(−𝑥)     

𝑦 = 3 − 𝑓(𝑥)     

𝑦 = 𝑓 (
1

3
𝑥) + 7     

𝑦 = −2𝑓(−3𝑥)     
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What is the work?  Introducing the modulus function, which ignores the sign of a number. 

   

What is required before 

starting? 
 

GCSE Work: Graph plotting; transformations of graphs; solving 

inequalities. 

   

Where does this lead to?  
Applications: Finding the angle between two vectors; interpreting the 

results of a statistical test. 

 

 

The modulus function 𝑦 = ȁ𝑥ȁ gives the magnitude of a number, 

independent of its sign (positive or negative).  

For example, if 𝑥 = 3, we have ȁ3ȁ = 3; and if 𝑥 = −3, we have 

ȁ−3ȁ = 3.  

The graph of 𝑦 = ȁ𝑥ȁ is ‘v’–shaped, as shown on the right.  

The gradient is not defined if 𝑥 = 0. 

Solving Equations 

We can solve equations that contain the modulus function. 

Example 1 

Solve the inequality ȁ3𝑥 + 4ȁ > 5. 

Answer: To visualise the answer, we can plot the  

graph for 𝑦 = ȁ3𝑥 + 4ȁ, as shown on the right.  

There are two parts to the answer: 

3𝑥 + 4 > 5   and 3𝑥 + 4 < −5 

3𝑥 > 1     3𝑥 < −9 

𝑥 >
1

3
     𝑥 < −

9

3
 

     𝑥 < −3 

This is the part of the  This is the part of the  

graph above the blue line graph above the blue line  

𝑦 = 5 after 𝑥 =
1

3
.  𝑦 = 5 before 𝑥 = −3. 

     In order to find this part we  

    consider where the graph 

     𝑦 = 3𝑥 + 4 is less than −5. 

Final solution: 𝑥 < −3 or 𝑥 >
1

3
. 
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Exercise 1 

Solve the inequality ȁ4𝑥 + 1ȁ > 13. 

............................................................................................................................. ............................................................................................................................................................................. 
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Example 2 

Solve the equation 3ȁ𝑥ȁ + 4 = 6 − 2ȁ𝑥ȁ. 

Answer:  3ȁ𝑥ȁ + 4 = 6 − 2ȁ𝑥ȁ 

  5ȁ𝑥ȁ + 4 = 6  add 2ȁ𝑥ȁ to each side 

  5ȁ𝑥ȁ = 2  subtract 4 from both sides  

  ȁ𝑥ȁ = 0.4  divide by 5 

 Either 𝑥 = 0.4 or 𝑥 = −0.4 

Exercise 2 

Solve the equation 5ȁ𝑥 + 1ȁ + 2 = 17 + 2ȁ𝑥 + 1ȁ. 
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Example 3 

Solve the equation ȁ2𝑥 + 3ȁ = ȁ3𝑥 − 2ȁ. 

Answer:  We can see the two solutions in the graph on the right.  

  To find them, we must square each side of the equation  

  to eliminate the modulus symbols.  

  (2𝑥 + 3)2 = (3𝑥 − 2)2 

  (2𝑥 + 3)(2𝑥 + 3) = (3𝑥 − 2)(3𝑥 − 2) 

  4𝑥2 + 6𝑥 + 6𝑥 + 9 = 9𝑥2 − 6𝑥 − 6𝑥 + 4 

  4𝑥2 + 12𝑥 + 9 = 9𝑥2 − 12𝑥 + 4 

  0 = 5𝑥2 − 24𝑥 − 5 

  5 × −5 = −25 

  0 = 5𝑥2 − 25𝑥 + 𝑥 − 5 

  0 = 5𝑥(𝑥 − 5) + 1(𝑥 − 5) 

  0 = (𝑥 − 5)(5𝑥 + 1) 
  Either 𝑥 − 5 = 0 or 5𝑥 + 1 = 0 

                  𝑥 = 5              𝑥 = −
1
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13

Ffion wants to buy a new mobile phone on the 

internet. The cost of the mobile phone is £500. 

Ffion has a ‘10% off’ code for the website,  

and also a £50 voucher. 

Should Ffion enter the ‘10% off’ code first, and then 

use the £50 voucher, or enter the £50 voucher first, 

and then use the ‘10% off’ code? 
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What is the work?  How to combine two or more functions into a composite function. 

