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Unit 3 WJEC

Revision Sheet

Proof

Proof by contradiction, e.g. proving
that V2 is irrational, proving that there
are an infinite number of prime
numbers.

The Modulus Function
y y = x|

5
4
3
2

Being able to sketch graphs of the form
y = |ax + b|.

x| =a=x = +a.

Solving |ax + b| <

Method |: Either ax + b <
orax+b=—

Method 2: Square both sides to remove
the modulus sign. (This method also
works to solve equations of the form
lax + b| = [ex + d]).

Functions

For f~1(x) to exist, f(x) must be a
|-to-1 function.

The domain of f(x) is the range of
f71(x). The range of f(x) is the
domain of f~1(x). To draw the graph
of f~1(x), reflect the graph of f(x) in
the line y = x.

Domain Meaning
(a,b) a<x<b
[a, b] a<x<bh

fg(x) is a composite function.

If ff(x) = x then f(x) = f~1(x).

Using functions in modelling, including
consideration of limitations and
refinements of the models.

The graphs of * and In(x)
y y=e”

y=In(x)
Function 7 Domain | Range
y=e” (=00,0) | (0,)
y=In(x) | (00) | (~o,00)

Transformations of Graphs

Combining transformations from Unit |:

y=af(x),y=f(x)+a
y=fx+a),y=f(ax).

Partial Fractions

fx) _ A B c
(ax+b)2(cx+d) = ax+b + (ax+b)? + cx+d
fx) —
(ax+b)2(cx+d) —
A(ax+b)(cx+d)+ B(cx+d)+ C(ax+b)?
(ax+b)2(cx+d)

f(x) = A(ax + b)(cx + d)

+B(cx + d) + C(ax + b)2.

Substitute values for x or compare
nts in order to find 4, B, C.

coe
Parametric Equations

Withx = f(t)andy = g(t),
we can use ﬁrm chain rule:

dy _ dy _9®

—_— _— X —_—
dx  dt  dx fre)

Equation of the tangent:

d
y=9(®) = (x = f(©).
Equation of the normal:

y—g@®) = |IQ —f(©).
Sequences

Sequences of the form x,,.1 = f(x,).
Increasing sequences, decreasing
sequences, periodic sequences.
Understanding and using X notation.

Binomial Expansion

(a+bx)" =a™ +na™*(bx) +
:A:IS an- 2 N
2x1 (bx)” +
:A:. D(n-2) a=3(bx)3 + -
3x2x1

The expansion is valid if _ _ <1

With an expression containing several
parts, use the most restrictive
modulus.

Arithmetic Series

First term a.

Common difference d.

Nth term t,, = a + (n— 1)d.
Sum of the first n terms:

S, ==[2a + (n—1)d].
3+:.

2
n
2

Sp =3

Geometric Series

First term a.
Common ratio 7.
Nth term t, = ar™

Sum of the first n terms:
a(1-r")

If [r] < 1 then S, = —.

=il

Trigonometry

Measuring angles in radians as well as in
degrees.

Length of an arc = 16.
WﬁNm.

Area of a sector

) 1 3.4
Area of a triangle = MﬁN sin 6.

If —0.115 rad < 6 < 0.115 rad,

then the following approximations are
correct to 3 significant figures:

sinf =~ 6

62 6 in
coslio el 2 radians
tanf = 6

Angle sin cos tan

0° 0 1 0

o 2 V3 L
30 2 B V3

o i A
= = 7 1

o ;\M W
e 2 2 V3

o Not
0 = \ defined

sech = —
= w050 Graphs,
_ 1 Domains,
cosecl = —
sin6 Ranges
1
cotf = —
y

sec?0 = 1 + tan?@

S| A e
cosec’ =1+cot?d 1| ¢
Rsin(A+B) =

RsinAcosB + R cosAsinB.
Rcos(A+B) =

RcosAcosB ¥ RsinAsinB.
tanA + tan B V

R A+B)=R|————
et Au+ﬁm:.\:msm

[ 1 GEOMETRIC PROOF 1]

sin 26 = 2sin 6 cos 6.
cos 20 = cos? § —sin? 4.
cos 20 = 2cos? @ — 1.
cos26 = 1—2sin?6.

2tané

tan 20 = ~———.

Differentiation
d%y 0
Tz 0= minimum point.

RN
Tz < 0 = maximum point.

w = 0 = further investigation.

For a point of inflection, the second
derivative is zero, the sign of the
second derivative changes (from
convex to concave, or vice-versa), and

the sign of the w_.mn__m:... is constant.

We can mo_<m —= = 0 in order to find

QRN

points of inflection.

Differentiating sin x and cos x from

first principles.

_u_.o.n_:Q rule:

dv du
A:S Su—+ v
d ca: :n:
. u Ty Yo
Quotient rule: — A|v = —dx_dx
v v
dy
hain rule: == = —= X |.
Chain rule; 2 gy X
Implicit differentiation:

) =S xE

y 4y
dx
i) ' (x)e/®
af® f'(x)a/@Ina
In(f (x)) ]
F(x)
)" nx (FE)" x f'(x)
sin(f(x))  |f'(x) cos(f(x))
cos(f(x))  |=f' (@) sin(f(x))
tan(f (x)) f'(x) sec? (f ()
sec(F()  |F/(0) sec(f (o) tan(f(x))
cosec(f(x)) |—f'(x) mcman.ODv X
cot(f(x))
COt(F(x))  |~f'(x) cosec?(f(x))
sin~t(f(x)) i)
V1=(f(x)?
os—1(F £1(0)
s 0) |- LD
tan~i(f(x)) | L0
1+(f(x))?

Differential Equations

If the rate of increase of A at time ¢ is
directly proportional to 4, then

m & +A or m = kA.

If the rate of decrease of A at time t is
directly 30@0_&.0:»_ to A2, then

= o —A? o_. = = —kA?.

Integration

Integration by parts (LIATE):

du
v—dx.

uZdx = uv
dx - dx

= fx):

Integration by substituting u

e Find the new limits.

e Find an expression for du in
terms of dx.

e Change the function to use u.

f(ax + b)"dx = ?+:n
[ cos(ax + b) dx = Mm_:an +b)+c
[ sin(ax + b) dx = IWnOm?.x +b)+c

(ax + b)**! + ¢

[ sec?(ax + b)dx = Wﬁm:?x +b)+c

%melv dx = Wmnxtu +c
a

[ a®*PIn(a) dx = wn&:& +c
) L_dx = 1lInjax +b| + ¢
ax+b a

If [ £(x)dx = F(x) + k then
?Anx+5&x Hwhﬁma+3+w.

a

J? f(dx = lim (ZX25 £ (x)6x)

5x—0

Numerical Methods

Locating roots of f(x) by finding a
change of sign. Understanding how this
can fail.

Using the ANS button on a calculator
with recurrence relations of the form

Xn+1 = \.ﬁ.x:v

Rearranging f(x) = 0 to the form

= g(x) so that a staircase or
cobweb diagram can be used to find a
root.

Newton-Raphson method:
_ fOm)
frem)
Understanding how this can fail if the
gradient is too small.

Xn+1 = Xn

The trapezium rule:

b h
Joydx~Z{Go+y) +20n +y2 +
-4+ y,_1)}, where h = m:u.

Example: bN V2 +x3dx g
with 5 measures: , o

2-1=1;1+4=025

x |f®

| 1.732050808
1.25 | 1.988246715
1.5 2.318404624
1.75 | 2.712816802
2 3.16227766

on a calculator

TABLE MODE

[VZratdx~ Eﬁ 732050808 +

3.16227766 + Nc.ommwgm.ﬁm +

2.318404624 + 2.712816802)}

= E x 18.93326475

= N.wmu to 3 decimal places.
The Examination

Length: 2 hours 30 minutes.
120 marks.
35% of the A Level qualification.

Checklist

O | have attempted all the past paper
questions.

O | know which formulae appear in
the formulae booklet.

O | can check answers using a
graphical calculator.

Dr. Gareth Evans
Ysgol y Creuddyn, April 2025
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Ysgol y Creuddyn The Mathematics Department
It is not possible to integrate every possible function using algebraic
methods. For these functions, we can estimate the required area by

splitting it into a number of different trapezia, and finding the sum of
these trapezia’s areas.

GCSE Work: Substitution, area of a trapezium.
A Level Unit I: Integration.

University Work: More accurate methods of estimating the area, such
as Simpson’s Rule.

Applications: Finding an unusual area or volume, e.g. the amount of
water displaced by a ship.

T

Consider any function y = f(x).

Example

. b .
The area under the curve between a and b is fa f(x)dx. If we cannot calculate this exactly, we can use the
Trapezium Rule to estimate it.

b b—
J, fl)dx = %h{(}’o +Yn) + 21 + Y2 + - Yn1)}, where h = ==,

n

n is the number of trapezia. ‘e

n + 1 is the number of ordinates. .
h is the height of each trapezium (remember that each trapezium is on its side).

Y0, Y1) V2, -» Yn—1, Yn are the values of the function for equidistant values between a and b.

Challenge! ATW to prove why the formula for the Trapezium Rule works.

You® /adolygumathemateg Page 2



Ysgol y Creuddyn The Mathematics Department

T

(C2 Winter 2007)
Use the Trapezium Rule with five ordinates to find an approximate value for f12 V2 + x3 dx.
Show your working and give your answer correct to three decimal places. [4]
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA y
&R
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Ysgol y Creuddyn The Mathematics Department

T

(C2 Summer 2005)

1. Use the Trapezium Rule with six ordinates to find an approximate value for

J.I ‘V1+x2 dv .
0

Show your working and give your answer correct to three decimal places. [4]

You® /adolygumathemateg Page 4



Ysgol y Creuddyn The Mathematics Department
(C2 Winter 2006)
1. Use the Trapezium Rule with six ordinates to find an approximate value for the integral
Y
J- 2+ x°
0
Show your working and give your answer correct to four significant figures. (4]

X @mathemateg Page 5



Ysgol y Creuddyn The Mathematics Department
(C2 Summer 2006)
1. Use the Trapezium Rule with five ordinates to find an approximate value for the integral
0-4
VI+x* dv.
0

Show your working and give your answer correct to three decimal places. [4]

You® /adolygumathemateg Page 6



Ysgol y Creuddyn The Mathematics Department
(C2 Winter 2008)

1. Use the Trapezium Rule with five ordinates to find an approximate value for the integral
1

1
— dx.
j; N2+ x°

Show your working and give your answer correct to three decimal places. [4]

X @mathemateg Page 7



Ysgol y Creuddyn The Mathematics Department
(C2 Summer 2008)

1. Use the Trapezium Rule with four ordinates to find an approximate value for the integral
06

3
[ (eejar
0
Show your working and give your answer correct to three decimal places. [4]

You® /adolygumathemateg Page 8



Ysgol y Creuddyn The Mathematics Department
(C2 Summer 2011)

1. Use the Trapezium Rule with five ordinates to find an approximate value for the integral

2
J. l3dx.
169X

Show your working and give your answer correct to three decimal places. [4]

X @mathemateg Page 9



Ysgol y Creuddyn The Mathematics Department

(C2 Winter 2012)

1. Use the Trapezium Rule with five ordinates to find an approximate value for the integral

3
X
dx.
jl L+ dx

Show your working and give your answer correct to three decimal places. [4]

You® /adolygumathemateg Page 10
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(C2 Summer 2014)

1. (a) Use the Trapezium Rule with five ordinates to find an approximate value for the integral
3
J. 10g10(3x — l)dx
I
Show your working and give your answer correct to three decimal places. [4]

(b) Use your answer to part (a) to deduce an approximate value for the integral

J.310g10(3x —1)?dx. [1]
1

X @mathemateg Page ||
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(C2 Summer 2018)

1. (a) Use the Trapezium Rule with five ordinates to find an approximate value for the integral

4
J log,, (6x—1)dx.
1

Show your working and give your answer correct to three decimal places. [4]

(b) Use your answer to part (a) to deduce an approximate value for the integral

J4logm,/(6x—l) dx. (1]
1

You® /adolygumathemateg Page 12



Ysgol y Creuddyn The Mathematics Department

(Unit 3 Summaer 2023)

0|9 The aerial view of a patio under construction is shown below.

9x? +16y* =144

o) a0

The curved edge of the patio is described by the equation 9x? +16y” =144 , where

X and y are measured in metres.

To construct the patio, the area enclosed by the curve and the coordinate axes is to be

covered with a layer of concrete of depth 0-06 m.

a) Show that the volume of concrete required for the construction of the patio is
4

given by 0-015I 144 -9x> dx. [3]

0

b) Use the trapezium rule with six ordinates to estimate the volume of concrete
required. [4]

c) State whether your answer in part (b) is an overestimate or an underestimate of
the volume required. Give a reason for your answer. 1]

X @mathemateg Page 13
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Ysgol y Creuddyn The Mathematics Department

JeE—E

(C2 Summer 2007)

1. Use the Trapezium Rule with five ordinates to find an approximate value for the integral

n
J2\/1+sinx dx .
0 _

giving the value correct to three decimal places. [4]

X @mathemateg Page I5
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Ysgol y Creuddyn The Mathematics Department
It is not possible to solve every equation using algebraic methods.
For these equations, we can attempt to rearrange the equation to form

a reccurence relation which, sometimes, leads to finding the roots
through substitution.

GCSE Work: Substitution, rounding off, changing the subject.
A Level Unit I: Curve sketching.

A Level Unit 3: Cobweb and staircase diagrams; the Newton-Raphson
method for solving equations.

Applications: To solve problems in context which lead to equations
that cannot be solved analytically.

11——rr

Consider any function y = f(x), for example y = 3x3 + x —

y
20 A
16
12
8+
4t

Example

The roots of an equation are where the curve intersects the x-axis, so that f(x) = 0. For the above example, we
see that one root exists, between | and 2. If we cannot solve the equation using algebraic methods, then we can
attempt to form a recurrence relation to solve the equation. To do this, the first step is to rearrange the equation
f(x) = 0 to make x the subject of the equation.

Example: y = 3x3 + x — 8.

Attempt |: 3x3+x—-8=0 Attempt 2: 3x3+x—-8=0
x =8-—3x3 3x3=8-—x
3 -8«
x 3
3[8—x
X =

You® /adolygumathemateg Page 2



Ysgol y Creuddyn The Mathematics Department

The recurrence relation is formed from the equation:

3 [8—xp
3

— 3 —
Xn+1 = 8= 3xp Xn+1 =

We see from the graph on the previous page that the root of the equation y = 3x3 + x — 8 is close to x = 1.
So, we can choose to start at x; = 1 and use the recurrence relation to try to find the root.

x; =8-3xx3 x1=38_3x°

X1 =5 x1 = 1.326352403

X, = =367 X, = 1.305411212

X3 = 148292597 x3 = 1.3067752 o.‘

x4, = —9.783171512 x 10%* x4 = 1.306686444

xs = 2.809055093 x 107° x5 = 1.30669222

x¢ = MATH ERROR x¢ = 1.306691844  and so on...
Divergent, cannot find the root. Converges to 1.306691867.

Tt

Show that the equation 4x3 + 10x — 1 = 0 has a root a between 0 and I.

—-4x3

(C3 Winter 2006)

. 1 .
The recurrence relation x, 1 = with xo = 0.1 may be used to find a. Calculate and record the values of

X1, X2, X3. Write down the value of x3 correct to six decimal places and show that it is the value of @ correct to six
decimal places. [/]

X @mathemateg Page 3
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T

4. (b) Show that the equation

(C3 Summer 2006)
e _a-10=0
has a root o between 1 and 2.
The recurrence relation
Gy =% Ina, +10)

with a, = 1-2 can be used to find ¢. Find and record the values of a.,a,,d,. d,.

Write down the value of a, correct to five decimal places and prove that this value is the
value of ¢ correct to five decimal places. [7]




Ysgol y Creuddyn The Mathematics Department
(C3 Summer 2007)
3. (b) Show that the equation
F+41-2=0
has a root o between 0 and 1.

The recurrence relation

213
[rr+1 = T

with 7, = 0-5 can be used to find ¢. Find and record the values of 7, #,, #3, #,. Write down the
value of 7, correct to four decimal places and prove that this value is the value of o correct
to four decimal places. [7]

X @mathemateg Page 5



Ysgol y Creuddyn The Mathematics Department
(C3 Summer 2010)

4. Show that the equation
4x° - 2x-5=0

has a root o between 1 and 2.

The recurrence relation

1
2x, +5 )3
T e 4 ’

with x, = 12, may be used to find o. Find and record the values of X5 Xy Xy, X, Write down the

value of x, correct to five decimal places and prove that this value is the value of ¢ correct to five
decimal places. [7]

You® /adolygumathemateg Page 6
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(C3 Winter 2012)

3. (b) Show that the equation
209 — 4 —-7=0

has a root & between 1 and 2.

|
(4, + T4
tn+l - bl

with 7, = 1:6 can be used to find . Find and record the values of ¢, #,, 15, t,. Write down
the value of z, correct to five decimal places and prove that this is the value of & correct
to five decimal places. [7]

The recurrence relation

X @mathemateg Page 7
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(C3 Winter 201 1)

4. You may assume that the equation 6x* + 7x — 3 = 0 has a root & between 0 and 1.
The recurrence relation

3—6x,;1

Ap+1 = 7
with x;, = 0-4 can be used to find ¢ . Find and record the values of x,, x5, x3, x,.
Write down the value of x, correct to four decimal places and show this is the value of o
correct to four decimal places. [5]

You® /adolygumathemateg Page 8
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(C3 Summer 2013)

8. You may assume that the equation
¥t +et-3=0
has a root o between —2 and — 1.

The recurrence relation
1

Xpl = _(3 — e )E
with x; = —1-5 can be used to find . Find and record the values of x|, x5, x;, x,. Write down
the value of x, correct to five decimal places and prove that this is the value of ez correct to five
decimal places. [5]

X @mathemateg
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(C3 Winter 2009)

4.

(a)

(D)

By sketching the graphs of y = x®and y = 4 — x, determine the number of real roots of the
equation ¥+ x—4=0. [3]

You may assume that the equation x> 4+ x -4 =0 has a root o between 1 and 2. The
recurrence relation
1
X1 = (4 _xn)3
with x, = 1-4 can be used to find a. Find and record the values of x,, x,, x5, x,. Write down
the value of x, comrect to four decimal places and prove that this value is the value of «
correct to four decimal places. [5]




Ysgol y Creuddyn

(C3 Summer 2005)

2.

(a)

(b)

The Mathematics Department

Sketch the graphs of y = +* and y = 1 — 3x. Deduce the number of real roots of the equation

F+3x-1=0.
Show that the equation
x+3x-1=0
has a root o between O and 1.
The recurrence relation
1—x*
’\‘n—o—l = 3

with x, = 0-3 can be used to find ¢ Find and record the values of x, x,, x,,

[3]

x,. Write down

4

the value of x, correct to five decimal places and prove that this value is the value of «

correct to five decimal places.

X @mathemateg
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(C3 Winter 2013)

4. (a) On the same diagram, sketch the graphs of y = Inx and y = 11 — 2x.
Deduce the number of roots of the equation

Inx+2x—11=0. 3]

(b)  You may assume that the equation
Inx+2x-11=0

has a root o between 4 and 5.
The recurrence relation
_11-Inx,
Xntl =73
with x, = 47, can be used to find «. Find and record the values of x,, x,, x5, x4. Write
down the value of x, correct to five decimal places and prove that this is the value of &
correct to five decimal places. [5]

You® /adolygumathemateg Page 12
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(C3 Summer 2017)

4. A large tank in the form of a cuboid is used to store water. The width of the tank is denoted
by xm. The length of the tank is 4 m greater than its width, whilst the height of the tank is 2m
less than its width. The volume of the tank is 150 m3.

(@ () Show that x3+ 2x2—-8x — 150 = 0.
(i) Show that 5 < x <6. [4]

(b) The recurrence relation
1
x,,1 = (1504 8x, —2x2)3
with x, = 6, can be used to find the value of x. Find and record the values of x|, x,, x3, x,.

Write down the value of x, correct to two decimal places and prove that this is the value
of x correct to two decimal places. [5]

X @mathemateg Page 13
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JeE—E

4. Show that the equation

(C3 Summer 2012)

cosx—5x+2=0
T
has a root o between 0 and Z .
The recurrence relation

X = %(2 +c0sxn)

n+1

with X, = 0-6 can be used to find o. Find and record the values of X s Xy X3y X Write down the

273
value of x , correct to five decimal places and prove that this is the value of & correct to five
decimal places. [7]

You® /adolygumathemateg Page 14






Ysgol y Creuddyn The Mathematics Department
ST e T
In the previous workbook, we saw recurrence relations of the form

Xn+1 = g(x,). Cobweb and staircase diagrams visualise what happens
when we use these recurrence relations to find the roots of equations.

GCSE Work: Substitution, rounding off, changing the subject.
A Level Unit I: Curve sketching.
A Level Unit 3: Roots of equations (workbook 2).

A Level Unit 3: The Newton-Raphson method for solving equations.

Applications: To solve problems in context which lead to equations
that cannot be solved analytically.

1"—‘.?