   

What is required before 

starting? 
 

GCSE Work: Substitution; solving equations; solving inequalities; 

changing the subject. 

   

Where does this lead to?  

Applications: Any situation where a series of calculations is required, 

and the result of one calculation directly affects the input of the next 

calculation. 

 

 

A function 𝑓 maps elements from the set 𝑋 (the domain) to 

elements of the set 𝑌 (the range). The input 𝑥 ∈ 𝑋 maps to 

one (and only one) output 𝑦 ∈ 𝑌.  

For 𝑓(𝑥) = 𝑥2 − 7,  

the domain is (−∞,∞) and the range is [−7,∞). 

For 𝑓(𝑥) =
1

√𝑥−3
,  

the domain is (3,∞) and the range is (0,∞). 

 

Notation 

∈  ‘is an element of’ 

[2, 5) All numbers between 2 and 5,  

  including 2 but not including 5. 

 

 

In a one-to-one function, every element of the range 

corresponds to exactly one element of the domain. 

Example 1 

𝑓(𝑥) = 2𝑥 − 3. 

 

In a many-to-one function, each element of the range can 

correspond to more than one element of the domain. 

Example 2 

𝑓(𝑥) = 𝑥2. 

 

 

𝑦 

𝑥 

𝑦 = ȁ𝑥ȁ 
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𝑦 = 2𝑥 − 3 

𝑦 = 𝑥2 

Theory 
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Composite Functions 

A composite function combines two or more functions.  

Given functions 𝑓(𝑥) and 𝑔(𝑥), the composite function 𝑓𝑔(𝑥) means ‘apply 𝑓 to the results of 𝑔(𝑥)’.  

The composite function 𝑔𝑓(𝑥) means ‘apply 𝑔 to the results of 𝑓(𝑥)’. 

The order is important. 𝑓𝑔(𝑥) is not necessarily the same as 𝑔𝑓(𝑥). 

Example 3 

If 𝑓(𝑥) = 𝑥2, 𝑔(𝑥) = 5𝑥 + 3, calculate 

(a) 𝑓(4)  (b) 𝑔(4)  (c) 𝑓𝑔(4)  (d) 𝑔𝑓(4) 

Answer:  

(a) 𝑓(4) = 42  (b) 𝑔(4) = 5 × 4 + 3 (c) 𝑓𝑔(4) = 𝑓(𝑔(4)) (d) 𝑔𝑓(4) = 𝑔(𝑓(4)) 

(a) 𝑓(4) = 16  (b) 𝑔(4) = 20 + 3 (c) 𝑓𝑔(4) = 𝑓(23) (d) 𝑔𝑓(4) = 𝑔(16) 

   (b) 𝑔(4) = 23  (c) 𝑓𝑔(4) = 232 (d) 𝑔𝑓(4) = 5 × 16 + 3 

       (c) 𝑓𝑔(4) = 529 (d) 𝑔𝑓(4) = 80 + 3 

          (d) 𝑔𝑓(4) = 83 

Exercise 1 

If 𝑓(𝑥) = 3𝑥 + 1, 𝑔(𝑥) = √𝑥, calculate 

(a) 𝑓(16)  (b) 𝑔(16)  (c) 𝑓𝑔(16)  (d) 𝑔𝑓(16) 
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Example 4 (C3 Summer 2005) 

The functions 𝑓 and 𝑔 have domains (0,∞) and (5,∞) respectively, and are defined by 

𝑓(𝑥) = 𝑥2 + 1 

𝑔(𝑥) = 2𝑥 − 3 

(a) Write down the ranges of 𝑓 and 𝑔.  

(b) Give the reason why 𝑔𝑓(1) cannot be formed. 

(c) Solve the equation 𝑓𝑔(𝑥) = 3𝑥2 − 6𝑥 + 17. 