Consider any function y = f(x), for example y = 3x3 + x —

20 A
16t
12 t -
Theory and
i Example

The roots of an equation are where the curve intersects the x-axis, so that f(x) = 0. For the above example, we
see that one root exists, between | and 2. In the previous workbook, we saw that we can attempt to solve the
equation f(x) = 0 by rearranging the equation to the form x = g(x), and then forming a recurrence relation

Xnt1 = g (Xn)-

Example: y = 3x3 + x — 8.

Attempt |: 3x3+x—-8=0 Attempt 2: 3x3+x—8=
x =8—3x3 3x3=8-—x
Xp41 = 8 —3x3 x3—8%x
318—x
x=[—
3
3(8—xpn
Xn+1 = 3

You® /adolygumathemateg Page 2
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We see from the graph on the previous page that the root of the equation y = 3x3 + x — 8 is close to x = 1.
So, we can choose to start at x, = 1 and use the recurrence relation to try to find the root.

x1=8—3><xg x1:38_3x°
X1 =5 x1 = 1.326352403
X, = —367 x, = 1.305411212
x3 = 148292597 x3 = 1.3067752 o®
x, = —9.783171512 x 10%* x4 = 1.306686444
xs = 2.809055093 x 107° x5 = 1.30669222
x¢ = MATH ERROR x¢ = 1.306691844  and so on...
Divergent, cannot find the root. Converges to 1.306691867.
To visualise what is happening, we can plot y = f(x), and y = g(x) on the same diagram.
y y=3x3+x-8 y y=3x3+x—-8
S ‘ 3R
2—F 2}
_38—=x
. 1+ 1Y = 3
1 C 1 1 >I X L C L L >| X
-1 J) 1 2 3 g i J) 1 2 3
y=8-—3x3 l
1L 1L
In each case, we can see that the root of y = 3x® + x — 8 is equal to the value of x where the line intersects

the curve y = g(x). This verifies that solving f (x) = 0 is equivalent to solving x = g(x).

We can use the numbers from the recurrence relation x,,,; = g(x;) to form either a cobweb diagram or a
staircase diagram.

Cobweb diagram Staircase diagram
1 F 1 F
0.8 0.8 F
0.6 0.6 F
0.4 04 F
0.2 0.2
0 > X 0 1 1 1 1 —> X
0O 02 04 06 038 1 1.2 0O 02 04 06 038 1 1.2
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We need to plot lines going from

to (xO, xl) to

These lines either converge to a root of y = f(x) or diverge.

For the example on the previous page, this is what happens.

y
IOY-
3

y=8-—3x

-10

Exercise |

10

divergent,
cobweb diagram

1.6

14

1.2

0.8

0.6

0.4

0.2

0

The Mathematics Department

to (xZ, x3) to ...

convergent,
cobweb diagram

L L L L L L N x
7

0.2

04 06 08 1 12 14 16

T

The following graphs show the line and a function y = g(x). By starting at the stated value for x,, add lines to
the graph to form either a cobweb diagram or a staircase diagram. Note underneath each graph whether the lines

converge to a root of x = g(x) or diverge.

(a) xo = 02 (b) xO = 16
y y
2R 2 A
18 F 1.8 F
1.6 1.6 F
1.4 14 F
1.2 1.2 F
1 1 F
0.8 0.8 F
04 0.4 F
0.2 0.2 F
0 L L L L L L 1L 1L 1L >I x 0 L L L L L L L L 1L >I x

0 02040608 1 12141618 2 0 02040608 1 12141618 2
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(c) xo = 0.6

L6 £
1.2

1
0.8
0.6
04
0:2

L LO

-0.4-4.3 <|> 012 0.4 0.6 0.

04 L

Exercise 2

> x

1 1.2 1.4 1.6
y =g(x)

The Mathematics Department

(d) xo = 0.6
y

2
1.8
1.6
1.4
1.2

1
0.8
0.6
0.4
0.2

0

4

N

1 1 1 L3 X

7

0 02040608 1 12141618 2

The graph below shows a sketch of the equation y = g(x) and the line y = x. The equation x = g(x) has roots
x = a and x = 8 as shown on the graph.

y

1.4 /
1.2

1
0.8
0:6
0:4

0:2
—

N

0

y=g()

~ X
7

-0:2

-0.2 (t 0.2 04 06 08 1 12 1.4

The recurrence relation x,, .1 = g(x;,) is used to try to find the roots of the equation x = g(x).
Describe what happens to the iteration in the case where the initial value x

(a) is between 0 and

(b) is between a and

(c) is greater than 8

X @mathemateg
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Exercise 3

Siwan wants to solve the cubic equation y = 2x3 + 2x — 3. ® e,

(a) (i) Re-arrange the equation 2x3 + 2x —3 =10 (i) Re-arrange the equation 2x3 + 2x —3 =0

to the form x = g(x), making the first x (the red one) to the form x = g(x), making the second x (the green one)
the subject of the equation. the subject of the equation.

(b) Form a recurrence relation x,, 1 = g(x,) from the equations in part (a) of the question.

(i) (ii)

(c) Starting at xy = 0.5, find the values of x4, x5, X3, x4, X5 in each case.

(i) %, = (i) %, =
X2 = X2 =
X3 = X3 =
Xy = Xy =
X5 = X5 =

(d) Which one of the above sequences convergers, and which diverges?

(e) Use the following diagrams to draw a cobweb diagram for each iteration.

(i) 1.63; (i) < 1.6 %
14} 1.4
T~ 1.2
1 1
0.8 0.8
0:6 0:6
0.4 0.4
0.2 0.2
—_—g L by — sy
0.60.497 § 02040608 1 121416 0.60.497 § 02040608 1 A21416
04} 04}
06-L Y59 06 L Y E (%)

(f) For the iteration that converges, write down the value of x5 correct to one decimal place. Prove that this is the
root of Siwan’s original equation correct to one decimal place.

You® /adolygumathemateg Page 6
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T

(OCR Further Pure Mathematics 2 [4726] Summer 2010)

7
y=x

y=2In(3x-2)

B oy

o/i

The line y = x and the curve y = 2 In(3x — 2) meet where x = o and x = 3, as shown in the diagram.

(i) Use the iteration x,,, = 21In(3x, — 2), with initial value x, = 5.25, to find the value of B correct

to 2 decimal places. Show all your working. [2]

(ii) With the help of a ‘staircase’ diagram, explain why this iteration will not converge to &, whatever
value of x, (other than @) is used. [3]

X @mathemateg Page 7
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(OCR Further Pure Mathematics 2 [4726] Summer 201 )

3 Itis given that F(x) = 2 + Inx. The iteration x, ,
x=2+Inx.

, = F(x,) is to be used to find a root, «, of the equation

(i) Taking x, = 3.1, find x, and x,, giving your answers correct to 5 decimal places. [2]

(iii) INustrate the iteration by drawing a sketch of y = x and y = F(x), showing how the values of x,
approach o. State whether the convergence is of the ‘staircase’ or ‘cobweb’ type. [3]

You® /adolygumathemateg Page 8
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(OCR Further Pure Mathematics 2 [4726] Summer 2012)

4 Itis given that the equation x* — 2x — 1 = 0 has only one positive root, a, and 1.3 < a < 1.5.

()

0

The diagram shows a sketch of y =x and y = V2x + 1 for x > 0. Use the iteration X = V 2x +1 with
x, = 1.35 to find x, and x,, correct to 4 decimal places. On the copy of the diagram show how the

iteration converges to a. [3]
(ii) For the same equation, the iterationx = %(x: - 1) with x, = 1.35 gives x, = 1.1608 and x, = 0.4077,

correct to 4 decimal places. Draw a sketch of y =x and y = %(f - 1) for x = 0, and show how this
iteration does not converge to a. [2]
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(OCR Further Pure Mathematics 2 [4726/01] Summer 2016)
4  You are given the equation (2x—1)*—e* = 0.
(i) Verify that 0 is a root of the equation. [1]
There are also two other roots, o and 3, where 0 < a < B.
(ii) The iterative formula x_, = In(2x, — 1)? is to be used to find a root of the equation.

(a) Sketch the line y=x and the curve y=In(2x— 1) on the same axes, showing the roots
0, @ and B. [3]

(b) By drawing a ‘staircase’ diagram on your sketch, starting with a value of x that is between
o and 3, show that this iteration does not converge to . [1]

(c) Using this iterative formula with x, = 3.75, find the value of S correct to 3 decimal places.  [3]
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(OCR Further Pure Mathematics 2 [4726/01] Summer 2017)

8  Itis required to solve the equation f(x) = In(4x—1)—x = 0.

(i) Show that the equation has two roots, o and 3, such that 0.5 <o < land 1 < 8 < 2. [1]
(ii) Use the iterative formula x_, , = In(4x, — 1) with x, = 1.8 to find x), x, and x, correct to 5 decimal
places. Write down the value of B to as many decimal places as these values justify . [3]

(iii) Derive the iterative formula x| = (e 4+ ) and use it to find o correct to 4 decimal places. (4]

(iv) Show that the iterative formula in part (ii) will not find the value of . Determine whether the iterative
formula in part (iii) will find the value of 3. [3]

X @mathemateg
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JeE—E

(OCR Further Pure Mathematics 2 [4726/01] Summer 2014)

9  The equation 10x—8Inx =28 has a root & in the interval [3, 4]. The iteration x_
g(x) = 2.8+0.8Inx and x, = 3.8, 1s to be used to find .

+1 = &(x,), where

(i) Find the value of o correct to 5 decimal places. You should show the result of each step of the iteration
to 6 decimal places. [4]

(ii) Illustrate this iteration by means of a sketch. [2]

You® /adolygumathemateg Page 12
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Given an equation y = f(x), the Newton-Raphson method uses
tangents to try to find roots of the equation.

GCSE Work: Substitution, rounding off.
A Level Unit |: Curve sketching, differentiation.

Applications:
e To solve problems in context which lead to equations that
cannot be solved analytically.
e Finding stationary points.
¢ Finding the reciprocal of a number without division.

pi

Consider any function y = f(x), for example y = x? — 2.

y y=x*-2
S
18 F

20

16T Theory and

14} Example

12 F

The roots of the equation are where the curve intersects the x-axis, so that f(x) = 0. For the example shown
above, we see that there are two roots: a negative root between -2 and —1, and a positive root between | and 2.
The Netwon-Raphson method uses tangents to try to find a root:

f(xn)
xn+1=xn_m °Q ‘

Note that f'(x,,) represents the function obtained by differentiating f ().
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Example: y = x2 — 2.

We see from the graph on the previous page that a root of the equation y = x? — 2 is close to x = 2.
So, we can choose to start at x, = 2 and use the recurrence relation to try to find the root.

flen) =xf -2 f'Cen) = 2x,
22-2
X =2- 2%2
x; =15
1.52-2
x; =15 _ 2x1.5
x, = 1.416 o O

x; = 1414215686
x, = 1414213562
xs = 1.414213562

Using a normal calculator, the most precise value we can find for the root is x = 1.414213562. (We could use the
change of sign method to prove this is the value of the root correct to nine decimal places.) To visualise the method
used above, we can use the following graph.

8

y =x?%—2

e We start at the point (xg, 0) on the x-axis, so at the point (2, 0).

e  We draw the to the curve at the point (2,22 — 2 = 2). ‘
e The crosses the x-axis at the point (x4,0), so at (1.5, 0). ° ‘

e We draw the tangent to the curve at the point (1.5,1.52 — 2 = 0.25).

e The tangent crosses the x-axis at the point (x5, 0), so at (1.416,0).

e Andsoon...

The Newton-Raphson method usually converges quickly, but can be unreliable if the gradient of any tangent is
small.

Challenge! A Prove that x,,; = x,, — ;,((2")) is the iterative function for the Newton-Raphson method, starting

with the equation of a general tangent in the form y — y; = m(x — x;).
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T

8. Maer'r ffwythiant /'yn cael ei ddiffinio gan

(Unit 3 Summer 2024)

f(x)=x"+4x*-3x-1.

(@) Dangoswch fod gan yr hafaliad /' (x) =0 wreiddyn yn y cyfwng (interval) [0, 1]. [1]

(b) Gan ddefnyddio dull Newton-Raphson gyda x, =0-8,
(i) ysgrifennwch werth degol x, yn llawn fel mae eich cyfrifiannell yn ei roi,

(iiy darganfyddwch werth y gwreiddyn hwn yn gywir i chwech lle degol. [4]

(c) Esboniwch pam dydy’r dull Newton-Raphson ddim yn gweithio os yw x; =% : [2]
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(Edexcel Further Pure Mathematics | [6667/01] Summer 2019)

1
4. (i f(x)=3x2— —= — 5x, > 0
(1) (x) =3x 5 \/; X, X
(a) Show that the equation f(x) = 0 has a root a in the interval [1, 2].
()
(b) Find f'(x).
2)

(c) Using x, =2 as a first approximation to @, apply the Newton-Raphson
procedure once to f(x) to find a second approximation to a, giving your answer
to 2 decimal places.

2
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(Unit 3 Summer 2023)

0

4

A function f with domain (—cs,c<) is defined by f(x)=6x" +35x" = 7x—6.

a)

b)

Determine the number of roots of the equation /(x)=0 in the interval [-1, 1]. [2]

Use the Newton-Raphson method to find a root of the equation f'(x)=0.
Starting with x, =1,

i) write down the value of x,,

ii) determine the value of the root correct to one decimal place. [4]

It is suggested that another iterative sequence

/7,\;, +6-6x
X 1 = —_—
n+ 35

starting with x, =—3, could be used to find a root of the equation f(x)=0.
Explain why this method fails. [2]
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(Edexcel Further Pure Mathematics | [6667/01] Summer 2014)

2.

5
fx)=x— — +2x-3, x>0
2x*

(a) Show that the equation f(x) = 0 has a root & in the interval [1.1, 1.5].
(2)

(b) Find f'(x).
)

c sing x. = 1.1 as a first approximation to a, a the Newton- son procedure

Using x, = 1.1 fi PP pply the N Raphson proced
once to f(x) to find a second approximation to a, giving your answer to 3 decimal
places.

)
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(Edexcel Further Pure Mathematics | [6667/01] Summer 2016)
3 -1
2. fox)=3x2 —25x 2125, x>0

(@) Find f'(x).
(2)

The equation f(x) = 0 has a root a 1n the interval [12, 13].

(b) Using x, = 12.5 as a first approximation to a, apply the Newton-Raphson procedure
once to f(x) to find a second approximation to a, giving your answer to 3 decimal
places.

“@
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If a function crosses the x-axis, then we can show that the function has a

root by looking at the sign of the function either side of the root. The
change in sign shows that the function has a root in a specified interval.

For example, consider the function shown on the right. The change in sign
between f(2.5) and f(3.5) shows that a root exists in the interval
[2.5,3.5].

However, the change of sign method does not work every time.

The Mathematics Department

w

N

>ix

Exercise |
6 Y Consider the function shown on the left.
5
4
3 =
L 1 1 C 1 i ﬂ x
5. -4 -3 -2 f14. @ 1 2 3 4 5
2T root over the interval [2, 4]?
3+
4
5}
6L

(c) Write down an interval where the change of sigh method would be able to locate a root.

Exercise 2
Consider the function shown on the right.

(2) What is the problem with using a change of sigh method to
locate a root over the interval [0, 2]?

(a) There is a change of sign between f(—3) and f(—1.5).
Why is there no root over the inverval [-3, —1.5]?

(b) The graph shows that the function has a root when x = 3.
Why would a change of sign method not be able to locate the

(b) What is the problem with using a change of sign method to
locate a root over the interval [—1.75, 1.5]?

L 6 1 >4 x
-2 \—}/_1 Q@ 1 2 3
2%
3}
-4}
-5}
-6k
Page 10
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Exercise 3 y

3
N
For the graph on the right, what would be the problem in using the 5
Newton-Raphson method with x, = 2?
1
[ C >lx
100 5
1-F
2}t
3L
Exercise 4
1 3_/ (a) The graph on the left shows the curve y = x99,
N A loyal supporter of the Newton-Raphson method decides to use the method
to find the root of y = x1%0, which is at (0, 0). What happens when we use the
05 method starting at x, = 0.1?
I © > X
-2 i (] 1 2
-0.5
1L

(b) The loyal supporter now decides to use the method to find the root of

1
y = 3x3, also located at (0, 0). What happens when we use the method
starting at x, = 0.1?

X @mathemateg Page ||
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T

(Unit 3 Summer 2019)

11 2 A chord AB subtends an angle @ radians at the centre of a circle. The chord divides the
circle into two segments whose areas are in the ratio 1:2.

AN

a) Show that sin@= 6 — ZTI [4]

b) 1) Show that & lies between 2-6 and 2-7.

ii) Starting with 6, = 2-6, use the Newton-Raphson Method to find the value of 8
correct to three decimal places. [6]

You® /adolygumathemateg Page 12
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(Unit 3 Summer 2018)

1 | 7 | By drawing suitable graphs, show that x — I = cosx has only one root. Starting with
Xxo = 1, use the Newton-Raphson method to find the value of this root correct to two

decimal places. [6]

You® /adolygumathemateg Page 14
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Solving equations involving the trigonometric functions
sec, cosec and cot.

GCSE Work: Substitution, solving equations, factorising quadratic
expressions.
A Level Unit I: Solving trigonometric equations.

Understand the domain, range and graphs of the three functions.
Differentiate and integrate trigonometric functions.

What is the reciprocal of the trigonometric functions sin, cos and tan? There is a problem
1 1

. . . -1 _1 . - _
with using the usual notation x™* = p for the reciprocal, as we have already used sin™", cos

and tan™?! to help us find angles. For example, if sin(x) = 0.5, then

x = sin~1(0.5)
x = ..,30°..

1

sin(0.5)’
1

sin(0.5)’

So, sin~1(0.5) does not represeent but rather the set of angles whose sin gives the

mathematicians have introduced three new

answer 0.5. In order to represent

trigonometric functions:

sec(x) =

cot(x) =

cosec(x) =

cos(x)’ sin(x)’ tan(x)’ Example

We can derive two new trigonometric identities from the identity sin?(x) + cos?(x) = 1.

sin?(x) + cos?(x) = 1 sin?(x) + cos?(x) = 1

:Ezg; 2(1)1?22((;)) == (Divide by sin2(x)) (Divide by cos2(x))
1 + cot?(x) = cosec?(x) (Simplify) (Simplify)
cosec?(x) = 1 + cot?(x) (Swap sides) (Swap sides)

We can use the above identities when solving trigonometric equations that contain the functions
sec, cosec and cot.
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T

3. (a) Show, by counter-example, that the statement

(C3 Summer 2005)

cot’ @ =1+ cosec” 6 [2]

(b)  Find all values of 81in the range 0° < 6 < 360° satisfying

10 sec*@= 11 tan 6 + 16.
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T

2. (a) Show, by counter-example, that the statement

(C3 Summer 2008)

2tan®
1+ tan’ @
1s false. [2]

tan20 =

(b) Find all values of 0in the range 0° < 0 < 360° satisfying

2sec’f =8 — tan#. [6]
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(C3 Winter 2010)

2.  (a) Show, by counter-example, that the statement

sin4f = 4si113 0 — 3sin@

The Mathematics Department

1s false. (2]
(b)  Find all values of @in the range 0° < 0 < 360° satisfying
3sec’O=7— 11tan 6.
Give your answers correct to one decimal place. [6]
X @mathemateg Page 5
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(C3 Winter 201 1)
2. (a) Show, by counter-example, that the statement
sec” @ =1- cosec’d
is false. [2]
(b)  Find all values of 0 in the range 0° < 0 < 360° satisfying

3cosec?® =11-2cot @ . [6]
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(C3 Winter 2012)
2. (a) Show, by counter-example, that the statement
sin(@ + ¢) =sin@ + sin ¢

is false. [2]

(b) Find all values of @ in the range 0°< 6 <360°satisfying

sec2@+ 8 = 4tan? 0 + S5sechH. [6]
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(C3 Winter 2013)

2. (a) (1) Show, by counter-example, that the statement
cos’@=1-sin’0

is false.

(i1)  Write down a value of @ which does satisfy the equation
cos’@=1—sin’6. [3]

(b) Find all values of @in the range 0° < 8 < 360° satisfying
4cosec’d =9 — 8cotb. [6]
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(C3 Summer 2013)
2. (a) Find all values of @in the range 0° < 8 < 360° satisfying

4cot?0 — 8 =2 cosec?d — 5 cosech. [6]

(b)  Find all values of ¢in the range 0° < ¢ < 360° satisfying

seco + 2tang = 0. [3]
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(C3 Winter 2014)

2. (a) Show, by counter-example, that the statement
‘If x 1s an acute angle then sin(x + 30°) > sin x’
is false. [2]
(b) Find all values of 8 in the range 0° < 8 < 360° satisfying

15cosec?6 + 2 cot@ = 23. [6]
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(C3 Summer 2015)

2. (a) Findall values of @ in the range 0° < @ < 360° satisfying

7 cosec?@ —4 cot?@ =16 + 5 cosec 6. [6]

(b)  Without carrying out any calculations, explain why there are no values of ¢ in the range
0° < ¢ < 90° which satisfy the equation

4 secp+ 3 cosecp = 6. 1]
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(C3 Summer 2016)

2. (a) Findall values of @in the range 0° < @ < 360° satisfying

3 cosec @ (cosec 8- 1) = 5 cot> 8- 9. [6]

(b) Find all values of ¢ in the range 0° < ¢ < 360° satisfying

2 cosecp+ 3 secop=0. [3]
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(C3 Summer 2018)

2. (a) Findall values of @ in the range 0° < 8 < 360° satisfying

3cosec?® + 6¢cotd = 8 — Scot?6. [6]

(b)  Without carrying out any calculations, explain why there are no values of ¢ in the range
0° < ¢ < 90° which satisfy the equation

secy + 2tan¢ =0-8. [1]
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JeE—E

(Unit 3 Summer 2019)

0] 9] a) Giventhat @and §are two angles such that tana = 2cotf, show that

tan(e + ) = —(tane + tang). 2]

b) Find all values of 8 in the range 0° < @ < 360° satisfying the equation

4tan@ = 3sec?6 — 7. [6]

You® /adolygumathemateg Page 14
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In the GCSE course, we have been measuring angles in degrees, from
0° to 360°. In order to calculate the length of a circular arc or the area

of a sector efficiently, it is advantageous to use a different scale to
measure angles at A Level.

GCSE Work: Measuring angles, calculating the circumference and area
of a circle, calculating the area of a segment in a circle.
A Level Unit I: Trigonometry.

A Level Unit 3:
e Small angle approximations.
e Integration of trigonometric functions.
Applications:
e Measuring angular speed in physics / further mathematics.
e Measuring the frequency of an electromagnetic wave.

pi e

1Y
When measuring angles, we must decide 2
on a scale to use that goes from zero to on I T
the value for a full turn. When 3\ 019 181716 15 14,4 12/ 3
measuring angles in degrees, the scale 21 11 10
o o 3 22 09 I
goes from 0° to 360°. 360 was chosen 7N\ 23 2”4
because of its high number of factors — 2.4 100 90 &g '
g A0 70 0.7
for example, considering the numbers s5n 25 N RY 06 T
. 6 N26 REN % 76
between | and 10, only 7 is not a factor S sin + sin + . 0.5
. o . 2.7 > °
of 360. This means it is easy to divide a o cos - cos + ° 0.4
. 2.8 g (2]
full turn into 3 equal parts; 5 equal > tan - tan + 0.3
29 - 2
parts; and so on. = cot cot + O 02
3.0 ° sec - sec + s o
Degrees are not the only scale used to 3.1 - csc + I | I csc + 3 0‘& ,
. n— @© o o T
measure angles. Surveyors in Europe 3.2 - sin - IV &in - ° 62
use 400 gradians for a full turn (so that 33 £ cos - cos + 8 o
100 gradians form each right angle.) This 34 2, tan + tan - &
system comes from France, and appears 35 2 cot + cot - & 6.0
_— , 5.9
on scientific calculators as one of the 36 2, sec sec + & s
options available to measure angles. We 37 % cse - cse - o 5 7'\
will not, however, use gradians to %ﬂ 3.8 Ot 0 . e 56' %
. 3.9 % 09z sz 08¢ N :
measure angles in the A Level course. 0 e 5.5
Instead, a system that will be of use to M/ 4.1 ; 35.4 N7
us is the radians system. Here, a full 4 ;1_2 43 5.1 5'2\ ‘
. . . 4.4 50 ™
term is equal to 27 radians (which, to 2 4_375 4546474849 5_37‘
decimal places, is equal to 6.28 radians). |
3n

On first glance, using such a system will <>
be more complicated — imagine, for

example, measuring an obtuse angle using the protractor shown above. However, the major
advantage of this system is that easier formulae appear when measuring angles in radians.

Example
You® /adolygumathemateg Page 2
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Exericse |

(a) Complete the following table. Give your answers in terms of m, if possible.

Angle in degrees 0° 90° 360° 45° 100°

Angle in radians 7 rad > rad 5 rad

(b) Complete the following sentences.
To change an angle in degrees to be in radians, we must MUIEIPlY DY ....c..cocuevemivcmnieinnrrrcrrce e
To change an angle in radians to be in degrees, we must multiply by ...,
The Length of an Arc and the Area of a Sector

Let us consider the diagram on the right, which shows a circle with radius 7.
To begin, let us calculate the length of the red arc, which is a fraction of the
circle’s cicumference.

In degrees In radians

Length of the arc = % X m X diameter  Length of the arc = %\x "X diameter

Length of the arc = g X diameter

Length of the arc = 8 X radius
Length of the arc = 10

We see that the formula for arc length is much simpler when the angle is measured in radians.
This is also true when calculating the area of the purple segment, which is a fraction of the circle’s area.

In degrees In radians

6 . (2] .
Area of the sector = 300° XX radius? Area of the sector = P XX X radius?

0 .
Area of the sector = 2 X radius?

1
Area of the sector = ErZB

Again the formula is simpler when measuring the angle in radians, as the two m symbols cancel.
To summarise, when measuring an angle in radians,

© Length of an arc =10 en)) © Area of a sector = %rze (o))

Area of a Segment of a Circle A
It is also useful to be able to remember the formula for calculating the area of a
, as shown on the right. When measuring the angle 6 in radians: B

Area of the segment = Area of the sector — Area of the triangle

1 1
Area of the segment = ErZG —-absinC

© Area of the segment = %rze - %rz sinf o
- —
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T

(C2 Winter 2005)

9.

A

In the diagram the points A and B lie on a circle with centre O and radius 4 cm. The tangent to the
circle at A intersects the line OB produced at the point C. The length of the arc AB is 3 cm.

(a) Find A6B n radians. [2]

(b) Calculate the area of the shaded region. Give your answer correct to two decimal places. [4]

You® /adolygumathemateg Page 4
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Pl e
(C2 Summer 2008)

9.

The diagram shows two points A and B on a circle with centre O and radius 6 cm. The length of the
arc AB is 5-4cm.

(a) Show that the area of the sector AOB is 16-2cm>. [4]

(b) Find the area of the shaded region, giving your answer correct to one decimal place. [3]
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(C2 Summer 2013)

9.

The diagram shows three points 4, B and C on a circle with centre O and radius 7-2cm.

(a)  Given that 40B =11 radians, [ind the area of triangle 4O0B. Give your answer correct
to one decimal place. [2]

(b)  The area of sector BOC is 19-44cm?. Find the length of the are BC. [3]

You® /adolygumathemateg Page 6
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(C2 Summer 2006)

10.

TI}S diagram shows two points P and Q on a circle, with centre O and radius 4 cm, such that
POQ = 0 radians. The perimeter and the area of the sector POQ are x cm and A cm’, respectively.
Given that x = 3A,

(a) show that @ = 0-4, (4]

(b)  calculate the area of the shaded region, giving your answer correct to three decimal places.

[4]

X @mathemateg Page 7
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(C2 Winter 2006)

9.

The diagram shows a circle of centre O and radius 4 cm. The points A, B and C lie on the circle as

shown, the angles 6 and ¢ being measured in radians. The sum of the sector areas AOB and BOC is
152 cm’.

(a) Show that 8+ ¢ =19. 2]

(b)  Given that the arc length AB is 3-2 cm greater than the arc length BC, find the values of
0 and ¢. (4]

Youf[® /adolygumathemateg
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(C2 Summer 2007)
9.

The diagram shows two points A and B on a circle, with centre O and radius 6 cm, such that
AOB = Oradians. Given that the circumference of the circle is 24 cm more than twice the length of

the arc AB,
(a) showthat@=m -2, (4]
(b)  calculate the area of the shaded region. [3]

X @mathemateg Page 9
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(C2 Winter 2008)

9.

The diagram shows two points P and Q on a circle with centre O. The radius of the circle is 7 cm

VAN 5
and POQ = Oradians. The length of the arc PQ is 6 cm and the area of the sector POQ is 22-5 cm™.
Find the values of  and 6. [5]

You® /adolygumathemateg Page 10
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(C2 Winter 2009)

9.

The diagram shows three points P, Q and R on a circle with centre O and radius 4-8 cm.

VAN
(a) Given that POQ = 0-7 radians, find the area of triangle POQ. Give your answer correct to
two decimal places. [2]

(b)  The length of the are RQ is L cm and the area of sector ROQ is A cm”. Given that A = kL,
find the value of £. [3]

X @mathemateg Page ||
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(C2 Winter 201 1)

9.

4cm
P

The diagram shows two points P and Q on a circle with centre O and radius 4cm. The tangent
to the circle e;t\ P intersects the line OQ produced at the point R. The length of the arc PQ is
5-2cm and POQ = 6 radians.

(a) Find the value of 8. [2]

(b) Calculate the area of the shaded region, giving your answer correct to one decimal
place. [6]
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(C2 Summer 2015)

9. Gwyn wants to turn part of his garden into a circular flower bed. In order to do this, he digs out a
shallow circular hole of radius rm and then divides it into two segments by means of a thin plank
AB, as shown in the diagram. He plants red roses in the minor segment and white roses in the

major segment.

Red roses

White roses

Let the centre of the flower bed be denoted by O. Show that when ASB equals 2-6 radians, the
area of the flower bed containing white roses is approximately twice the area containing red

roses.
[5]

You® /adolygumathemateg Page 14
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(C2 Summer 2010)

10.

The diagram shows two concentric circles with common centre O. The radius of the larger circle is
R c¢m and the radius of the smaller circle is r cm. The points A and B lie on the larger circle and are
such that AOB = 0 radians. The smaller circle cuts OA and OB at the points C and D respectively.
The length of the arc AB is L cm greater than the length of the arc CD. The area of the shaded
region is K cm’.

(a) (1) Write down an expression for L in terms of R, rand 6.
(1)  Write down an expression for K in terms of R, r and 6. [2]

(b) Use your results to part (a) to find an expression for r in terms of R, K and L. [3]
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7 remonouenon T T

112 A chord AB subtends an angle @radians at the centre of a circle. The chord divides the
circle into two segments whose areas are in the ratio 1:2.

N

(Unit 3 Summer 2019)

a) Show that sind= 6 — ZTE [4]

b) i) Show that 6 lies between 2-6 and 2-7.

ii) Starting with §, = 2:6, use the Newton-Raphson Method to find the value of &
correct to three decimal places. [6]
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This workbook considers the formulae for
sin(4A + B), cos(A + B) and tan(4 + B).

GCSE Work: Angles, trigonometry, similar shapes.
A Level Unit I: Trigonometry.

A Level Unit 3:

e Double angle formulae.

e Writing values for (e.g.) sin 15° without using a calculator.
Applications:

e Vibration theory.

e Electrical circuit theory.

The trigonometric functions are not distributive. This means that (for example)
sin(A + B) # sin A + sin B. We can prove this by considering A = B = 45°:

Left hand side = sin(45° + 45°) Right hand side = sin45° 4+ sin 45°
. o 1,1
= sin(90°) = ﬁ+ 7
-1 —_—
- V2

1+ % so it is not true that sin(4A + B) = sin A + sin B. The correct formula for sin(4 + B) is

sin(A + B) = sinA cos B + cos Asin B.
If A and B are acute angles, then we can prove this formula by considering the triangles on the right.

OPQ and OQR are right-angled triangles containing the angles A and B. R
RT and SQ are lines forming the right angles OTR and RSQ.
OUT = RUQ therefore OTU and URQ are similar triangles.
Therefore, UﬁQ = A.

sin(A + B) = %

_ TS+SR
~ OR

_ PQ+SR
~ OR

__PQ , SR
_OR+OR

=Pe o0 SR QR
“ 00 OR ' QR” OR

sin(A + B) = sinAcosB + cosAsinB

Youlfl® /adolygumathemateg
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If we substitute —B instead of B in the formula

sin(A + B) = sinA cosB + cos AsinB
we obtain

sin(4 — B) = sinA cos(—B) + cos Asin(—B)
Considering the symmetry of the sin and cos graphs shown below, we see that cos(—B) = cos B and
sin(—B) = —sin B. Therefore,

sin(A — B) = sinA cosB — cosAsin B

y
1.5 A
=sind
1| y
0.5 |
[l 1 1 C 1 1 y 6
-450 60 -270 -1 -90 90 18 270 60 450
-0 L
.
-1.5 &
1 y
.5 A
y = cos 6
0.5 F
’ Il Il C Il Il 9
-450 -360 -2 -180 90 (] 9 180 70 360 450
-0.5 F
1
-15 &
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If we substitute (g - A) instead of A in the formula R
sin(A — B) = sinAcosB — cosAsinB

we obtain
sin(g—A - B) = sin(g—A) cosB — cos(g—A)sinB
sin (g —A- B) = cosAcosB —sinAsinB

(through the connection between the graphs of sin and cos)
sin(ORT) = cos A cos B —sinAsinB

(considering the triangle ORT)

T ~
cos (5 — ORT) =cosAcosB —sinAsinB

(through the connection between the graphs of sin and cos)
cos(A+ B) = cosAcosB —sinAsinB
(considering the triangle ORT)
Then, if we substitute —B instead of B in the formula
cos(A+ B) = cosAcosB —sinAsinB
we obtain
cos(A — B) = cos A cos(—B) — sin A sin(—B)
cos(A—B) = cosAcosB + sinAsinB
(through the symmetry of the graphs of sin and cos)

, ing .
Next, remembering that tan 6 = ::; o it follows that

sin(4 + B)

tan(A + B) = —cos(A T B)

sinAcosB + cosAsinB
tan(A +B) =

cosAcosB —sinAsinB

(using the previous formulae for sin(4 + B) and cos(4 + B))

sinAcesB _I_J;esﬂsinB
cosAcosB ' cosAcosB

tan(4 + B) = cosAcosB  sinAsinB
cosAcosB cosAcosB
(dividing each term by cos A4 cos B)
tan(A + B) = tanA + tan B
an( )_l—tanAtanB
. . __sin6
(cancelling and using tan 8 = . 9)
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Finally, if we substitute —B instead of B in the formula

tan(A + B) = tanA + tan B
an( )_l—tanAtanB
we obtain
tan(A — B) = tan A + tan(—B)
an )= 1 —tanAtan(—B)
tan(4 — B) = tanA —tan B
an “1+tanAtanB
(through the symmetry of the tan graph shown below, where tan(—B) = —tan B)

To summarise:
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T

3. (a) Expresscosf+ \@ sin® in the form Rcos(8 — o), where R > 0 and 0° < o < 90°. [3]

(C4 Summer 2009)

(b) Find all values of 81in the range 0° < 6 < 360° satisfying

cos 0+ /3 sinf=1, [4]

You® /adolygumathemateg Page 6
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(C4 Summer 2006)

4. (a) Express4sin x + 3cos x in the form Rsin(x + ), where R and o are constants with R > 0 and
0° < < 90°. (3]

(b)  Hence find the greatest value of

— 2]
4dsinx+ 3cosx+7

X @mathemateg Page 7
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e
(C4 Summer 2013, Question 3)

(b) Express /15 cos@—siné in the form Rcos(8 + ¢r), where R and o are constants with
R>0and 0°< o <90°.
Hence find all values of 8in the range 0° < 6 < 360° satisfying

J15cos@—sin9=3. [6]

You® /adolygumathemateg Page 8
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(C4 Summer 2015, Question 3)

() (i) Express \/13sin6—6c¢os 6 in the form Rsin (6 — ),
where R and o are constants with R > 0 and 0° < ¢ < 90°.

(i)  Find all values of @ in the range 0° < 6 < 360° satisfying

J13sin 6—6cos 6 = —4. [6]

X @mathemateg Page 9



Ysgol y Creuddyn The Mathematics Department
(C4 Summer 2015)
3. (a) Findall values of x in the range 0° < x < 180° satisfying

tan(x + 45°) = 8tan.x. [5]

You® /adolygumathemateg Page 10
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(C4 Summer 2008)

3. (a) Express 3cosx + 2sinx in the form Rcos(x — ), where R and o are constants with R >0 and
0° < a<90°. [3]

(b) Find all values of x between 0° and 360° satisfying

3cosx + 2sinx = 1. [3]
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(C4 Summer 2010, Question 3)

(b) (i)  Express Ssinx — 12cosx in the form Rsin (x — ), where R and o are constants with
R>0and 0° < o< 90°.

(i)  Use your results to part (i) to find the least value of

1
S5sinx—12cosx+20

Write down a value for x for which this least value occurs. [6]

You® /adolygumathemateg Page 12
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(C4 Summer 2014, Question 3)

(b)

(i)

(ii)

Express 21sin & —20cos 6 in the form R sin (6 — ), where R and « are
constants with R > 0 and 0° < or < 90°.
Use your results to part (i) to find the greatest value of

1
21sin® —20cos6 + 31

Write down a value for 8 for which this greatest value occurs. [6]

X @mathemateg
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(C4 Summer 2012, Question 3)

(b) (1) Express8sinx + 15cosx in the form Rsin (x + o),
where R and o are constants with R >0 and 0° <o < 90°.
(i1) Find all values of x in the range 0° < x < 360° satisfying

sinx + 15cosx=11.

(1) Find the greatest possible value for k so that
8sinx + 15cosx =k

has solutions. Give a reason for your answer. [7]
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(C4 Summer 2016, Question 4)

(b) Express 24cos 8 — 7sin @in the form Rcos (6 + ), where R and o are constants with
R>0and0° < o< 90°

Hence, find the range of values of k for which the equation
24cos@-Tsin@=k
has no solutions. [5]
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(C4 Summer 2005, Question 4)
(b)  Find all values of € in the range 0 < 6 < 360° satisfying
43N0 + cosf =2,

giving your answers in degrees correct to one decimal place. [6]

You® /adolygumathemateg Page 16
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(C4 Summer 2007)

3. Find all values of x in the range 0° <x <360° satisfying the equation 4cosx + 2sin.x = 3. (7]
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TeiE——

(C4 Summer 2017, Question 3)

Ysgol y Creuddyn

(b) () Express \/gcosq)-i- \/Hsinq) in the form Rcos(q) —a) , Wwhere R and « are
constants with R > 0 and 0° < o < 90°.

(i)  Use your result to part (i) to find the least value of

1
\/gcos¢+\/ﬁsin¢+6 -

Write down a value for ¢ for which this least value occurs. [6]
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~
*’in(ZA) = 2sinAcosA
~ cos(24) = cos*(A) —sin®(A)

./ cos(24) =1 — 2sin*(A4) .
\ cos(24) = 2cos?(A) — 1

. 2tanA
24) =
\ 1 — tan?4
\ N
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This workbook considers the formulae for sin(24), cos(24) and
tan(24).

A Level Unit I: Trigonometry.
A Level Unit 3: Trigonometric Addition Formulae.

A Level Unit 3:
e Integration of functions that contain (e.g.) sin?(x).
Applications:
e Solving trigonometric equations by reducing the power of the
equation.

pi e

In the previous workbook, the following formulae were introducted for trigonometric addition:

sin(A + B) = sinA cos B + cosAsin B
cos(A+ B) = cosAcosB —sinAsinB

tan(A + B) = tanA + tan B
an( ) = 1—tanAtanB

We will now consider what happens above when the angles 4 and B are equal.

sin(A + A) = sinAcosA + cos Asin A
sin(24) = 2sinAcos A

cos(A+ A) = cosAcosA—sinAsinA
cos(24) = cos?(A) — sin?(A)

tan(A + A) = tanA + tan 4
an( )= 1—tanAtanA
tan(24) = 2tan A
an " 1-—tan24

The above formulae are recognised as the formulae for double angles. In the case of the formula for cos(24), it
turns out that using the identity sin?4 + cos?4 = 1 from the Unit | course makes the formula even more useful.

cos(24) = cos?(A) — sin?(A) cos(24) = cos?(A) — sin?(4)
cos(24) = (1 — sin?(4)) — sin?(4) cos(24) = cos?(A) — (1 — cos?(4))
cos(24) = 1 — 2sin?(4) cos(24) = cos?(A) — 1 + cos?(4)

cos(24) = 2cos?(4) — 1

You® /adolygumathemateg Page 2
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Here is a summary of the formulae for double angles. These need to be memorised.

Challenge! A

Show that it is possible to write (a) sin(24) = 2tan4

1+tan2(4)’

1—tan?(4)
1+tan2(4)’

(b) cos(24) =

T

3.  (a) Find all values of 0 in the range 0° < 0 < 360° satisfying

(C4 Summer 2010)

2¢c0s260=9cos 0+ 7. [5]
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(C4 Summer 2011)

3. (a) Find all values of x in the range 0° < x < 180° satisfying

tan2x = 4tanx. [5]
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4. (a) Find all values of 81n the range 0 < 6 < 360° satisfying

(C4 Summer 2005)

sin26 = cosé6. [4]
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(C4 Summer 2009)

2. Find all the values of 8 in the range 0° < 6 < 360° satisfying 3sin26 = 2siné. (5]

You® /adolygumathemateg Page 6
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(C4 Summer 2006)
3. Find all values of @in the range 0° < 0 < 360° satisfying

2 +3cos20=cos 6. (6]
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(C4 Summer 2012)

3. (a) Find all values of 6 in the range 0° < 6 < 360° satisfying

4c0s20=1-2sinb. [6]
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(C4 Summer 2013)

3. (a) Find all values of 8in the range 0° < 68 < 360° satisfying

8 cos26+ 6 = cos?28+ cos 6. [6]
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(C4 Summer 2014)
3. (a) Findall values of x in the range 0° < x < 180° satisfying

tan2x = 3 cotx. [4]
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(C4 Summer 2019)

3. (a) Giventhat 8= 90° find all values of 8 in the range 0° < 0 < 180° satisfying
Stan26 = 8cot 6.