Answer:  (a) Considering that 𝑓(𝑥) and 𝑔(𝑥)  

  (a) are increasing functions throughout their domain,  

  (a) Range of 𝑓(𝑥) = (1,∞) 

  (a) Range of 𝑔(𝑥) = (7,∞) 

  (b) 𝑔𝑓(1) = 𝑔(𝑓(1)) 

  (b) 𝑔𝑓(1) = 𝑔(12 + 1) 

  (b) 𝑔𝑓(1) = 𝑔(1 + 1) 

  (b) 𝑔𝑓(1) = 𝑔(2) 

 (b) 𝑔𝑓(1) cannot be formed as 2 is not in the  

  (b) 𝑔𝑓(1) domain of 𝑔(𝑥). -2
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 (c) 𝑓𝑔(𝑥) = 3𝑥2 − 6𝑥 + 17 

 (c) 𝑓(𝑔(𝑥)) = 3𝑥2 − 6𝑥 + 17 

  (c) 𝑓(2𝑥 − 3) = 3𝑥2 − 6𝑥 + 17 

  (c) (2𝑥 − 3)2 + 1 = 3𝑥2 − 6𝑥 + 17 

  (c) (2𝑥 − 3)(2𝑥 − 3) + 1 = 3𝑥2 − 6𝑥 + 17 

  (c) 4𝑥2 − 6𝑥 − 6𝑥 + 9 + 1 = 3𝑥2 − 6𝑥 + 17 

 (c) 4𝑥2 − 12𝑥 + 10 = 3𝑥2 − 6𝑥 + 17 

 (c) 𝑥2 − 6𝑥 − 7 = 0 

 (c) (𝑥 − 7)(𝑥 + 1) = 0 

  (c) Either 𝑥 − 7 = 0 or 𝑥 + 1 = 0 

 (c)                 𝑥 = 7        𝑥 = −1 

 (c) But −1 is not in the domain of 𝑔(𝑥), so the only solution is 𝑥 = 7. 

The domain of 𝒇𝒈(𝒙) 

Which numbers can be input to 𝑓𝑔(𝑥)?  

(1) Find the domain of 𝑔 and the domain of 𝑓. 

(2) Find all values of 𝑥 from the domain of 𝑔 such that 𝑔(𝑥) is in the domain of 𝑓. 

(3) The domain of 𝑓𝑔(𝑥) is all the values from step (2) such that the function 𝑓𝑔(𝑥) is defined. 

Example 3 

𝑓(𝑥) = √𝑥 + 2,  𝑔(𝑥) = 𝑥2 + 3 

Function Domain Range 

𝑓(𝑥) [−2,∞) [0,∞) 

𝑔(𝑥) (−∞,∞) [3,∞) 

𝑓𝑔(𝑥) (−∞,∞) [√5,∞) 

 

𝑓𝑔(𝑥) = √𝑔(𝑥) + 2  

𝑓𝑔(𝑥) = √(𝑥2 + 3) + 2  

𝑓𝑔(𝑥) = √𝑥2 + 5  

 

 

Example 4  

𝑓(𝑥) = √𝑥 + 2,  𝑔(𝑥) = 𝑥2 − 3 

Function Domain Range 

𝑓(𝑥) [−2,∞) [0,∞) 

𝑔(𝑥) (−∞,∞) [−3,∞) 

𝑓𝑔(𝑥) (−∞,−1] ∪ [1,∞) [0,∞) 

 

𝑓𝑔(𝑥) = √𝑔(𝑥) + 2  

𝑓𝑔(𝑥) = √(𝑥2 − 3) + 2  

𝑓𝑔(𝑥) = √𝑥2 − 1  
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𝑓𝑔(𝑥) is not 

defined for 

(−1, 1) 

This is difficult 

to explain in 

words! It is 

easier to 

understand by 

considering the 

following two 

examples... 
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What is the work?  
How to find the inverse function 𝑓−1(𝑥) in order to reverse the effect 

of a function 𝑓(𝑥). 

   

What is required before 

starting? 
 

GCSE Work: Graph plotting; changing the subject. 

A Level Unit 3: Composite functions. 

   

Where does this lead to?  

Applications: When typing a sum into a computer, the computer will 

change the sum to be in binary (𝑓(𝑥)) in order to be able to perform the 

sum, before changing back to a decimal number (𝑓−1(𝑥)) in order to 

show you the answer. 

 

 

Given a function 𝑓(𝑥), the inverse function 𝑓−1(𝑥) reverses the effect of the function 𝑓(𝑥). 

It is possible to find the inverse function by changing the subject of 𝑓(𝑥) to be 𝑥. 