Give your answers in degrees, correct to two decimal places. 4]
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(C4 Summer 2018)

3. (a) Find all values of 6 in the range 0° < 6 < 360° satisfying

2¢0s 260 = 3sin%6 — 5¢cos?0 + cos 6 + 1. [6]
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(C4 Summer 2017)
3. (a) Show that the equation
5co0s20+ 7sin26 = 3sin26
may be rewritten in the form
atan?60+ btan@+ ¢ =0,

where a, b, ¢ are non-zero constants whose values are to be found.
Hence, find all values of @in the range 0° < 68 < 180° satisfying the equation

5¢0820+ 7sin280 = 3sin26.

X @mathemateg
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(C4 Summer 2016)
4. (a) Theangle xis such that 0° < x <180° x # 90°.
Given that x satisfies the equation 3tan2x + 16cot2x =0,
(i) show that 3tan’x—8tan?x + 8 =0,

(i)  find all possible values of x, giving each answer in degrees, correct to one decimal
place. [8]
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(Sample Assessment Materials, Question 8)

(b) Use an appropriate substitution to show that
% X T 3
J = 8]
0 J1— 2 12 8
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3 95 07 09
sm(8)=8—i+§—ﬁ+a_...

' 62 0* 6> 67
.: COS(Q)Zl_E-I_E_E-I_ﬁ—W

20% 160> 27207

n—
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If you have an angle 8 that is sufficiently small, then it is possible to use

alternate expressions for sin 8, cos 8 and tan 0, ones that do not
require a calculator in order to calculate them.

GCSE Work: Trigonometry, area of a sector, inequalities.
A Level Unit 3: Measuring angles in radians, trigonometric addition
formulae.

A Level Unit 3:

o Differentiating sin 8 and cos 6 from first principles.
Applications:

e Measuring the distance to the stars.

e The “one in 60” rule when flying.

pi e

If we have a small angle measured in radians, then we can use the following approximations.

2
sinf = 6 cos@zl—% tan@ = 6

The approximations are correct to three significant figures if -0.115 < 8 < 0.115 (around —6.6° < 0 < 6.6°), and are
correct to two significant figures if -0.241 < 6 < 0.24] (around —13.8° < 8 < 13.8°). The approximation for cos is
the most accurate, and the approximation for tan is the least accurate.

Sin Proof

. .1
Let a small angle 6 form the sector OAB of a circle. The area of the sector is 51‘29.

A

0 r B

Let us add the chord AB and extend the radius OA to reach the point C so that OB and BC are perpendicular.

AC

0

OCB is a right-angled triangle with base r and height r tan 6.
. 1 9
The area of the triangle OCB is Srotan 0. c o @

. ) 1o
The area of the isosceles triangle OAB is Erz sin 6.

You® /adolygumathemateg Page 2
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Area of triangle OAB < area of sector OAB < area of triangle OCB

1 2‘9<1 2¢9<1 Ztan @
27" sin 27" 27" an

We can divide by %TZ as it is always positive.
sind <6 <tanf

Because 0 is a small positive angle, sin 8 is positive. We can therefore divide the inequality by sin 6.

sin @ < o < tan @
sinf@ sin@ sinf

7] sin @ 1

- < X —
sin@ cosf sin@

1<

1< < secH

sin @

As 6 approaches 0, sec 8 approaches | y
(consider the graphs on the right).

\
Therefore, as  approaches 0, % lies between \ %N = cos@ /
I and a number approaching I. 1 1 8 1 > 0
. —Br -t EO . £ T 4 IAn
Therefore, as 6 approaches 0, s approaches |. 4 2 '1 F F

This means that sin 8 =~ 0 for small values of 6. -15 L

Tan Proof

The proof for tan is very similar to the proof for
sin. We use exactly the same steps until we
reach the inequality

sinf < 0 <tan#f
Here, we divide by tan @ (instead of by sin 6):

sint9< 7] <tan9
tanf tanf tand

. ] L L L C L L L >l 9
simb _ 0 dw Pt e B4 F 4k ok
sinf " tan® 2 z0:5F 2 2
cos @ 1
-1.5 F
cosf < <1
tan @ 2+
As 6 approaches 0, cos 8 approaches | 25 F
(consider the graph on the right). 3+
0 . '35 B
Therefore, as 6 approaches 0, p— lies between i

a number approaching | and |.
Therefore, as 6 approaches 0, % approaches |I.

This means that tan 8 =~ 8 for small values of 6.
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Cos Proof

We use the double angle identity cos 20 = 1 — 2sin?6 to find the approximation for cos.

In the identity, we halve the angles, so that 26 changes to be 6, and 6 changes to be g.
0
cosf =1 — 2sin? (E)

0 . . . . (0 0
If; is a small angle, then we can use the approximation sin 5) X5 S0 that

O 2
c059z1—2(5>
92

0~1——
cos >

Summary

If 8 is a small angle, then

Exercise |

If 6 is a small angle, find an approximation for the expression Treos 20"

You® /adolygumathemateg Page 4
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Exact Values

Consider a right-angled triangle where the length of the shortest sides are | unit.

It is possible to use this triangle to calculate the exact values of sin, cos and tan

for the angle = (or 45°).
gle

(%) -

opposite
- hypotenuse
sin (”) =
4] V2

s ()
s 1) -

hypotenuse

adjacent

L
V2

The Mathematics Department

13

1|2
- 8
T opposite
tan (§) = B2 2
a 4 adjacent Q
@)
b4
tan (—) =1
4

||

adjacent

Next, consider an equilateral triangle where the length of the sides are 2 units.

By splitting this triangle in half, it is possible to calculate the exact values of
sin, cos and tan for the angles % (or 30°) and g (or 60°).

cos (§) =

- hypotenuse

opposite

an(5) -

- hypotenuse

. b3 1 T
Sin (—) == Cos (—)
6 2 6

. T\ __ opposite L
sin (E) - hypotenuse cos (3)
in(%) =¥ z
sin(5) = cos (5)
Summary
0
= (or 30°)
= (or 45°)
> (or 60°)
> (or 90°)

adjacent

V3

2

hypotenuse

adjacent

N =

S Nl

1

& 2,
T opposite S T o)
tan (—) = —— < - Cx
6 adjacent < 6 ©
$ 2 2 2
tan (Z) = - $ v “
6/ 3 ]2
Q| wn
|8
o | =
@ | O

b4 opposite
tan (—) o
3 adjacent

1
opposite

V3 Bl

2 V3

! 1

V2

1

> V3

0 Not defined

1
adjacent

We can find the value of sin, cos and tan for other multiplies of% (or 30°) by using the symmetry in the graphs of

sin, cos and tan.

X @mathemateg
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Exercise 2

)

1+
1—

If 6 is a small angle, show that tan G + 0) ~

mﬁ

Exercise 3

If 8 is sufficiently small so that you can ignore 82, show that 4 sin G - 9) ~ 2v2(1 - 6).
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Exericse 4

Given that 1° = 0.017 radian, find values for each of the following without using the trigonometric functions on your
calculator.

(2) tan(61°)

(b) sin(29°)
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pic e

(Sample Assessment Materials)

1. Find a small positive value of x which is an approximate solution of the equation.

cosx—4sinx =x’. [4]
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(Unit 3 Summer 2018)

0

7

Use small angle approximations to find the small negative root of the equation

sinx + cosx = 0-5.

The Mathematics Department

[3]

X @mathemateg
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(Unit 3 Summer 2024)

12. (a) Given that 0 is small, show that 2cos@+sinfd—1~1+6-6>. [2]

(Edexcel Pure Mathematics | [9MAO0/01] Summer 2018)

1. Given that @ is small and is measured in radians, use the small angle approximations to find an
approximate value of

1 — cos40
20sin 30

You® /adolygumathemateg Page 10
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(Edexcel Pure Mathematics | [9MAO0/01] Summer 2023)

4. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation y = f(x) where x € R

Given that

1
e f'(x)=2x+ 5 cosx

» the curve has a stationary point with x coordinate a

o 1s small

(a) use the small angle approximation for cosx to estimate the value of a to
3 decimal places.

X @mathemateg
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T

(Unit 3 Summer 2019)

0] 9| a) Giventhataand §are two angles such that tana = 2cotf, show that

tan(e + f) = —(tane + tanp). [2]
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(Unit 3 Summer 2022)

117 a) Prove that

cos(e — B)+sin(a + f) = (coso +sina)(cos S +sin 5. [2]
b) i) Hence show that gg::gi:;ﬁig can be expressed as cos@+sing.
. . c0s36 +sins50 . 3t
ii) Explain why cosd0Tsind0 # cos@+sinf when Q_E i [3]
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(Unit 3 Summer 2023)

0

6

a)

The Mathematics Department

Using the trigonometric identity cos( 4+ B)= cos Acos B—sin 4sin B, show that

the exact value of cos75° is

-7
e

[3]

Youf[® /adolygumathemateg
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(Edexcel Pure Mathematics | [9MAO0/01] Summer 2022)
14. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that

2 sin (x — 60°) = cos (x — 30°)

show that
tanx =3+/3
“4)
(b) Hence or otherwise solve, for 0 < 8 < 180°
2sin26 = cos (26 + 30°)
giving your answers to one decimal place.
C)
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D
Given an arithmetic series where we add the same number to obtain the

next number, how can we find the nth term, or the sum of the first n
terms?

GCSE Work: Solving equations, nth term.
A Level Unit I: Solving quadratic equations.

Applications:
e Finance: borrowing and investing money.
e Studying how populations change.
e Managing time in large projects.

A sequence of numbers is an arithmetic sequence if we add the same constant to obtain the next number in the

sequence. For example, the sequence 5, 8, | I, 14, 17, ... is an arithmetic sequence where the first term is 5 and the
common difference is 3.

Terminology

a First term of the sequence
d The common difference
l Last term of the sequence, if one exists
th The nth term of the sequence
R : : Theory
For an arithmetic sequence with first term a and common difference d:
First term: ty=a
Second term: t,=a+d
Third term: tz3=a+2d
Fourth term: ty, =a+3d
Nth term: © th=a+n-1)d o))
T — —

For all integers n,
d=tph1 —ty

Exercise |

For the arithmetic sequence 9, 14, 19, 24, 29, ..., write down

C I (b) d .
(€) £ wooeeoeesesesersea . ) N 2

It is possible to consider the sum of the first n terms in an arithmetic sequence, written as S,,.
For the arithmetic sequence 5, 8, 11, 14, 17, ...

S;=5+8+11=24
Se=5+8+11+14+174+20=75

The proof for calculating S, needs to be learnt.
You[T® /adolygumathemateg Page 2
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Prove that the sum of the first n terms of an arithmetic sequence with first term a and common
difference d is given by

© Su=5n(a+1). o)
T ——— | —
Proof

Let us write the terms of the arithmetic series in order and then in reverse order.

Sn = tl + tz + t3 + o + tn_ 1 + tn
Sn = tn + tn—l + tn_z + o + tz + tl

By adding the above we obtain
Sp+ 5 = (ty + ) + (G2 + tp1) + (t3 + tpp) + o+ (tn-1 +t2) + (6 + ).

Each of the expressions in brackets is equivalent to t; + t,,. For example,
to+tp 1= +d)+(t,—d)=t; +t,, and
tz +tp_o =(t; +2d) + (t, —2d) =t + t,.

Therefore 28, = (t; +tp) + (g + ) + (t + ) + -+ (8 + )

n times

25, =n(t; +t,)
1
Sp =50ty +ty).

But t; is the first term a of the arithmetic sequence and t,, is the last term [ of the arithmetic sequence, so
1
Sp = En(a +1). QED
Prove that the sum of the first n terms of an arithmetic sequence with first term a and common
difference d is given by

1

© Sp = En(Za + (n—-1)d). (o))

T | —
Proof

Let us write the terms of the arithmetic series in order and then in reverse order.

Sn = tl + tz + t3 + o + tTL—l + tTL
S, = t,  + they + they + w4+ t,  + t,

By adding the above we obtain
SptSp = (&1 +tn) + (b2 + tp-1) + (E3 + ty-2) + -+ (tpg +t2) + (& + £1).

Each of the expressions in brackets is equivalent to t; + t;,. For example,
tr+tp =t +d)+({t,—d) =t +t, and
tz +tpo = (t; +2d) + (t, — 2d) =t + ty,.

Therefore 2S5, =1+t )+t +t)+ G+ )+ -+ (G +H t)

n times
28, =n(t; +t,)
Su = 5n(ty + t).

But the nth term of an arithmetic sequence is t,, = a + (n — 1)d, so

Sp = %n(a +(a+(n- 1)d))
S, =:n(2a+ (n — 1)d). QED

T2
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T

5. In an arithmetic series the sum of the first term and the fifth term 1s zero. The thirteenth term is 20.

(C2 Winter 2005)

(a) Find the first term and the common difference of the series. [5]

(b) Calculate the sum of the first twenty terms of the series. [2]

Youlf® /adolygumathemateg Page 4
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(Unit 3 Summer 2022)

0| 6 Geraint opens a savings account. He deposits £10 in the first month. In each
subsequent month, the amount he deposits is 20 pence greater than the amount he

deposited in the previous month.

Find the amount that Geraint deposits into the savings account in the 12th month.

a)
[2]
b) Determine the number of months it takes for the total amount in the savings
account to reach £954. [3]
Page 5
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T

(C2 Winter 2006)

5. The sum of the first two terms of an arithmetic series is 3. The eighth term of the arithmetic series
is 47.
Find
(a) the first term and the common difference of the series, (4]
(b) the sum of the first twenty terms of the series. (2]

Youlf® /adolygumathemateg Page 6
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(C2 Winter 2009)

4. (a) The thirteenth term of an arithmetic series is 51. The ninth term of the series is five times
the second term. Find the first term and common difference of the arithmetic series. [5]

(b)  The first term of another arithmetic series is 5 and the twentieth term is 62. Find the sum of
the first twenty terms of this arithmetic series. 2]

X @mathemateg Page 7
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(C2 Winter 2012)

The Mathematics Department

4. The fifteenth term of an arithmetic series is seven times the fifth term.
The sum of the first eleven terms of the series is 88.

(a)  Find the first term and common difference of the arithmetic series.

(b)  Given that the nth term of the series is 143, find the value of n.

[6]
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(C2 Summer 2006)
4. (a) An arithmetic series has first term ¢ and common difference . Prove that the sum of the
first n terms is given by

Sn: % [2a+(n—l)d]. (3]

(b)  The sum of the first twenty terms of an arithmetic series is 540 and the sum of the first thirty
terms of the series is 1260.

(i)  Find the first term and the common difference of the series.

(ii)  Calculate the 50th term of the series.

X @mathemateg
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(C2 Winter 2008)

3. (a) An arithmetic series has first term a and common difference d. Prove that the sum of the
first n terms of the series is given by

n
S, =5[2a+@n-1d] 3]
(b) Find an expression, in terms of », for the sum of the first » terms of the arithmetic series

1+3+5+ ...

Simplify your answer. [2]

(c) The twentieth term of an arithmetic series is 98 and the sum of the first twenty terms of the
series 1s 1010. Find the first term and the common difference of the series. [4]
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(C2 Summer 2010)

5. (a) An arithmetic series has first term ¢ and common difference d.
Prove that the sum of the first n terms of the series is given by

S, = %[Za—f—(n— Dd]. [3]

(b) The first term of an arithmetic series is 4 and the common difference is 2. The sum of the
first n terms of the arithmetic series is 460.
Write down an equation satisfied by n. Hence find the value of n. [3]

(¢) The fifth term of another arithmetic series is 9. The sum of the sixth term and the tenth term
of this series is 42. Find the first term and the common difference of the arithmetic series.

[5]
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(C2 Summer 201 1)

4. (a) The sum of the first fifteen terms of an arithmetic series is 780. The sum of the second,
fourth and tenth terms of the series is 100. Find the first term and the common

difference of the series. [5]

(b) The pth term of another arithmetic series is 1023. The (p + 4)th term of this series is
1059. Find the (p + 7)th term of the series. [3]
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(C2 Winter 2013)

4. (a) The first term of an arithmetic series is 1 and the common difference 1s 4.
(1) Show that the nth term of the arithmetic series is 4n — 3.
(i1) The sum of the first n terms of this series is given by
S,=1+5+ .. +@n-7)+ @dn-3).

Prove from first principles, without using the formula for the sum of the first n
terms, that

S, =nn-1). [4]

(b)  The sum of the first ten terms of another arithmetic series is 55. The sum of the fourth,
seventh and ninth terms of the series is 27. Find the first term and the common difference
of this arithmetic series. [5]

You B /adolygumathemateg Page 16
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(C2 Summer 2016)

4. (a) Gwilym has decided to run in a half marathon race. In order to get himself fit, he devises a
training programme whereby he runs around his local track each day, gradually increasing
the distance he runs from day to day. On the first day, he runs 6 laps of the track and
subsequently, on any given day, he runs 2 laps further than he did on the day before.

(i) How many laps does he run on the 20th day of his programme?

(i)  After how many days will the total number of laps he has run since the beginning of
his training programme be equal to 7507 [6]

(b)  The nth term of an arithmetic series is denoted by 7,. It is known that

(i)  Write down the value of 7|, + 74. [1]
(i) Find the sum of the first twenty-four terms of this arithmetic series. [2]
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(Unit 3 Summer 2024)

7. Showing all your working, evaluate

The Mathematics Department

50
(@) D (4r+5), (4]
r=3
You{flB /adolygumathemateg Page 20
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pl |y

(Unit 3 Summer 2018)

0 | 8 | Find seven numbers which are in arithmetic progression such that the last term is 71
and the sum of all of the numbers is 329. [5]
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(C2 Summer 2018)

4. Dafydd enters into an agreement with a finance company to provide him with a loan to buy a
car. Under the terms of the agreement, he is to repay a total of £3900 over a period of two years
by making 24 monthly repayments. The first repayment is £P, and in each subsequent month,
the value of the repayment for that month is £.x less than the repayment for the previous month.
Given that Dafydd’s eighth repayment is £185, find the value of P and the value of x. [5]
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Given a geometric series where we multiply the same number to obtain

the next number, how can we find the nth term, or the sum of the first
n terms?

GCSE Work: Solving equations, nth term.
A Level Unit I: Solving quadratic equations, logarithms.

Applications:
e The expansion rate of the universe.
e Radioactive decay.
e Compound interest.

et . e
A sequence of numbers is a geometric sequence if we multiply by the same constant to obtain the next number in

the sequence. For example, the sequence 3, 6, 12, 24, 48, ... is a geometric sequence where the first term is 3 and
the common ratio is 2.

Terminology

a First term of the sequence

T The common ratio

l Last term of the sequence, if one exists
th The nth term of the sequence

For a geometric series with first term a and common ratio 7:

First term: ty =a
Second term: t, =ar
Third term: t; = ar?
Fourth term: t, = ar?
Nth term: (@) t, = ar™! (@)
T ————— | —

For all integers n,

t

r = n+1
tn

Exercise |

For the geometric series 2, 6, 18, 54, 162, ..., write down

(R) @ vttt (b) r
(o) I8 . (d) £ s

It is possible to consider the sum of the first n terms in a geometric series, written as S,,.
For the geometric series 3, 6, 12, 24, 48, ...

S;=3+6+12=21
Se=3+6+12+24+48+96 =189
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The proof for calculating S;, needs to be learnt.

Prove that the sum of the first n terms in a geometric series with first term a and common ratio 7 is given by

_ a(l—1r")

@ Su= 2 o
T — | —
Proof
Ist Term:t; = a
2nd Term: t, = ar
Nth Term: t,, = ar™!
Sum of the first n terms: Sp=ti+t,++t,_ 1 +t,
Sp=a+ar+-+ar®?+a"? —O0
Multiply by 7: rSp =ar+ar?+--+ar™ 1+ ar® —Q
Subtracting ® — @: Sp—1rSp,=a—ar™
S:(1l—=r)y=a(l-1")
§, = 262 QED

Sum to Infinity

If |r| < 1, then we can consider the sum S, of all the terms in a geometric series.

Proof

If [r] < 1 (so that =1 < r < 1), then ™ will become closer and closer to 0 as n increases.

We say that r™* — 0 as n — oo, ° ®
So, if |r| < 1, @

Exercise 2

Read the joke on the cover of the workbook.

. . . . 1 .
The joke describes a geometric series where a = 1 and r = > Write down
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T

(C2 Summer 2005)

4. The sum of the first two terms of a geometric series is 6-4, and the sum to infinity of the series
is 10.
(a)  Given that the common ratio is positive, find its value. [5]
(b)  Find, correct to three decimal places, the sum of the first eleven terms of the series. [3]




Ysgol y Creuddyn The Mathematics Department

(C2 Winter 201 1)
5. (a) The second term of a geometric series is 6 and the fifth term is 384.
(1) Find the common ratio of the series.
(1))  Find the sum of the first eight terms of the geometric series. [6]
(b) The first term of another geometric series is 5 and the common ratio 1s 1-1.

(1)  The nth term of this series is 170, correct to the nearest integer. Find the value of
n.

(11) Dafydd, who has been using his calculator to investigate various properties of this
geometric series, claims that the sum to infinity of the series is 940. Explain why
this result cannot possibly be correct.

[5]
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T

5. The second term of a geometric series is nine times the fourth term of the series.

(C2 Haf 2006)

(a) Find the possible values of the common ratio. [4]

(b)  Given that the common ratio is positive and the sum to infinity of the series is 12, find the
third term of the series. [3]

X @mathemateg Page 7
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(C2 Winter 2008)

4. A geometric series has first term a and common ratio 7. The fifth term of the geometric series is
135 and the eighth term is 5.

(a) Show that r = % and find the value a. [5]
(b)  Find the sum to infinity of the series. [2]

You® /adolygumathemateg Page 8
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(C2 Winter 2007)

3. (a) A geometric series has first term a and common ratio . Write down the nth term and prove
that the sum of the first # terms is given by

| a(l-r")
S, =——=.
" 1-r
Given that | r | < 1, write down the sum to infinity of the series. [5]

(b)  The sum of the first term and the second term of a geometric series is equal to twice the sum
of the second term and the third term of the series.

(1) Given that the common ratio of the series is positive, find the value of the common

ratio. [4]
(11)  The sum to infinity of the series 1s 12. Find, correct to two decimal places, the sum of
the first eight terms of the series. [4]
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(C2 Summer 2017)

5. A rich businessman makes one donation per year to a certain charity. He starts by donating
£100 in the first year. In each subsequent year, the value of the donation is 1-2 times the value
of the previous year’s donation.

(a) Find the value of the businessman’s donation in the 12th year. Give your answer correct
to the nearest pound. [2]

(b) After receiving the nth donation, the charity’s treasurer calculates that over the years, the
businessman has donated a total of £15474, correct to the nearest pound. Find the value
of n. [5]
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(C2 Winter 2013)
5. (a) The pth term of a geometric series is 16. The (p + 1)th term of this series is 24. Find the
(p + 4)th term of the series. [3]

(b)  The sum of the first three terms of another geometric series is 22-8. The sum to infinity
of the series is 18-75. Find the common ratio and the first term of this geometric series.

[6]
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(C2 Winter 2006)

4. (a)

(b)

A geometric series has first term ¢ and common ratio . Write down the nth term of the
series and prove that the sum of the first n terms is given by

§ = M_ (4]
" l-r
The fourth term of a geometric series is 2 and the seventh term is 54.
(1)  Find the common ratio of the series.
(11)  Find the sum of the first ten terms of the series, giving your answer correct to one
decimal place.
(ii1)  Find the least value of n for the nth term to exceed 125000. [10]
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(C2 Winter 2010)

5. (a) A geometric series has first term @ and common ratio r. Prove that the sum of the first n

terms 1s given by
§ = a(l—r”)
S e 3]

(b) The common ratio of a geometric series is positive. The sum of the first four terms of the
series is 73-8. The sum to infinity of the series is 125. Find the common ratio and the first

term of the geometric series. [6]
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(C2 Summer 2010)

6. (a)

(b)

Find the sum to infinity of the geometric series
40-24 + 144 - ... [3]

Another geometric series has first term a and common ratio r. The fourth term of this
geometric series is 8. The sum of the third, fourth and fifth terms of the series is 28.

(i)  Show that r satisfies the equation
22 —5r+2=0.

(ii)) Given that | r | < 1, find the value of r and the corresponding value of a. [6]

You® /adolygumathemateg Page 18



Ysgol y Creuddyn The Mathematics Department

X @mathemateg Page 19



Ysgol y Creuddyn

The Mathematics Department

(Unit 3 Summer 2023)

0

5

A tree is 80 cm in height when it is planted. In the first year, the tree grows in height
by 32cm. In each subsequent year, the tree grows in height by 90% of the growth of

the previous year.

a) Find the height of the tree 10 years after it was planted. [4]

b) Determine the maximum height of the tree.
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(Unit 3 Summer 2024)

7. Showing all your working, evaluate

(b) i(mx(%)rj. 3]

r=2
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T

(Unit 3 Summer 2019)

0| 8 | a) The3rd 19th and 67th terms of an arithmetic sequence form a geometric sequence.
Given that the arithmetic sequence is increasing and that the first term is 3, find the
common difference of the arithmetic sequence. [5]
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(Unit 3 Summer 2018)

019 a) Explain why the sum to infinity of a geometric series with common ratio r only
converges when |r|<1. [1]

b) A geometric progression I has first term 2 and common ratio ». Another progression
W is formed by squaring each term in . Show that W is also a geometric
progression. Given that the sum to infinity of I/ is 3 times the sum to infinity of V,
find the value of r. [6]

c) Atthe beginning of each year, a man invests £5000 in a savings account earning
compound interest at the rate of 3% per annum. The interest is added at the end of
each year. Find the total amount of his savings at the end of the 20th year correct
to the nearest pound. [3]

X @mathemateg Page 23



Ysgol y Creuddyn The Mathematics Department

You® /adolygumathemateg Page 24



The OFIS is supported by the many generous donors to the OFEIS Foundation.

- ‘ NS THE ON-LINE ENCYCLOPEDI A
%SE?Q: OF INTEGER SEQUENCES®
‘ - founded in 1964 by N. J. A. Sloane

The On-Line Encyclopedia of Integer Sequences (OEIS)
* [k.2.3.6,11,23,47,106,235

Enter a sequence, word, of sequence number:

\. Search | Hints Welcome Video
For more information about the Encyclopedia. see the Welcome page.

Langpages: English Shgip isll Bangla Braraperm Catala 32 (EEF M{k= (1), H1i£F (2)) Hrvatski Ceitina Dansk Nederlands Esperanto Eesti —J Svomi

Francaiz Deutsch Elhvyvixd Ipudl po B Magyar Igbo Bahasa Indonesia [taliano H#&EZE o, $HE0| Lietuviy T8t Bokmil Nynorsk Polski Portugués
Roméni Pyccrmii Cpmcem Slovenitina Espafiol Svenska Tagalog n1lwa Tiirkge VYepaincexa o)l Tieng Viét Cymraeg



https://oeis.org/

Ysgol y Creuddyn The Mathematics Department

Learning how to recognise arithmetic sequences; geometric sequences;

increasing sequences; decreasing sequences; periodic sequences; and
sequences of the form x,.; = f(x;,).

GCSE Work: Solving equations, nth term.
A Level Unit I: Solving quadratic equations.
A Level Unit 3: Arithmetic sequences; geometric sequences.

Applications:
e Periodic sequences can model circular situations, e.g. the motion
of planets; radio waves; tides.

A sequence of numbers is an arithmetic sequence if we add the same constant to obtain the next number in the
sequence.

t,=a+n-1)d

Example | t,=4+3(n-1).
The sequence is 4,7,10,13, 16, ...

A sequence of numbers is a geometric sequence if we multiply by the same constant to obtain the next number in
the sequence.

t, = ar

Example2 ¢, =5x2""1
The sequence is 5,10, 20, 40, 80, ...

A sequence of numbers is a periodic sequence if the sequence repeats itself after x terms. x is the period of the
sequence.

Example3 t, =(-1)"
The sequenceis —1,1,-1,1,—1, ...
This is a periodic sequence with period 2.

A sequence of numbers is an increasing sequence if t,,,; > t, foralln > 1.
The sequences in examples | and 2 are increasing sequences.

A sequence of numbers is a decreasing sequence if t,,,; < t, foralln = 1.

Note: a periodic sequence is neither increasing nor decreasing.
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Exericse |

Are the following sequences increasing, decreasing or periodic?

The Mathematics Department

Nth Term Ist 2nd 3rd 4th 5th Increasing, Decreasing
Term Term Term Term Term or Periodic?
(@) t, =4n+3
5

b t, =
() " n+1
(c) t,=n?+2n+5
(d) t, = sin(30n)°
(e) t,=3—-2n

- n
U " n41

Exercise 2

For the increasing sequences in Exercise |, prove that they are increasing, by showing that t,,,; — t,, is always

positive.

For the decreasing sequences in Exercise |, prove that they are decreasing, by showing that t,,,; — t,, is always

negative.

For the periodic sequences in Exercise I, find the period of the sequences.
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T

(Unit 3 Summer 2022)

019 For each of the following sequences, find the first 5 terms, u, to us. Describe the
behaviour of each sequence.

a) u, = sin(%) 2]
b) ;=33 u,=2u, -1 [3]
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(Unit 3 Summer 2019)

0] 3 The nth term of a number sequence is denoted by x,. The (n + 1)th term is defined by
X, =4x,—3 and x; = 113.

a) Find the values of x, and x,. [2]

b) Determine whether the sequence is an arithmetic sequence, a geometric sequence
or neither. Give reasons for your answer. [2]
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(C2 Winter 2010)
10. The nth term of a number sequence is denoted by 7,. The (n + 1)th term of the sequence satisfies
t,, =21, +1,

for all positive integers n. Given that 7, = 63,
(a) evaluater , 2]

(b)  without carrying out any further calculations, explain why 6043582 cannot be one of the
terms of this number sequence. [1]
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(Sample Assessment Materials)

6. The lengths of the sides of a fifteen-sided plane figure form an arithmetic sequence.
The perimeter of the figure is 270 cm and the length of the largest side is eight times
that of the smallest side. Find the length of the smallest side. [4]
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(Unit 3 Summer 2024)
15. Robert wants to deposit £P into a savings account. He has a choice of two accounts.

* Account A offers an annual compound interest rate of 1%.

* Account B offers an interest rate of 5% for the first year and an annual compound
interest rate of 0-6% for each subsequent year.

After n years, account A is more profitable than account B. Find the smallest value of n. [5]
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Considering how to develop the Unit | work on expanding (a + bx)"
to include cases where n is a negative number or a fraction.

GCSE Work: Expanding brackets; simplifying; substitution; rules of
indices; solving inequalities.
A Level Unit I: Binomial expansion.

We can use this work to estimate the value of algebraic expressions or
irrational numbers.

T

If n is a positive integer, then

Unit | Revision

(1+x)" = 1+(111)x+(121)x2+(Z)x3+---+x"

(a+x)*=a™+ (711) a*1x + (Tzl) a"%x? + (;l) a3x3 + 4 x"

(@+bx)" = am + (111) a1 (bx) + (;) a2 (bx)? + (Z) a3 (bx)® + -+ (bx)"
where (7:) represents how many ways 1 items can be chosen from n items, and can be calculated from Pascal’s
triangle or the nCr button on a calculator.
Example |
Expand (1 + 3x)*.

Pascal’s Triangle: I

| 4 6 4 I
(1+320)* = 1(1)*(3%)° + 4(1)* 3x)" + 6(1)%(3x)? + 4(1)"(3x)? + 1(1)°(3x)*
(1430 = 1(1)* + 4(1)° B0 + 6(1)2(3x)% + 4(1)' 3x)% + 1(3%)*
(1+3x)* =1+ 43x) +6(9x2) + 4(27x3) + 1(81x%)
(1+3x)* =1+ 12x + 54x% + 108x3 + 81x*

If n is not a positive integer, then

e We cannot find (a + bx)" by multiplying out (a + bx) n times;
e It is not possible to use Pascal’s triangle or the nCr button on a calculator to calculate the coefficients.

We must instead use an infinite series and the general definition of (Z)
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In general,

n n!
(r) 7 (n—r)!

wherenl=nxXxn—-1)XnNn—-2) X --X3x2x1.

For example,

ny n!
(4)_4!(71—4)!
(n) nXM-—1DXM=-2)XM—-3)Xm~4) X (n=5) XX Fx2X 1

4 [4x3x2X1]x[(n—4) X (n=5) XX 3% 2x1]
(n) _n(n—1)(n—-2)(n-3)
4) 4x3%x2x1
So, for a positive integer n,
n _ ,n n-1 n(n_l) n-2 2 n(n—l)(n—Z) n-3 3 n
(a+bx)" =a™ +na™" " (bx) + %1 2 (bx)* + Tx2x1  © (bx)® + -+ (bx)

If n is not a positive integer, then we cannot say how many terms are in the series. It is however possible to write
the expansion as an infinite series:

nn—1)
2x1

nn—1)(n—2)
3x2x1

(a+bx)" =a™ +na™ 1(bx) + a2 (bx)? + a3 (bx)3 +

The expansion is only sensible if the terms get progressively smaller (closer to zero). This happens when
<

and this is when the expansion is valid.

Example 2
1
Expand (3 + 2x) "z up to and including the term in x2. Note when your expansion is valid.
1 1 1 i
B+2x)z2=3"2+ (— %) x 37271 x (2x) + w X 3 272 x (2%)% +
1 1\ L3 =)= s
=3 z+(—5)><3 2x(2x)+%x3 2x (2x)% +

_1 _3 3 _5
=372-37x+-x3 2 X 4x% + -

_1 _3 _5 3
=372 —37ax + 32 xox% 4
=il—i3x+isx%x2+

32 32 32
-1t 41y 3,02
=7 3\/_x+9\/_>< x° +

1

NERETE R LA
=8 Byt By
1 2

B+2x) z= \/3—5 (1 - g + %) (up to and including the term in x?)

]2 3
The expansion is valid if |?x| < 1, so that |x| < >
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T

(C4 Summer 2016)
- 1 - . - . . 2
2. (a () Expand in ascending powers of x up to and including the term in x-.
VI+2x
(i) State the range of values of x for which your expansion is valid. [3]

(b) Use your expansion in part (a) to find an approximate value for one root of the equation

0 —4+415x—x2. 2]




Ysgol y Creuddyn The Mathematics Department

(C4 Summer 2007)

1
4. Expand (1+4x)2 -
valid?

as far as the term in x°. For what range of values of x is your expansion

1
1+ 3x 7]
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(C4 Summer 2010)

1

5. Expand (1 — %)2 in ascending powers of x up to and including the term in x2.

State the range of values of x for which your expansion is valid.
Hence, by writing x = 1 in your expansion, show that

3= [5]
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T

(C4 Summer 2013)

1
5. (a) (i) Expand(l + 6x)3 in ascending powers of x up to and including the term in x?.
(i)  State the range of values of x for which your expansion is valid. [3]
(b)  Use your expansion in part (a) to find an approximate value for one root of the equation

1
2(1 + 6x)3 =2x2— 15x. 2]
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(C4 Summer 2011)

1
2

6. Expand 4(1+2x)" - ﬁ in ascending powers of x up to and including the term in x2.
+ 5x
State the range of values of x for which your expansion is valid. [7]
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(C4 Summer 2014)

5. Expand

|
6\/1—2x—1+4x

in ascending powers of x up to and including the term in x2.
State the range of values of x for which your expansion is valid. [7]
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(C4 Summer 2008)
1+3x . . . . . 2
9. Expand ———— in ascending powers of .x up to and including the term in x . State the range of x
v1-2x
for which the expansion is valid. [5]
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(C4 Summer 2005)

1
2. Expand (1-2x)2 ip ascending powers of x up to and including the term in x . State the range of
values of x for which the expansion is valid.

. 1 . . . . . a
Hence, by writing ¥ =3 in your expansion, find an approximate value for V3 in the form 5

where @ and b are integers. [5]
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(C4 Summer 2006)

1
10. Expand (1+ %)2 in ascending powers of x up to and including the term in x . State the

range of x for which the expansion is valid. Hence by writing x = 1 in your expansion, show

_ 256
that\/_~181 : [5]
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(C4 Summer 2009)

1
9. Expand (1+4x)? in ascending powers of x as far as the term in x7. State the range of values of x
for which your expansion is valid.
1

Expand (1+4k+16k%)? in ascending powers of & as far as the term in K. [6]
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(C4 Summer 2017)

-1
5. (a) Expand (1+4x) 2 in ascending powers of x up to and including the term in x2. State the
range of values of x for which your expansion is valid. [3]

_1
(b) Use your answer to part (a) to expand (1+ 4y+ 8y2) 2 in ascending powers of y up to
and including the term in p2. [3]

Youf[® /adolygumathemateg
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(Unit 3 Summer 2019)

The Mathematics Department

4—x . . . . )
0] 2 Expand ——=== in ascending powers of x up to and including the term in x°. State the
p T ap p g
range of values of x for which the expansion is valid. [6]
X @mathemateg Page I5
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(Unit 3 Summer 2024)

12. (a) Given that 6 is small, show that 2cos@+sin@—1~1+60—-6>.

The Mathematics Department

[2]

(b) Hence, when 6 is small, show that

|

N 2
2cosf+sinfd—1 I+a0+b6",

where a, b are constants to be found.

[4]

Youf[® /adolygumathemateg
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T

(C4 Summer 2012)

1
5. Expand (1 + %) % in ascending powers of x up to and including the term in x°.

State the range of values of x for which your expansion is valid.

Hence, by writing x = % in your expansion, find an approximate value for /15 in the form %,
where a and b are integers whose values are to be found. [5]
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(C4 Summer 2018)

4. (a) Expand (1;2)2 in ascending powers of x up to and including the term in x2. [2]
+2x
1+

(b) (i) Use your answer to part (a) to expand ( 3X] in ascending powers of x up

I +2x

to and including the term in x~.

(i)  State the range of values of x for which your expansion is valid. [4]
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(Unit 3 Summer 2023)

)2 in terms of partial fractions. [4]

9
0| 3| a) Express (- )(1+2x

9 .
1-x)(1+2x)* "

ascending powers of x as far as the term in x°. State the values of x for which the
expansion is valid.

b) Using your answer from part (a), find the expansion of (

[7]
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dy
g dx
f )" n(f )" ' (x)
uv uZ—Z + UZ_Z
u pau_ dv
- dx dx
v 2
sin(f (x)) f'(x) cos(f (x))
cos(f(x)) —f'(x) sin(f (x))
tan(f (x)) f'(x) sec*(f (x))
sec(f(x)) | f'(x)sec(f(x)) tan(f (x))
cosec(f(x)|—f"(x) cosec(f(x)) cot(f(x))
cot(f(x)) —f"(x) cosec?(f (x))
sin™! ((x)) L)
V1-(F(x))?
\eos (@)
' V1= (f(x))?
" f'(x)
: tan™" (f(x)) T+ ()2
‘ e &) £ (x)ef®
af f’(x)af(x) In(a)
In(f(x) A
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Consider how to develop the Unit | work on differentiation to include

trigonometric, exponential and logarithmic functions. Understand how

to differentiate combinations of functions using the product rule, the
quotient rule and the chain rule.

GCSE Work: Substitution, solving equations, changing the subject.
A Level Unit I: Differentiation.

Finding the rate of change in physics, engineering and chemical problems
(and more!).

P

d _ . d . .
If y = ax™ then d—z = nax™ 1. (The notation d—z or y' is used to represent the gradient.)

Unit | Revision

Example |
y dy
dx
5x2 10x
8x° +3x%+8x + 4 40x* + 6x + 8
—5x3 4+ 2x76 —15x%2 —12x77
Exercise |
Complete the following table.
y &y
dx
4x’
6x3 —12x +5

18x3 + 12x~* —g

Exercise 2

If y = 4x3 + 5, find the value of ¥’ if x = 2.
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Trigonometric Functions

Proof

If y = sinx, find Z—z from first principles.

. . . . L d . x+h)—f(x
From Unit |, to differentiate from first principles we use é = ,llln% w
-

So dy — lim sin(x+h)—sin(x)
dx h-0 h
LY |jpy S0 cos(h) +eos(x) sin(h) ~sin(x) using sin(4 + B) = sinA cos B + cos Asin B
dx h-0 h g

2
As h > 0, sin(h) > h and cos(h) > 1 -~

sin(x)(1—’12—2)+cos(x)h—sin(x)

dy _ ..
So ol }ll_r}(l) ;
2
sin(x)—sin(x) Lok +cos(x)h—sin(x)
2 — lim (2)
dx h—0 h
dy —sin(x)(hz—z)+cos(x)h
— = lim
dx h—-0 h 1.5 y
D _ lim —sin(o) ( i
= ;LILI’(I) sin(x) (2) + cos(x) 1 LY T cas 0

dx

dy el 9

== sin(x) (2) + cos(x) /\ 0.n /\9

2 _ cos(x) | i 1

dx -450-360-27¢Q-180/96 90\ 180270360450
-1

Proof
-1.5

If y = cosx, find % from first principles.