 

Example 1  

𝑓(𝑥) = 4𝑥 + 3  

4𝑥 + 3 = 𝑓(𝑥)  [swap sides] 

4𝑥 = 𝑓(𝑥) − 3  [subtract 3] 

𝑥 =
𝑓(𝑥)−3

4
  [divide by 4] 

So, 𝑓−1(𝑥) =
𝑥−3

4
. 

(Hint: You can change 𝑓(𝑥) to be 𝑦 in order to make the 

algebraic manipulation easier. 

𝑦 = 4𝑥 + 3  

4𝑥 + 3 = 𝑦  [swap sides] 

4𝑥 = 𝑦 − 3  [subtract 3] 

𝑥 =
𝑦−3

4
  [divide by 4]) 

 

The graph for 𝑓−1(𝑥) is a reflection of the graph of 𝑓(𝑥) in the line 𝑦 = 𝑥. 

The domain of 𝑓−1(𝑥) is the range of 𝑓(𝑥), and the range of 𝑓−1(𝑥) is the domain of 𝑓(𝑥). 

On taking the inverse, many-to-one functions become one-to-many relations.  

So, without reducing the domain, an inverse function does not exist for a many-to-one function. 

The function 𝑓(𝑥) has an inverse 𝑓−1(𝑥) if 𝑓(𝑥) is a one-to-one function. 

 

If a function has an inverse function, then 𝑓𝑓−1(𝑥) = 𝑓−1𝑓(𝑥) = 𝑥. 
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Example 2 

If 𝑓(𝑥) = 𝑒𝑥, find 𝑓−1(𝑥). 

Plot 𝑓(𝑥) and 𝑓−1(𝑥) on the same set of axes. 

Write down the domain and range of 𝑓(𝑥) and 𝑓−1(𝑥). 

Answer: Let 𝑦 = 𝑒𝑥. 

  Swapping sides:          𝑒𝑥 = 𝑦 

 Taking the natural logarithm of both sides:   𝑥 = ln (𝑦) 

 So, 𝑓−1(𝑥) = ln (𝑥). 
 

 The graphs are shown on the right. 

 

 

 

 

Exercise 1 

The function 𝑓 has domain [4, ∞) and is defined as 𝑓(𝑥) = 𝑒5−𝑥 + 2. 

(a) Find an expression for 𝑓−1(𝑥). 

(b) Write down the domain of 𝑓−1. 

(c) Plot 𝑓(𝑥) and 𝑓−1(𝑥) on the same set of axes.  
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Trigonometric Functions 

You will be familiar with the shape of the graphs of sin, cos and tan from previous work.  

 
The graphs of sec, cosec and cot 

sec(𝑥) =
1

cos (𝑥)
    cosec(𝑥) =

1

sin (𝑥)
   cot(𝑥) =

1

tan (𝑥)
 

𝑦 = sec (𝑥) Domain (−∞, ∞), 𝑥 ≠
𝜋

2
+ 𝑘𝜋      Range (−∞, −1] ∪ [1, ∞)      Vertical asymptotes every 180° 
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𝑦 = cosec (𝑥)     Domain (−∞, ∞), 𝑥 ≠ 𝑘𝜋   Range (−∞, −1] ∪ [1, ∞)        Vertical asymptotes every 180° 

 

𝑦 = cot (𝑥)   Domain (−∞, ∞), 𝑥 ≠ 𝑘𝜋  Range (−∞, ∞)         Vertical asymptotes every 180° 
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The graphs of sin−𝟏, cos−𝟏 and tan−𝟏 

The function 𝑓(𝑥) = sin (𝑥) is a many-to-one function,  

because a number of angles give the same value. 

For example, sin(0) = 0 and also sin(𝜋) = 0. 

So, the inverse of 𝑓(𝑥) = sin (𝑥) does not exist unless  

we reduce its domain.  

By reducing the domain to be between −
𝜋

2
 and 

𝜋

2
  

(which is between −90° a 90°), we can form the function 

𝑓−1(𝑥) = sin−1(𝑥). 

 

 

 

 

 

 

The function 𝑓(𝑥) = cos(𝑥) is a many-to-one function,  

because a number of angles give the same value. 

For example, cos(0) = 1 and also cos(2𝜋) = 1. 