. . . . — d . +h)—
From Unit |, to differentiate from first principles we use ﬁ = }llln?) M
-

So dy — lim cos(x+h)—cos(x)
dx h—0 h
9V _ i 05 cos(h)=sin(x) sin(h)~cos(x) using cos(A + B) = cosAcos B —sinAsin B
dx h—0 h g

2
As h = 0, sin(h) = hand cos(h) =» 1 — h?

cos(x)(l—hz—z)—sin(x)h—cos(x)

dy .
So — = lim
dx h—0 h
2
dy _ cos(x)—cos(x)(%)—sin(x)h—cos(x)
dx h—0 h
h2\ .
dy . —cos(x)(7>—sm(x)h
— = 11m
dx h—0 h
dy

. h .
== ;ll_r% —cos(x) (E) — sin(x)

in(x)
Z—z = —cos(x) (g) — sin(x) e
% = —sin(x)

Note —cos(x) cos(x)

The diagram on the right may help you to remember how to differentiate the
sin and cos functions.
—sin(x)
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The Chain Rule

‘e
Given two functions y = f(t) and t = g(x),
dy dy o dt
dx dt dx

We can use the chain rule to differentiate more complex functions
then the ones seen in Unit |.

Example 2
If y = (2x + 4)3, use the chain rule to find %.
Let t = 2x + 4, so that y = ¢5.

Then a _ 2 and W _ 3t2.
dx

dt

dy dy dt

- == X —
So dx dt dx

d

2 _3t2x2

dx

dy 2

— =6t

dx

ay _ 2

o 6(2x + 4)
Example 3
If y = sin(3x), use the chain rule to find Z—z.
Let t = 3x, so that y = sin(t).

dt _ dy _
Then i 3 and i cos(t).

So Z—i = % X %
Z—z = cos(t) X 3
% = 3 cos(t)
Exercise 3

. dy . .
Use the chain rule to find d—z in each of the following cases.

The Mathematics Department

If a car travels twice as
fast as a bike and the
bike is four times as fast
as a person’s walking
speed, then the car
travels 2 X 4 = 8 times
as fast as the person.

@y =@Bx+9)° (b) y = sin(5x)
()y=v4x—3 (d) y = 4 cos(9x)

Youf[® /adolygumathemateg
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Exercise 4

. dy . .
Use the chain rule to find % in each of the following cases.

@y=(fx)"

The Product Rule (Leibniz’s Rule)

If y = uv, then

Proof (no need to learn)

(b) y = sin(f(x))

dv

dx ~ “dx

Let y = u(x)v(x). By defining f(x) = u(x)v(x), we have

W _ |y L&)

dx h—0 h

d . ulx+h)v(x+h)—u(x)v(x
—y=11m( Jv(x+h)—u(x)v(x)
dx h—0 h

dy _ lim u(x+h)v(x+h)—u(x)v(x+h)+u(x)v(x+h)—u(x)v(x)

dx h—0 h

dy = lim v(x+h)[u(x+h)—ulx)]+u(x)[v(x+h)-v(x)]

dx h—0 h
dy _ li u(x)[v(x+h)—v()]+v(x+h)[u(x+h)—u(x)]
ax B h
ay _ . . v(x+h)-v(x)
ol %1{)1’(1) u(x) x %1{)1’(1) 0
dy _ o dv . au
dx ~ dx tv dx
Example 4

_ 3 . dy
If y = 4x~ sin(x), find =

Let u = 4x3, v = sin(x).

du

d dv
Then Y—uZ 4w
dx dx

dx

% = 4x3 cos(x) + sin(x) x 12x?
Z—z = 4x%(x cos(x) + 3 sin(x))
Exercise 5

(a) If y = 5x2 cos(x), find %.

X @mathemateg

+ limv(x + h) X li
h—-0 h

-0

(b) If y = 9vx sin(x), find 2.

du
v dx

The Mathematics Department

(Note that —u(x)v(x + h) + u(x)v(x + h) = 0)

(Re-arranging the numerator)

m u(x+h)—u(x)

QED
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The Quotient Rule

The Mathematics Department

u
Ify = > then
du dv
4y _Vax V@
dx v2
Proof (no need to learn) O ‘
Lety = ( By defining f(x) = ( ), we have This is given in the formula
booklet in the form
4y _ |y L@ =10 da (@) _ ['&g)-fx)g'x)
dx  h-0 h dx \g(x) (g(x))?
uCeth) u(x)

d_y = lim v(x+h) v(x)

dx h—0 h

d ulx+h)v(x)—ulx)v(x+h)

ay _ s v(x+h)v(x)

dx }11_% h

dy _ li u(x+h)v(x)-u(x)v(x+h)

dx hl_% v(x+h)v(x)h

dy _ li u(x+h)v(x)—u(x)v(x+h)

ax h h—0v(x+h)v(x)

ay _ . u(x+h)v(x)—u(x)v(x)+ul)vix)—ulx)v(x+h) _ _

o }ll_l’)rtl) . m = (x+h)v = (Note that —u(x)v(x) + u(x)v(x) = 0)

Y — Nim u(x+h)v(x)-—u(x)v(x) _ lim u()v(x+h)—u()v(x) 1

dx h—0 h h—0 h—>0 v(x+h)v(X)

ay _ [ . u(x+h)-u(x) _ v(x+h)-v(x)

= [llmv(x) X 11m _-_ }llil’(l)u(x) X ’111 —] h_>0 —v(“h)v(x)

— [ X ——Uux a X 17_2

dy Zu Zv

dx = v2 QED
Example 5

__sin(x) d_y

Ify = —3= find —= °

Let u = sin(x), v = x2.

d vdu udv
y dx__dx
Then — =24
dx v2
dy _ x?cos(x)-sin(x)x2x
dx (x2)2
dy _ x?cos(x)—2xsin(x)
dx x4
dy _ x cos(x)—2 sin(x)
dx x3
Exercise 6
dy
a) ify = fi nd
@)y = n(x)

By re-arranging the question
in the form y = x~2 sin(x), it
would be possible to answer

the question using the product
rule.

7x2 +3

dy
(b) ify = 22 find 2.

Youf[® /adolygumathemateg
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Trigonometric Functions 2

Example 6
(a) If y = tan(x), find 2. (b) If y = tan™?(x), find 2.
sin(x) -
= st y = tan"(x)
Let u = sin(x), v = cos(x) tan(y) = x (taking tan of both sides)
du _dv

Z—z = % x = tan(y) (swap sides)
Z—z = s XCOS((:ZS_S:;(ZX)X_ sin(x) Z—; = sec?(y) (using the result from part (a))
dy _ cos?(x)+sin?(x) day 1 . .
e s 5220 (taking the reciprocal)
d_y _ 1 . ) 2 _ ﬂ _ 1 . 2 _ 2
prrollpron (using sin“(x) + cos“(x) = 1) = T G) (using sec?(y) = 1 + tan?(y))
Y _ sec? v_ 1
dx sec”(x) dx ~ 1+x2
Exercise 7

.. cos(x) .. 1
(2) By writing y = cot(x) as y = prony (b) By writing y = sec(x) asy = prpons

show that % = — cosec?(x). show that Z—z = sec(x) tan(x).
(c) If y = tan~1(3x), find % using the chain rule. (d) By writing y = cosec(x) as Sinl(x),
show that Z—z = — cosec(x) cot(x).
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Example 7 Exercise 8
The graph of y = sin™1(x) between —1 and 1 The graph of y = cos™(x) between —1 and |
is shown below. Is shown below.
y y
2R S
1.5+ 3}
o 25+
0.5 2}
T T C T >l X 15
-1 -0. (] 0.5 1
-0.5 } -r
-1+ 0.5
‘1.5 B r T C T >l X
-1 -0.5 l])_ 0.5 1
2L -0.5
— cin-1 dy _ _1 — -1 ay _ 1
If y = sin™*(x), show that s If y = cos™"(x), show that ™ —
y = sin"1(x)
sin(y) = x (taking sin of both sides)
x = sin(y) (swap sides)
ax _
roie cos(y)
dy 1 . .
ax s (taking the reciprocal)
Now sin?(y) + cos?(y) = 1, so
cos?(y) =1 —sin?(y)
cos(y) = /1 —sin?(y)
So @ -_jp 1 __
° dx — J1-sin?(y)
dy _ 1
dx ~ —v1-x2
But the gradient of the graph of y = sin™1(x)
is positive, so Z—z = 1;2 QED
Exercise 9
=1 . dy . . -1 2 dy . .
(@) If y = sin™*(8x), find - using the chain rule. (b) If y = cos™*(5x%), find —, using the chain rule.

You® /adolygumathemateg Page 8



Ysgol y Creuddyn The Mathematics Department

Exponential Functions

From Unit |, the gradient of the graph of y = e* is Z—z =e”*.
Example 8 Exercise 10

— oM® 4 _ ,3x245x+3 g2 Y
Ify =e**, find e fy=e , find e

Let t = 4x°, so that y = e’.

dt d
Then £ = 24x5 and & = et,
dx dt

dy _dy  at
So dx _ dt  dx
Z—z =el x 24x°
L = 24xSe°
dx
Exericse |1
= of(® y _ 5% i d &
(@) Ify =e/'*, find e (b) If y = e~* sin(x), find e
Iy =< find 2 d)Ify = (2 + e, find 2
(c) y =5 find-. (d) y—( +e ),ln E'

— X d_y X
If y = a*, then = a In(a).
Proof (no need to learn)

In(a)

Let y = a*. From Unit I’s definition of a logarithm, we have e = a (recall that In(a) is a logarithm with base e).

So y = (eln (a))x
y = eXIn(® (rules of indices, (n*)? = n%*P)
Let t = xIn(a), so that y = el.
ac _ av _ Lt
Then o In(a) and pria

dy _dy dt

So - ==
dx dt dx
av _ ¢t
e X In(a)
d
2 = a*In(a) QED
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Example 9 Exercise 12
_ £6x? ay _ a212x dy
fy=5 ,ﬁnddx. ify=4 ,ﬁnddx.
Let t = 6x2, so that y = 5¢.
a _ 4y _ ot
Then o 12x and ol 5% In(5).

dy _ dy dt

So - ==

dx dt dx

2 = 5n(5) x 12x

2 = 12x x 55 In(5)
Exercise 13

= a/® find ¥ — 7% 8
(@ Ify =a’/"¥, find e (b) If y = 2% cos(x), find e

& . .d d

() fy = ——, find 2. (d) Ify = (7 + 82%)*, find 2.

Logarithmic Functions

— @ _1
If y = In(x), then ol

Proof (no need to learn)

Let y = In(x).
So e¥ = "™
e¥ =x (by the definition of a logarithm)
x=eY (swap sides)
dx
e i '
o € (differentiate)
dy 1 . .
e (taking the reciprocal)
dy 1
it QED
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Example 10
_ 2 dy
If y =In(3x“ + 5), find T

Let t = 3x2 + 5, so that y = In(t).

dt d
Then < = 6x and 2 = =,
dx dt

dy _ dy dt

So —_ ==
dx dt dx
d 1
Y =Zx6x
dx t
dy _ 6x
dx ~ 3x2+45
Exercise 15

(@) Ify = In(f (x)), find 2.

_ In(7x3+5%) . dy
(c) f y = ———= find =

sin(x)

(e) If y = In(sin(x)), find Z—z.

X @mathemateg

The Mathematics Department

Exercise 14

_ — 34 3
If y =In(7 — 3x™), find e

(b) If y = 4xIn(8x), find 2.

d) If y = (In(8x + 2) + e*)%, find 2.
(d) Ify .

(f f y = tan~1(5x) In(5x), find Z—i.
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Jeimm——T

Here is a summary of the differentiation skills and facts that have appeared in this workbook.

Name y % Appearing in the formula booklet:
Function to a power (f ™ n(f ()1 (x)
The product rule dv du
(Leibniz’s rule) w “ dx + ”E
| y Jdu_ dv d (f(x)> _'@g() — f()g' ()
The quotient rule ” dxv2 dx dx \g(x) (g9(x))?
sin(f (x)) f'(x) cos(f (x))
Differentiating
trigonometric cos(f(x)) —f'(x) sin(f (x))
functions
d
tan(f () £'6) sec(£ () a () = sec’(®)
d
sec(f() | 00 sec(f() tan(f (1)) @y (Sec() = sec(x) tan()

Differentiating the
reciprocal of
trigonometric

d
cosec(f(x)) —f'(x) cosec(f(x)) cot(£(x)) T (cosec(x)) = — cosec(x) cot(x)

functions d
cot(F (x)) — () cosec2(f (x)) a(cot(x)) = —cosec?(x)
f'@) 4 inm1(x)) =
Sin—l(f(x)) ﬁ dx (Sll’l (.X)) = m
Differentiating the V1=(f(x)
inverse of 1 _ f'() i(cos'l(x)) = _ !
trigonometric cos™ (£ () 1— (f(x))? dx V1 —x2
functions 00 d 1
X - -1 —
tan_l(f(x)) W dx (tan (x)) 1 4 x2
Differentiating e/ f'(0)ef®
exponential
functions @ F100a’® In(a)
Differentiating ,
L f
logarithmic In(f(x))
functions f)
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T

(Unit 3 Summer 2022)

0] 2 Differentiate the following functions with respect to x.

a) x’In(Sy) [3]

b) (x + cos3x)* 2]

X @mathemateg
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(C3 Winter 2006)

5. Differentiate each of the following with respect to x, simplifying your answer where possible.

(a) e™ cosx (3]
2

(b) 5?;‘:; 3]

(¢c) tan (5x*+3) (2]

(d) In(2x) (2]

(e) sin™' (3x). (2]
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(C3 Winter 2008)

5. Differentiate each of the following with respect to x, simplifying your answers wherever possible.

(a) % (b) cos7'5x (c) ~1+6x*
(d) x’tan2x [3].[2].12].[3]
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(C3 Winter 2010)

5. Differentiate each of the following with respect to x, simplifying your answer wherever possible.

(a) tan"'3x (b) In(2x*=3x+ 4) 2], 2]
(¢) eXsinx (d) i;z—gzi 31, 13]
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(C3 Summer 2007)

6. (a) Differentiate each of the following with respect to x and simplify your answers, wherever

possible.
(i) x’sinx (i) In(x”+3) (i) e’ (iv) ﬁ
(v) sin'3x [10]
. | _l+tanx dy ; "
(b) Given y= T tamx (tanx # 1)7 , show that E‘IS always positive. [4]
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(C3 Winter 2009)

5.  (a) Differentiate each of the following with respect to x and simplify your answers, wherever

possible.
2
()  In(sinx) (i) sin(4) i)y 2 *2
X" +5 [8]
(b) By first writing y = tan 'x as x = tan v, find % in terms of x. [4]
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(C3 Winter 2013)

5. (a) Differentiate each of the following with respect to x.

(i) 532 - 3x (i) sin™'7x (iii) eXlnx [7]
(b) By first writing cotx = gﬁf; , show that (il—x(cotx) = —cosec?x . [3]
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(C3 Summer 2010)

5. (a) Differentiate each of the following with respect to x, simplifying your answer wherever

possible.
i) (7+20)" (i) sin~'5x (iii) x'e® (7]
. o _sinx
(b) By first writing tan x = cosx show that
i(tan x) = sec’x.
dx [3]
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(C3 Summer 2014)

6. (a) Differentiate each of the following with respect to x, simplifying your answer wherever

possible.
. 1 L 34243
—— 5
0) o= (i) == [5]

(b) () Sketch the graph of y = sin~'x for values of x satisfying -1 < x < 1.

(i) By first rewriting y = sin~!x as x = sin y, find an expression for g—i in terms of x. You
should justify any choice of sign that you make. [6]
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(Unit 3 Summer 2024)

6. (a) Differentiate cosx from first principles. [5]

ifferentiate e’*sindx with respect to x.
b) Diff i 37g1 ith p 3
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T

(C3 Summer 2018)

6. (a) Differentiate each of the following with respect to x, simplifying your answer wherever
possible.

() In @8+ 7x—4x)

(i) {(5-9+7)

2+5sinx
ii Lo 7
() 4—-3cosx L7]
d
(b) By first writing y = tan-! 5x as 5x = tan y, find Ey in terms of x. [4]
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(C3 Summer 2011)

5. Differentiate each of the following with respect to x, simplifying your answer wherever
possible.

1
(a) (9—2)6)§ (b) In(cosx) (¢) x°tan 4x (d) ﬁ

21, 3], [3], [3]
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- . . d? .
How to find a curve’s inflection points, where d—x}; = 0 and the sign of

a’y

dx?

changes each side of each inflection point.

GCSE Work: Substitution, solving equations, factorising quadratic
expressions.
A Level Unit I: Differentiation, finding stationary points.

In business, an inflection point can show substantial growth, or suggest
that a market bubble is about to burst.

pi e

Let us consider the function y = x3 — 10.5x2? + 30x — 8. By differentiation, Z—z = 3x2 — 21x + 30. By differentiating

. d? . .
again, d—x); = 6x — 21. The graph below shows these three functions, and the connections between them.

y

30

25

20 -
y = x3—10.5x% + 30x — 8

15

(3.5,11.25)
10} -

AR .
& 13x2 Z 21x +30

(3.5,-6.75) dx

I L

You® /adolygumathemateg Page 2



Ysgol y Creuddyn The Mathematics Department

Concentrating on the purple curve for y = x3 — 10.5x% + 30x — 8, we see that we have a local maximum point at
(2,18) and a local minimum point at (5, 4.5). These correspond to the points where % =0.
Concentrating on the green curve for Z—z = 3x2 — 21x + 30, we see that we have a minimum point at (3.5, —6.75).

2
This corresponds to the point where % = 0. On the original purple curve, an inflection point occurs at the point
(3.5,11.25).

Definitions

Convex and Concave
e A curve is convex if% > 0, and so the tangent to the curve appears underneath the curve.
e A curveis concave if% < 0, and so the tangent to the curve appears above the curve.
Inflection Point

¢ An inflection point occurs when a curve changes its concavity from convex to concave, or from concave

2
to convex. This happens when the sign of% changes.

A falling inflection
point that is also a
stationary point

A rising inflection
point that is not a
stationary point

Convex Convex

Concave Concave

. . . d?
Looking at the purple curve on the previous page, the curve is concave before x = 3.5, because d—;z] < 0, and the

. d?
tangent to the curve appears above the curve. After x = 3.5, the curve is convex, because d—x}z’ > 0, and the tangent

to the curve appears underneath the curve. At x = 3.5, the curve therefore changes its concavity from concave to
convex, and we can say that the point (3.5,11.25) is an inflection point.

Here is a strategy to find the coordinates of a curve’s inflection points:
da? . s . .
e Solve d—x); = 0 to find the x—coordinates of any potential inflection points.
. . . d? . .
e Verify to see if the sign ofd—xi changes each side of each x—coordinate.

If this is true, then you have an inflection point. If this is not true, then you have another type of point (for
example, a local maximum point or a local minimum point).
e For the inflection points you have found, substitute back into y to find the y—coordinates.

You need to verify that the sign of
d? o : :
d_xJZ’ changes; it is not sufficient to just

dZ
solve =2 = 0.

dx?
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Example |

(a) Find the coordinate of the inflection point of the curve y = x3 — 10.5x2 + 30x — 8.

(b) Show that this point is not a stationary point.

Answer: (a) Differentiate: % =3x2-21x+30

. . . d?
Differentiate again: d—x); =6x—21

%Y _ 0. ex 21 —
Solvem—O. 6x—21=0
6x =21
x =35

Substitute back into y: y = 3.5 —10.5x3.52 +30%x3.5—-8
y=11.25

Verify that (3.5,11.25) is an inflection point:

d?y d?%y
If x = 3.4, then — = 6x34-21 If x = 3.6, then — = 6x3.6—-21
dx dx
d’y _ d’y
=06 —z =06

2
The sign of% changes, so (3.5,11.25) is an inflection point.

(b) If x = 3.5, then 22 = 3 X 3.52 — 21 x 3.5 + 30

dy _
- = 675

Z—z # 0 so (3.5,11.25) is not a stationary point.

; y
Exercise | 20

The graph on the right shows the curve for
y = x* —3x5.

15
(2) Where is the curve concave?
(b) How many inflection points does the curve
have? 101
(c) How many stationary points does the curve
have? 5 L

(d) Find the coordinates and the nature of each of
the inflection points.

(e) Find the coordinates and the nature of each of
the stationary points.
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T

(Unit 3 Summer 2023)

1] 1] Acurve Chasequation f(x)=5x"+2x"—3x.

a) Find the x-coordinate of the point of inflection. State, with a reason, whether the
point of inflection is stationary or non-stationary. [5]

b) Determine the range of values of x for which C is concave. 2]
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(Unit 3 Summer 2022)

1 | 3 | Afunction is defined by f(x) = 2x° + 3x - 5.

a) Prove that the graph of f(x) does not have a stationary point. [2]

b) Show that the graph of f/(x) does have a point of inflection and find the
coordinates of the point of inflection. [4]

c) Sketch the graph of f(x). [1]
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(Unit 3 Summer 2024)

13. The diagram below shows a sketch of the graph of ¥ = f"(x) for the interval [xl,xi] :

-

(@) Find the interval on which f(x) is both decreasing and convex. Give reasons for your
answer. [2]

(b)  Write down the x-coordinate of a point of inflection of the graph of y = f(x). [1]

Yo /adolygumathemateg Page 10
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(Sample Assessment Materials)

7. The curve y =ax* +hx* +18x has a point of inflection at (1, 11).
(a) Show that 2a+bh+6=0. 2]
(b) Find the values of the constants a and b and show that the curve has another
point of inflection at (3, 27). [8]
(c) Sketch the curve, identifying all the stationary points including their nature. [6]
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(AQA Paper 2 Summer 2022)
3 The function f is concave and is represented by one of the graphs below.
Identify the graph which represents f.

Tick (v) one box.
[1 mark]

Y Ya
0 X
0 X
VA VA
~ 0 X
0 X

X @mathemateg Page 13



Ysgol y Creuddyn The Mathematics Department

T

(AQA Paper 2 Summer 2021)

2 A curve has equation y = f(x)
The curve has a point of inflection at x =7

It is given that f'(7) =a and {f"/(7) = b, where a and b are real numbers.

Identify which one of the statements below must be true.

Circle your answer.
[1 mark]

£1(7) £ 0 £(7)=0 £/(7) £ 0 £1(7) =0

(AQA Sample Assessment Materials)

8 A curve has equation y =2x cos 3x +(3x” —4)sin 3x

8 (a) Find % , giving your answer in the form (mrx2 + n)cos 3x, where m and » are integers.

[4 marks]

8 (b) Show that the x-coordinates of the points of inflection of the curve satisfy the equation

9x% —10

6x

cot3x =

[4 marks]
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Finding the equation of tangents and normals to curves that are defined

parametrically or implicitly. Converting between Cartesian and
parametric forms.

GCSE Work: Substitution, solving equations, changing the subject.
A Level Unit 3: Differentiation.

Parametric equations can model movement that is circular in nature, or
movement that returns to the same location.

y e
Thus far, we have been differentiating functions of the form
y = f(x), where there is one value of y for each value of x.
Not every curve is of this type however; consider the equation

x% + y? = 1 that gives the unit circle. To try to differentiate
this function, we could attempt to re-arrange it to the form

y
2K

y=1Vv1l-— x?2 r o > X
-2 - ()] 2
This is not an explicit function, as there are two values of y for

each value of x. For example, if x = 0, we have

y =+V1-02
y=1%1

This can be seen on the graph as the points (0,1) and (0,—1) _ I 2
lie on the circle. Because it is not explicit what the value of y is
for each value of x, we say that x? + y? = 1 is an implicit equation.

Differentiating Implicit Equations

How do we differentiate x? + y% = 1 with respect to x? There is no problem in differentiating x? with respect to x:
this would give us 2x. We could also differentiate 1 with respect to x to give 0. But how do we differentiate y? with
respect to x? To see how, let us define z as z = y2. We can differentiate z with respect to y:

dz

— =2
dy Y

Then, we can use the chain rule to differentiate z with respect to x:

dz_dzxdy
dx dy  dx
dz_2 ><dy
dx Y dx

Youlfl® /adolygumathemateg
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So, to differentiate z with respect to x, we differentiate it with respect to y, and then multiply by Z—z.
d d dy
2 vy = L vy x 22
Z0D =500 x g

In general, to differentiate any function of y with respect to x, we differentiate it with respect to y, and then multiply
v
dx’

d d dy
= a(f()’))—@(f()’))xa (@)

T | —

Returning to the equation of a unit circle, x? + y2 = 1, when we differentiate it with respect to x, we obtain

2x + 2y X @ _ 0
Xty dx
We can re-arrange this to find Z—z:
dy

2y X — = =2

Y dx x
dy —2x
dx 2y
dy «x
dx y

. . . . . Lo d ' . .
Given a point that lies on the circle, we can substitute the point into d—z to find the gradient of the circle at that

point. For example, on the previous page we saw that the point (0, 1) lies on the circle. Here we have

dy 0
gx_ 1
y
—~Z =0
dx

We can now (for example) find the equation of the tangent to the circle at the point (0, 1):

Y=y =mx —x)
y—1=0(x—0)
y—1=0
y=1

This is a horizontal line that goes through the point (0, 1).

Example |

Find % for the curve 3x2 + 5y2 = 7.

Answer: By differentiating implicitly: 6x + 10y X Z—i =0
dy _
10y X ax 6x
dy _ —ox
dx 10y
@v_ 3
dx 5y
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Exercise |

(2) Find % for the curve 8x% + 2y? = 10.

(b) The point (—1, 1) lies on the curve 8x? + 2y? = 10.
Find the equation of the tangent to the curve 8x2 + 2y2 = 10 at the point (—1,1).

Exercise 2

Find the equation of the normal to the curve 4x? + 3y% — 7x + 2y = 13 at the point (1, 2).
Write your answer in the form y = mx + c.
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Parametric Equations 5 y

The parametric equations for a curve define the coordinates
of the curve using a third variable, usually t, which represents
the parameter.

T =1
x = f(0) t=205
y=9@®
For example, we could represent the unit circle using the f T 8 =0 > X
following parametric equations. -2 -1 0 1 2
x = cos (t)
y = sin (t) -1k

The following table shows the value of x and y for various
values of t, starting at t = 0, and going up in increments of 0.1.
(The values are shown correct to four decimal places, with the 2 L
angle t in radians). These are plotted as the purple coordinates

on the graph on the right. (To plot the entire circle, the value of ¢ would need to reach 2m.)

t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 I
x I 0.9950 | 0.9801 | 0.9553 | 0.9211 | 0.8776 | 0.8253 | 0.7648 | 0.6967 | 0.6216 | 0.5403
y 0 0.0998 | 0.1987 | 0.2955 | 0.3894 | 0.4794 | 0.5646 | 0.6442 | 0.7174 | 0.7833 | 0.84I5

To find the gradient of the curve at any point, we can differentiate the functions
f(t) and g(t) with respect to t:

dx .
dt - f( ) P
dy
— =qg'(t
£-9®
We can then use the chain rule to find the gradient:
dy dy o dt
dx dt dx
where
a1
P :
dt . -
For the above example, we have h .
dx .
P sin(t)
d
d_)t/ = cos(t)
dy dy o dt
dx dt = dx
dy = t) X
dx % © —sin (t)
d
% = —cot (t)

If (for example) t = 1, then Z—z = —cot (1)

Z—z = —0.6421 to 4 decimal places.

X @mathemateg
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To find the equation of the normal to the curve at the point where t = 1, we can use the following information from

the previous page:

If t = 1, then (to 4 decimal places) x = 0.5403, y = 0.8415, Z—z = —0.6421

The gradient of the normal is —

—0.6421

= 1.5574 (which is the negative reciprocal of %).

The equation of the normal at the point wheret = 1is y —y; = m(x — x;)

Exercise 3

A curve is defined by the following parametric
equations.

x =t2
y=2t+3
(2) Complete the following table.
t 0 I 2 3 4 5
x
y

(b) Use the above table to plot a part of the curve
on the graph paper on the right.

(c) Find the gradient % of the curve, writing your

answer in terms of t.

(d) Find the equation of the tangent to the curve
at the point where t = 2.

Youlfl® /adolygumathemateg

y — 0.8415 = 1.5574(x — 0.5403)
y — 0.8415 = 1.5574x — 0.8415

y = 1.5574x
20 &
15
10
5F
 — T T T T T ;X
-5 (] 5 10 15 20 25 30
-5-F
10+
-15F
20 L

(e) Find the equation of the normal to the curve
at the point where t = 4.
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Writing Parametric Equations as a Cartesian Equation

Sometimes, it is possible to transform a set of parametric equations to be one Cartesian equation, which avoids
using the original parameter, and uses only x and y.

Example 2
On page 5, the following parametric equations were used to define the unit circle.

x = cos (t)
y = sin (t)

To delete the parameter t from these equations, we can use the identity sin?(t) + cos?(t) = 1 from Unit I:

y2+x2=1
x2+y?=1

This is the equation for the unit circle from page 2.
Example 3
In Exercise 3, the following parametric equations were used to define a curve.

x =t
y=2t+3

To delete the parameter t from these equations, we can re-arrange the second equation to make t its subject:

y—3=2t
y—3

t
2

We can then substitute for ¢t into the first equation:

- (5

_(y—3)?
=
x_(y—BXy—S
B 4

4x =y* -3y —3y+9
4x =y>—6y+9
4x —y*+6y—-9=0

Exercise 4
A curve is defined by the parametric equations

x=t>2-3
y=t+2

Find the Cartesian equation that defines this curve.
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T

3. (a) The curve C is defined by

(C3 Winter 2010)

y2 + 203y = 3x2 + 4x - 3.

9Y ot the point (2, 1). [4]

Find the value of Ir

You® /adolygumathemateg Page 8
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(C3 Winter 2012)

3. (a) A function is defined parametrically by
x =32, y=1% -4,
(1) Find dy in terms of ¢.
dx

(i) Given that g_i =7, show that 2 4/ =7 =0 [5]
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(C3 Summer 2014)

4. Giventhat x =2e' -5, y = 8e~! + 3e’ — 4, find the value of 1 when g—x =-1.

Give your answer correct to three decimal places. [7]
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(C3 Summer 2006)
3. (a) Given thatx=cost, y=sin 2¢, find %’ in terms of 7. (4]
(b) Given that
A e2xty+y7=21,

find % in terms of x and v. (4]
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(C3 Winter 2008)
3. (a) Giventhatx=r"+1, y= e’ + 5, find % in terms of £. [4]

. 4 . 23 . dy .
(b) Given that x™ + siny + x7y” =9, find o terms of x and y. [3]
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(C3 Summer 2008)
3. Given that
x?+xsiny+y =’ +1,

find the value of % at the point (1, 7). (4]
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(Unit 3 Summer 2024)

11. A curve is defined parametrically by

x=260+sin26, v=1+cos26.

(@) Show that the gradient of the curve at the point with parameter & is —tané . [6]
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(b)  Find the equation of the tangent to the curve at the point where € = % . 4]
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(Unit 3 Summer 2023)

113 The curve C, has parametric equations x=3p + 1, y = 9p°.

The curve C, has parametric equations x =4¢, y = 24.

Find the Cartesian coordinates of the points of intersection of C,; and C,. [7]
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(Unit 3 Summer 2022)

116 The parametric equations of the curve C are

x=3—4dr+ 7, y=@4-1
a) Find the coordinates of the points where C meets the y-axis. [3]
b) Show that the x-axis is a tangent to the curve C. [5]

X @mathemateg Page 17



Ysgol y Creuddyn The Mathematics Department

You® /adolygumathemateg Page 18



Ysgol y Creuddyn The Mathematics Department

(Unit 3 Summer 2018)

1 | 0 | The equation of a curve C is given by the parametric equations

X =cos28, y=cosb.

a) Find the Cartesian equation of C. [2]
b) Show that the line x — y + 1 = 0 meets C at the point P, where 8 = %r and at the
point Q, where 6 = g . Write down the coordinates of P and Q. (5]

c) Determine the equations of the tangents to C at P and Q. Write down the coordinates
of the point of intersection of the two tangents. [7]
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T veonoueon ©

0 | 6 | Acurve Chas parametric equations x = siné, y = cos26.

(Unit 3 Summer 2019)

a) The equation of the tangent to the curve C at the point P where 6 = % is
¥y =mx + ¢. Find the exact values of m and c. [6]

b) Find the coordinates of the points of intersection of the curve C and the straight line
x+y=L [5]
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(C3 Winter 2009)

3. (a) Giventhatx?+ 3xy + 2y2 — 2x =13, find the value of % at the point (1, 2). [4]

(b) Given thatx=2e'+ 6, y= 4e* + 3¢’ + 1, find the value of 7 when dy 6, glving your answer
correct to three decimal places. dx [7]
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f(ax + b)) dx =

1 n+1
(n+1)a(ax+b) +c

1
f cos(ax + b)dx = Esin(ax +b)+c

1
f sin(ax + b) dx = —Ecos(ax +b)+c

1
j sec?(ax + b) dx = atan(ax +b)+c

jeax+b dx =leax+b +c
N a

1
a®*Pn(a) dx = Ea“’”b +c

J
Jl

1
alnlax +b|+c

ax+bdx=
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0T s T T
Using the previous work on differentiating trigonometric; exponential

and logarithmic functions to integrate similar functions. Using definite
integrals to find the area between two curves.

A Level Unit I: Differentiation and integration.
A Level Unit 3: Further differentiation.

The questions in this workbook can appear when modelling population
growth; radioactive decay and financial growth.

pi e

Here are some of the differentiation techniques that appeared in a previous workbook on further differentiation.

dy Appearing in the formula
Name y dx booklet:
Fun::i;r;:o a (f )" n(f )" f'(x)
sin(f (x)) f'(x) cos(f (x))
Differentiating
trigonometric cos(f(x)) —f'(x) sin(f(x))
functions
d
tan(f () F1() sec®(f () ax (tan() = sec’(®)
Differentiating e/ f'(el @
exponential
functions @ £ ® In(a)
Differentiating ,
L fx)
logarithmic In(f(x))
functions )

The above techniques all use the chain rule: Given two functions y = f(t) and t = g(x), we have

dy_dyxdt
dx dt  dx
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The following set of differentiation questions all use the table on the previous page in cases where the function f(x)
is of the form ax + b for some constants a and b.

Example | Exercise |
Differentiate the following functions. Differentiate the following functions.
(@) y = Bx —5)* (@) y = (6x +11)7
g—z=4(3x—5)3x3

Y 12(3x —5)3

dx

(b) y = sin (6x — 4) (b) y = cos (9x + 7)
£:6><cos(6x—4)

4 _ 6 6x —4

i cos(6x — 4)

() y = e (Qy=e"7?

dy

2 =8 8x+9

gx X e

@Y _ g 8x+9

e 8e

(d) y = 65x+3 (d) y = 92x-9

dy

— =5x%x6"3 x1In(6

& n(6)

% — 51n(6) x 6°%+3

(e)y =In(7x + 3) (e) y =In(9x + 25)
dy 7

dx  7x+3

Remembering that integration reverses differentiation, we can use the above work to write some integration
questions:

f 12(3x —5)3dx = (3x—5*+¢
f 6 cos(6x — 4) dx = sin(6x — 4) +c¢

f868x+9 dx = e89 4+ ¢

and so on...

These integration sums all undo the chain rule. In general, if

jf(x)dx =F(x)+c,

then

(@D ff(ax+b)dx=%F(ax+b)+c [em))
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Proof (no need to remember)

Lety = %F(ax+ b) + c. By definingt = ax + b, we have y = %F(t) +c.

By differentiating, % =a, % = %f(t). Using the chain rule: Z—z = % %
2 =2f(t)xa
? = f(®)
== f(ax +b)
So, J f(ax + b)dx =~ F(ax + b) +c. QED

Practically, when we use the above technique to integrate, we think about what differentiates to give f(ax + b),
multiplying by a constant as required.

Example 2 Exercise 2
Integrate the following. Integrate the following.
() [18(3x + 2)%dx (@) [10(2x — 5)*dx

Differentiating (3x + 2)° gives 6 X (3x + 2)°> X 3
=18(3x + 2)5, so
[18(83x +2)°dx = (3x +2)® +c.

(b) [32(2x — 5)3 dx (b) [ 70(5x + 1)%dx

Differentiating (2x — 5)* gives 4 X (2x — 5)3 x 2

= 8(2x — 5)3. But we need 32(2x — 5)3, which is 4
times greater, so we need to differentiate 4(2x — 5)*
to give 32(2x — 5)3. So,

[32(2x —5)3dx = 4(2x —5)* +c.

(c) [sin(7x — 1) dx (c) [ cos(3x + 2) dx
Differentiating — cos(7x — 1) gives

7 X sin(7x — 1). But we need sin(7x — 1), which is 7

times less, so we need to differentiate —%cos(7x -1

to give sin(7x — 1). So,

[sin(7x — 1) dx = —%cos(7x -D+ec.

(d) J'85x+7 dx (d) fe—2x+3 dx

Differentiating e>**7 gives 5 x e>**7. But we need

e3**7 which is 5 times less, so we need to differentiate
1 L1
Eesx” to give =X 5 X e5**t7 = @5%+7 So,

[e5%+7dx = §95x+7 +c.
(e) [ 15In(7) x 75% 2 dx (e) [ 18In(3) x 32¥** dx

Differentiating 7°*~2 gives 5 x 7572 x In(7). But we

need 151n(7) X 7°%*~2, which is 3 times greater, so we E#EE
0

need to differentiate 3 X 7°%2 to give
3X5x 7572 xIn(7) = 15In(7) X 7°*72. So,
[15In(7) X 7°%72dx =3 X 7572 + ¢,

Youlfl® /adolygumathemateg
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Example 3
-2 4
Evaluate [_'—dx.
y
&K !
1
S
1
1
ot
1
L}
3 F 1
1
1
2t
L}
I
i
1
L}
fa 1
| — L) L] L] L] J 1
10 -8 -6 Z \1\@ :
. . - = :
1
1
_2 - I
1
1
3k
: to not integrate across
4+ : the asymptote x = 1.5
: to avoid infinite areas.
-5} :
1
1
-6 - :
Answer: If we write the integrand —_in the form 2 X ——, we see that the fraction is of the form L&)
2x-3 2x-3 fx)
The fraction therefore integrates to give a natural logarithm, as :—x (ln( f (x))) = }; ((xx)).
The rule that we use to integrate a fraction of the form % is
')
dx =In|f(x)|+c
Floy &
In the example, we have
dx
f - 2 X 2 d
= X

= [21n|2x — 3|]22
=2In[2x-2-3])-(2In|2x-5-3])
= (2In|-=7]) — (2In|-13])

=21In(7) — 2In(13)

= —1.238 to 3 decimal places

This corresponds to the yellow area in the above graph.
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Why do we need the modulus symbols?

Consider that we attempt to use the rule f%dx = In(f (x)) + c to integrate the fraction );((;C)), not
f);((;c)) dx = In|f(x)| + c. The calculations for evaluating f__:ﬁdx would begin as follows:
d
f_ < 2x—3
[oxs b
= X
=3 ™

= [2In(2x — 3)]22
= 2In(2x—-2-13)) — (2In(2 x =5 —3))
= (2In(=7)) — (2In(-13))

It would be impossible to proceed from this point, as it is not possible to evaluate In(—7) or In(—13). (Remember
that the natural logarithm In(x) finds the power p of the number e that gives x, so that e? = x. Because the value of
eP is always positive no matter what the value of p is, there is no possible value for In(x) if x is negative.)

So, we need to use the modulus symbols when integrating % to give In|f (x)| + ¢, but why does this work?

Consider again the graph for y = % on the previous page. When evaluating f__szﬁdx, we are finding the yellow

area below the x—axis between x = —5 and x = —2. By the symmetry of the graph, the magnitude of the yellow
area is the same as the magnitude of the green area on the right, between x = 5 and x = 8. Compare the following
calculations for integrating the function between —5 and —2 to begin with, and then between 5 and 8.

T2 4 8 4
d d
f_S 2x—3% fs2x—3x
—2 2 8 2

j_s “2x—3™ fs “2x—3™
= [21n|2x — 3|]Z2 = [21n|2x — 3|]&
=Q2In|2x-2-3])—-(2In|2x -5-13]) =(2In|2x8—=3]) = (2In|2x5—-3])
= (2In|-7]) = (2In]-13]) = (2In|13]) — (21n]7])
=2In(7) — 2In(13) = 2In(13) — 21In(7)
= —1.238 to 3 decimal places = 1.238 to 3 decimal places

Note that the calculations in the penultimate line both use the numbers 7 and 13, but in a different order.
On the left, the calculations give a negative answer, corresponding to the yellow area underneath the x—axis.
On the right, the calculations give a positive answer, corresponding to the green area above the x—axis.

Exercise 3

-2

Evaluate [_ ' ——dx.
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Summary
Name Integrand Answer
Function to a power f(ax + b)" dx "+ Da (ax + b)"*1 + ¢
1.
f cos(ax + b) dx Esm(ax +b)+c
Integrating trigonometric ) 1
5 P B ‘g f sin(ax + b) dx ——cos(ax+b) +c
unctions a
) 1
sec”(ax + b) dx Etan(ax +b)+c
f ax+b 1 ax+b
e dx —e +c
Integrating exponential a
functions
j a®*b In(a) dx —a%*tb 4 ¢
o
Integrating to give f 1
logarithmic functions ax+b dx alnlax +bl+c

Area between two curves
Example 4

The diagram on the right shows a sketch of the curves
y =x2?+4and y = 12 — x2. Find the area of the region
bounded by the two curves.

Answer: Step |: Find where the curves intersect.
x%+4=12—-x?

2x2=8

xt=4

x =14

x =12

Either x =2 or x = —2.

Step 2: The area between the curves

y y=x%+4
16/§
8t
L) L] L] L] IC L] L] L] L] >lx
—5-/—3—2-1(21 2 3¥. 5
-4
y=12—x?

= (Area underneath 12 — x? between —2 and 2) — (Area underneath x? + 4 between —2 and 2)

Area underneath 12 — x? between —2 and 2:
f_zz 12 — x%dx

-

=(12><2—23—3)—(12><—2—

= (24-3) - (-24+5)

(—32)3)

_ 64 64 _
== . =

3

_ 128

. 128 64 _ 64 .
So, the area between the two curves is — — 3 = 7 square units.