So, the inverse of 𝑓(𝑥) = cos(𝑥) does not exist unless  

we reduce its domain.  

By reducing the domain to be between 0 and 𝜋  

(which is between 0° and 180°), we can form the function 

𝑓−1(𝑥) = cos−1(𝑥). 

 

 

 

 

 

 
 

The function 𝑓(𝑥) = tan(𝑥) is a many-to-one function,  

because a number of angles give the same value. 

For example, tan(0) = 0 and also tan(𝜋) = 0. 

So, the inverse of 𝑓(𝑥) = tan(𝑥) does not exist unless  

we reduce its domain.  

By reducing the domain to be between −
𝜋

2
 and 

𝜋

2
  

(which is between −90° and 90°), we can form the function 

𝑓−1(𝑥) = tan−1(𝑥). 

 

 

 

  
-5

-4

-3

-2

-1

0

1

2

3

4

5

-5 -4 -3 -2 -1 0 1 2 3 4 5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Function Domain Range 

𝑓(𝑥) [−
𝜋

2
,

𝜋

2
]  [−1, 1] 

𝑓−1(𝑥) [−1, 1] [−
𝜋

2
,

𝜋

2
]  

 

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

-1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3 3.5

Function Domain Range 

𝑓(𝑥) [0, 𝜋]  [−1, 1] 

𝑓−1(𝑥) [−1, 1] [0, 𝜋]   

 

𝑦 

𝑥 

𝑦 = cos(𝑥) 

𝑦 = cos−1(𝑥) 

(−1, 𝜋) 

(1, 0) 

(0, 1) 

(𝜋, −1) 

𝑦 

𝑥 

𝑦 = sin(𝑥) 

𝑦 = sin−1(𝑥) 

(1,
𝜋

2
)  

(−1, −
𝜋

2
)  

(
𝜋

2
, 1)  

(−
𝜋

2
, −1)  

Function Domain Range 

𝑓(𝑥) (−
𝜋

2
,

𝜋

2
)  (−∞, ∞) 

𝑓−1(𝑥) (−∞, ∞) (−
𝜋

2
,

𝜋

2
)  

 

𝑦 

𝑥 

𝑦 = tan(𝑥) 

𝑦 = tan−1(𝑥) 
(0, 0) 

𝑥 =
𝜋

2
  𝑥 = −

𝜋

2
  

𝑦 = −
𝜋

2
  

𝑦 =
𝜋

2
  



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 7 

   

(C3 Summer 2018) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. .............................................................................................................................................................................  

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 8 

(C3 Winter 2006) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. .............................................................................................................................................................................   



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 9 

(C3 Summer 2008) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. .............................................................................................................................................................................  

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 10 

(Unit 3 Summer 2018) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 11 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 12 

(Unit 3 Summer 2019) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 13 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 14 

(Unit 3 Summer 2022) 

 

 

 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 15 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. .............................................................................................................................................................................  

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. .............................................................................................................................................................................  

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 16 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. .............................................................................................................................................................................  

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

 

  



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 17 

(Unit 3 Summer 2023) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 18 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 19 

(Unit 3 Summer 2024) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 20 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 21 

(C3 Winter 2010) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 22 

(C3 Summer 2011) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 @mathemateg    Page 23 

 

(C3 Summer 2019) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 



Ysgol y Creuddyn The Mathematics Department 

 /adolygumathemateg    Page 24 

(C3 Summer 2014) 

 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 

............................................................................................................................. ............................................................................................................................................................................. 


	01 The Trapezium Rule
	02 Roots of Equations
	03 Cobweb and Staircase Diagrams
	04 Newton-Raphson Method
	05 Sec, Cosec, Cot
	06 Measuring Angles in Radians
	07 Trigonometric Addition Formulae
	08 Double Angle Formulae
	09 Small Angle Approximations
	10 Arithmetic Series
	11 Geometric Series
	12 Types of Series
	13 Binomial Expansion 2
	14 Further Differentiation
	15 Inflection Points
	16 Parametric and Implicit Equations
	17 Further Integration 1
	18 Further Integration 2
	19 Differential Equations
	20 Partial Fractions
	21 Proof by Contradiction
	22 Combining Transformations of Graphs
	23 The Modulus Function
	24 Composite Functions
	25 Inverse Functions