X @mathemateg

[%3 + 4x]

32 32
3 3

64
3

- (S eaxz)<(
- (re)- (-39

(-2)3

Area underneath x? + 4 between —2 and 2:
f_zz x%+4dx
2

- +4><—2)
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T

(C3 Summer 2007)

7. (a) Find @) j(s_%x) de. () J(3x+2)20dx,
(iii) Je”dx. [7]
(b) Evaluate |’ cos|3r+Z) dx. (4]
jo COS( X 3 ) |
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(C3 Winter 2006)
7. (a) Find
(752 * )
(i) Tx+2 3 ’
J \7x+ (3x+1) "
(i1) .COS2xd.x.
v (2]
4
(b) Evaluate J e? dx.
0
(4]
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(C3 Summer 2008)

7. (@) Find (i) fsmx de (i) f3x2+5 dx | (iii) fe3x+4dx . 6]
1
1
S S
(b) Evaluate L (2x+1)4 . (4]

You® /adolygumathemateg Page 10



Ysgol y Creuddyn The Mathematics Department
(C3 Winter 2007)

7. (a) Find

. 1
® .[(2x+ 3y dx_

(i '|'e2—3x dx. (4]
-2
(b) Evaluate 6 dx, expressing your answer as a single logarithm. (4]
Jo 3x+2
o3
(c) Evaluate cos (3x+ %) dx. (4]
L) ‘
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(C3 Winter 2010)

6. (a) Find
) 1 . 3x—1 5
(1) J. dx. (1) J.e dx . (iii) J.—4 dx . (6]
4x=7 (2x+3)
b4
(b) Evaluate J.4 sin(2x + %) dx, expressing your answer in surd form. (4]
0
Page 13
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(C3 Summer 2012)

6. Find
. - .. 9 7
(a) (i) J.3e2 Tdx (ii) J.W dx (iii) J. a1 9¥ [6]
. T
(b) GiventhatO<a< 5 and that
J. sin2xdx = %,
0
find the value of the constant a. [5]
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(C3 Summer 2019)

6. (a) Find each of the following integrals, simplifying your answer wherever possible.

0 J.E*?)x+ld)L (i) J.(h,_z)sdJL (iii) Jlseczhd)t [6]

(b)  Given that %< 4 < 3 and that

J‘ cos%xdx =0-92,

3
find the value of the constant «. Give your answer correct to three decimal places.  [9]
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(C3 Summer 2015)

7. (a) Find each of the following integrals, simplifying your answer wherever possible.
2 _— e
0 [P @ [uin(22-7) ax 5]

6
(b) Evaluate L [4]

1
g
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(Unit 3 Summer 2022)

017 The diagram below shows a sketch of the curves y = x” and y=8/x.
y

A

o)

Find the area of the region bounded by the two curves. [7]
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(Unit 3 Summer 2024)

9. The diagram below shows a sketch of the curve C, with equation y = —x*+7x+1 anda
sketch of the curve C, with equation y =cos2x. The curves intersect at the points where
x=0and x=r.

Calculate the area of the shaded region enclosed by C,, C, and the x-axis. Give your answer
in terms of . [9]
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7 et T T

7. (a) Find each of the following, simplifying your answer wherever possible.

(C3 Winter 2014)

0 J.e%xdx, (ii) J.%/W dx, (iii) J.sin(l—%)dx.

(b) Giventhata > 2, and that

a 1 o
L ——7dx=0284

find the value of the constant a. Give your answer correct to one decimal place.

X @mathemateg
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jf’(g(x))g’(x) dx =f(g(x)) +c

dvd = dud
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ST e T

Reversing the chain rule and the product rule to integrate by
substitution and integrate by parts.

A Level Unit I: Differentiation and integration.
A Level Unit 3: Further differentiation and integration.

Integration by parts can be extended to produce reduction formulae
than can integrate expressions such as cos™ x.

In cases where we are integrating something that includes a function and its derivative, we can try to find the
answer through integration by substitution. VWe show how this works using the following example.

Example |

f(24x2 +9)eBX°+9x gy
We recognise that the integral contains the function f(x) = 8x3 + 9x and its derivative f'(x) = 24x% + 9.
We choose the substitution based on this function: u = 8x3 + 9x.

By differentiating u, we obtain

du
— =24x%+9
dx

We can re-arrange the above to make dx the subject:

du = (24x% +9) dx

du —d
24x2+9

u .

. . d . S
We now substitute u instead of 8x3 + 9x and instead of dx in the original integral:

24x2+49
J(24x2 +9)e8* +9x gy
du
— 2 2 u
j @) e s

= je“du

e integrates (with respect to u) to give e*. Therefore

fe”du=e“+c

Youlfl® /adolygumathemateg
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To finish, we substitute back for u:
fe“ du = e8¥’+9% 4 ¢
Therefore
f(Zész +9)eBX 4N gy = 8X H+9x 4

Exercise |

Use integration by substitution to show that

f 12x cos(6x? — 4) dx = sin(6x2 — 4) + ¢

In general, we can integrate by substitution when we integrate an expression of the form f’(g(x))g'(x).

= fﬂ@&»j@ﬁh=fwun+c =

To show why the above is true, we can use the chain rule to differentiate y = f(g (x)) +c.
Letu = g(x) so thaty = f(u) + c.

. . . da ’ d 4
By differentiating, ﬁ = g'(x) and ﬁ = f'(w).

dy _ dy du
dx  du dx

2= f'wxg'(x)
2= f'(9(0))g'(x)

Chain rule:

So, [ f'(g(x))g'(x) dx = f(g(x)) + ¢, and we can think of integration by substitution as the reverse of the chain
rule.

X @mathemateg Page 3
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Example 2
Evaluate foo.s x cos(3x? + 5) dx.

We recognise that the integral contains the function

f(x) = 3x% + 5 and a multiple of its derivative f'(x) = 6x.
We choose the substitution based on this function:

u = 3x? +5.

By differentiating u, we obtain

du_

— =6
dx x

We can re-arrange the above to make dx the subject:

du = 6xdx
du_d
6x X

:

The Mathematics Department

|

I

211 - ]
u N
2+
3}

= xcos(3x2 +|5)
4L

. . du . . o
We now substitute u instead of 3x2 + 5 and <, instead of dx in the original integral:

0.5
f x cos(3x? + 5) dx
0

0.5

= x’cos(u)
0

0.5 1
= f —cos(u) du
o 6

Before integrating with respect to u, we must ensure that the limits are also in terms of u, not x.

Currently, we are integrating between x = 0 and x = 0.5. Remembering that u = 3x? + 5,

fx=0thenu=3Xx0%+5
u=>5

So, the integral in terms of u is

5.75
f —cos(u) du
5

6

cos (u) integrates (with respect to u) to give sin (u). Therefore

5.75
J; gcos(u) du
1 5.75
= [E sm(u)]5

6

= <1>< sin(5.75)) - (%X sin(S))

If x=05thenu=3x%x05%+5
u =575

= —0.08471317958 — —0.1598207124

= 0.07510753282

= 0.075 square units, to 3 decimal places

Youlfl® /adolygumathemateg
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Exercise 2

2 2_
Evaluate [ 12x e ~* dx.

Integrating sin?(0) and cos?(0)
We remember from previous work that
cos(20) = 2cos?(0) — 1 or cos(20) = 1 — 2sin?(0)

By re-arranging,

—COS(ZZH)H = cos?(0) sin?(9) = —1_C0; @0
Therefore
[ cos?(0)d6 [ sin?(6) do
_ fCOS(29)+1 do _ fl—cos (26) do
2 2
1 1 101
= [ 5 cos(20) +-do =[5 —5cos (20)do

1, 0 6 1 .
= Zsm(29) +o+c 2= Zsm(ZB) +c
Example 3

(2) Use the substitution x = 4 sin(f8) to show that

a
dx=f bsin? 6 de
0

fzﬁ x2
0o /(16 —x3?)
where a and b are constants whose values are to be determined.

(b) Hence, evaluate

22 x2
[
0 /(16 —x2)

Give your answer in the form cm + d, where ¢ and d are integers whose values are to be determined.
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@) If x = 4sin(d) then 2 = 4cos(6) and x? = 16sin2()
dx = 4 cos(6)db
Limits: ifx=0  then 0 = 4sin(@) If x =2vV2 then  2v2 =4sin(h)
0 = sin (0) g = sin(6)
6 = sin~1(0) 0 = sin™t (2)
6=0 g ==
4
Therefore
fzf x2
w/ (16 — x2
T 16 smz(e)
= X 4 cos(6) db
0 /(16 — 16 sin2(6))
T 16sin2(6)
= X 4 cos(6) db
0 /16(1 —sin%(8))
f% L6sin’(®) 046
= | —————=xX4cos
0 /16 cos?(6)
165sin2(6) 0
o Aces()y (63
s
4
= f 16sin?(6) d6
0
So,a=%andb = 16.
(b)
2v2 x2
L [(16 — x2) dx cos(26) = 1 — 2sin?(0)
™ - 1 —cos (26)
_ f * 16sin2(0) do sin(6) = ——
0 . L ®

_ J‘Z 16 (1 - cos(20)> »
0 2

T

- f *8(1 — cos(26)) do
0

NE

=f 8 — 8cos(20) db
0

=[86 — 4sin(29)]%
(8x——4XS1n(2xE))—(8><0—4><sin(2><0))
4

=Q2r—-4x1)—(0—4x%0)

=2r—-4)—(0-0)
=2r—4

So,c =2andd = —4.
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Exercise 3

Use an appropriate sustitution to show that

N[ =

x? T V3

Jo ,_1_x2dx=12 3"

X @mathemateg Page 7



Ysgol y Creuddyn The Mathematics Department

Example 4

Use the substitution u = 3x — 2 to evaluate

2 — P
X —
[—,
; Bx—=2)*

Ifu=3x—2 then 3—223 fu=3x—2 then u+4+2=3x
du = 3dx “T”:x
d—u=dx
3

Limits: If x =1 then u=3x1-2 fx=2 then u=3x2-2
u= u==4

Therefore

2 X ;
L(Sx—z)‘* X
u+2
_f‘*( ) du
), ut 3
_1f4u+2d
S 9), ut ¢
1 4
=—f u 3+ 2utdu
91
_1'u_2 2u-31*
S 9|-2 " =3,
_1'4‘2+2><4‘3 1‘2_|_2><1‘3
9|\ -2 -3 - -3
117 1 2 1 2
3l G5
9|\-32 —-192 -2 =3
_1' 1 7]
9| 24 6
1 9
= — X -
9 8
_1
8
Exercise 4

Use the substitution u = 2x — 3 to evaluate

3 ;
fz (2x — 3)3 X

You® /adolygumathemateg Page 8
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Choosing an appropriate substitution

The substitution is not always given in an examination question. Here are some appropriate substitutions.

The Mathematics Department

Integral Substitution
f a? —x?dx x = asinf
[ no
———dx X = asin
,/azl_ X2
f—a2+x2dx x =atanf

Otherwise, choose a substitution for u so that

e u and its derivative appears in the integral

e 1y appears in a bracket

e 1y appears in the denominator

e u is a function raised to the highest exponent

X @mathemateg
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Integration by Parts

In a previous workbook on further differentiation, we saw the product rule, which was the technique for
differentiating an expression of the form y = uv.

dy_ dv+ du
dx udx vdx

We can integrate the above with respect to x to give the following.

du
f—dx—fu—dx+fv—dx
dx
dx + du d
fud— X fv— X
uv—fu—dx+fv—dx
uv—fv—dx = fu—dx e

By swapping sides, we arrive at the formula for integrating by parts:

dv du
@ u—dx =uv— | v—dx (@m))
dx dx
We use this technique to integrate a product made up of two parts, u and %.

As a rule, choose u as the function that appears highest in the following ‘LIATFE’ list.

L Logarithmic functions, e.g. In(3x)

| Inverse trigonometric functions, e.g. tan"!(2x)

A Algebraic functions (simple polynomials), e.g. 3x* — 5x + 8
T

E

Trigonometric functions, e.g. sin(5x)
Exponential functions, e.g. e”*

Example 5

Find
f 5x cos x dx.

Answer: The integral is a product of two expressions, so we can attempt to use integration by parts to find a solution.

Let u = 5x %—cosx
du
E_S v =sinx
Then
dvd _ dud
udx X = Uuv vdx X

focosxdx= 5x><sinx—fsinx><5dx

focosxdx= 5xsinx—f55inxdx

focosxdx=5xsinx——5cosx+c -~
focosxdx=5xsinx+5cosx+c @
fo cosx dx = 5(xsinx + cosx) + ¢ Theory

You® /adolygumathemateg Page 10
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Exercise 5
Find
f7xe3x dx.
Example 6
Find
f x?e* dx.
Answer: Let u = x? W _ px
dx
du _ _ X
o 2x v=e
Then

f dvd B J‘ dud
u——dx =uw v—dx
fxzexdx=x2><ex—fexx2xdx

fxz eXdx = x%e* — _[ 2xe* dx

Now for [ 2xe* dx we must integrate by parts again.

Let u=2x v _ px
dx
du _ v=e*
dx
Then
dvd B dud
udx X = uv vdx b

foexdx=2x><ex—fex><2dx

X @mathemateg
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foe" dx = 2xe”* —fZex dx

foexdx = 2xe* —2e* +¢

We can continue to

add the constant of

Therefore integration (Why?)
sz e¥dx = x%e* — (2xe* — 2e* +¢)
fxzexdx=x2ex—2xex+2ex+c o
fxzexdx=ex(x2—2x+2)+c

Exercise 6

Find

j e*sinx dx.

You® /adolygumathemateg Page 12
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T

7. (a) Find jx3lnxdx.

(C4 Summer 2010)

[4]
2

(b)  Use the substitution u = 2x — 3 to evaluate J. x(2x —3)* dx. [5]
1

X @mathemateg Page 13
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(C4 Summer 2005)

7. (a) Use the substitution # = 2x — 1 to evaluate

The Mathematics Department

Jl x(2x=1)dx . (5]
0
(b) (1) Find jxcos 2xdx [4]
(11)  Use the result of (h)(1) to find
J.xcos2 xodx . [3]
X @mathemateg Page 15
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(C4 Summer 2011)

7. (a) Find jxsiandx. [4]

(b)  Use the substitution « = 5 — x? to evaluate

2
T S 4
L i [4]

X @mathemateg Page 17
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(C4 Summer 2012)
7. (a) Find J‘xeh d. [4]
(b)  Use the substitution u# =1+ 3Inx to evaluate
5
1
J: 0T 30

Give your answer correct to four decimal places. [4]
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(C4 Summer 2016)

6. (a) Find I(2x+l)e‘3xdx. [4]

(b) Use the substitution u = 4 + 5tanx to evaluate

J‘ J4+5tanx _ [4]

COS X

X @mathemateg Page 19
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(C4 Summer 2014)

7. (a) Find jx4ln2xdx_ [4]

(b) Use the substitution u = 10cosx — 1 to evaluate

J.S,/(IOcosx— 1) sin x dx. )
0

X @mathemateg Page 21
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(C4 Summer 2008)

6. (a) Find I(3x+1) e™dx. [4]

(b)  Use the substitution x = 3sin0 to show that

3 b
J;S\/9—x2dx =I kcos>0do

where the values of the constants a, » and & are to be found.

3
Hence evaluate I V9 - x7dx . [8]
15
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(C4 Summer 2007)

7. (a) Find J.lenxdx . [4]

(b) Use the substitution x = 2sin@ to show that

. J. N , J- a
X )
—— dx = ksin” 6do .
0o V4- x? 0
where the values of ¢ and £ are to be determined.
NG 2
0 N4- x?

Hence, or otherwise, evaluate dx . [8]
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(Unit 3 Summer 2022)

The Mathematics Department

1| 8 | a) Use a suitable substitution to find
2
X
dx. 5
J. (x+3)* 5]
12

b) Hence evaluate j Tdx. 2]

0(x+3)
You® /adolygumathemateg Page 26
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(Unit 3 Summer 2018)

1

4

Evaluate

2
a) I x'lnxdy.
1

ey

The Mathematics Department

(6]

(6]

X @mathemateg

Page 27



Ysgol y Creuddyn The Mathematics Department

You® /adolygumathemateg Page 28



Ysgol y Creuddyn

The Mathematics Department

7 et T T

(Unit 3 Summer 2019)

1| 4| a) Find | (e* + 6sin3x)dx.

b) Find | 7(x2 + sinx)®(2x + cosx)d.x.

c) Find J%lnxdx .
X

d) Use the substitution # = 2cosx + | to evaluate

T

j3 sin x
——————dx.
0 (2cosx+1)

[2]

[1]

[4]

X @mathemateg
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Solving first order differential equations, which are equations
containing a function and its derivative.

A Level Unit I: Differentiation and integration; logarithms.
A Level Unit 3: Further integration.

Further Mathematics: solving second order differential equations.
Applications: Modelling electrical circuits; forces on beams.

pi e

. . . . . Lod . . . .
A differential equation connects a function y to its derivative d—i. By separating the variables and integrating, we

can find an equation that connects x and y.
Example (C4 Summer 2005)

The size P of a population of bacteria at time t days is to be modelled as a continuous variable such that the rate of
increase of P is directly proportional to P.

(a) Write down a differential equation that is satisfied by P.
(b) Given that the initial size of the population is Py, show that P = Pye*t, where k is a positive constant.
(c) Two days after the start, the population is 1.2P,. Find when the population will be 2P;.

Answer: (a) If the rate of increase of P at time t days is directly proportional to P, then

ar
— X
dt

dP — 1P
dt

(b) Separating the variables in the differential equation above,
dP = kP dt
1
—dP =kdt
P

JldP—fkdt
5dP =

In|P| =kt +c

Integrating,

The initial size of the population is Py, so P = P, when t = 0.

ln|P0| = k(O) + Cc
In|Py| =c¢

Youlfl® /adolygumathemateg
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Therefore

(c) Ift =2, P = 1.2P,. Therefore

Therefore

If P = 2P,

In|P| = kt + In|P,]|
In|P| — In|P,| = kt

in| o] = ke
nP0 =
P

— = ekt
Py

P = Pye*t

1.2By = Ryek?)

1.2 = e2k
In(1.2) = 2k
1

p= Poe%ln(l.z)t

1
2P = Po?f\fln(l'z)t
5 = e%ln(l.Z)t

In(2) = %111(1.2) t
2In(2)
In(1.2)

t = 7.60 days, to 2 decimal places.

Establishing a Differential Equation
Exercise |

Complete the following table.

The Mathematics Department

Description

Proportional Relationship

Differential Equation

The rate of increase of P at time ¢ is directly dp 2 dp )
proportional to P2, TS . dat kP
The rate of increase of P at time t is inversely dap 1 dP k
proportional to P2, dt P2 dt P2
The rate of decrease of P at time t is directly dpP ) dP )
proportional to P2. T 4 e L
The rate of decrease of P at time ¢ is inversely dpP 1 dP k
proportional to P2, dc .~ p2 dt P2

The rate of increase of P at time t is directly
proportional to P3.

The rate of decrease of P at time ¢ is inversely
proportional to P.

The rate of increase of P at time t is inversely
proportional to P*.

The rate of decrease of P at time t is directly
proportional to v/P.

X @mathemateg
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T

(C4 Summer 2006)

8. Water leaks from a hole at the bottom of a large water tank. The depth of the water at time
¢ minutes is x metres. The rate of decrease of x is directly proportional to /x .

(a) Write down a differential equation that is satisfied by x. [1]
(b)  Given that the depth of water in the tank when 7 =0 1s 9 metres, show that
kt=6-2Vx |
where k is a positive constant. (4]

(¢)  Given that the depth of water in the tank is 4 metres when ¢ = 20, find the time taken for the
tank to empty. [3]

You® /adolygumathemateg Page 4
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(C4 Summer 2007)

8. The price £P of an item at time 7 years 1s to be modelled as a continuous variable such that the rate
of increase of P is directly proportional to P.

(a) Write down a differential equation that is satisfied by P. [1]

(b) Given that the price of the item at 7 = 0 1s £50, show that P = 50e", where £ is a positive
constant. [5]

(c) After seven years the price of the item is £65. Find the price of the item after sixteen years.

[4]
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(C4 Summer 2009)

7. The value of an electronic component may be modelled as a continuous variable. The value of the
component at time 7 years is £P. The rate of decrease of P is directly proportional to P°.

(a)
(b)

Write down a differential equation that is satisfied by P. [1]

The value of the component when 7 =0 1s £20. Show that

1 _ 1
. N 7~ 300 + Az,
where A is a positive constant. [5]

Given that the value of the component when 7= 1 is £10, find the time when the value is £5.

[4]
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(C4 Summer 2010)

8. The value, £V, of a car may be modelled as a continuous variable. At time 7 years, the rate of
decrease of Vis directly proportional to V2.

(a) Write down a differential equation satisfied by V. [1]

(b) Given that V = 12000 when 7 =0, show that

V= 12000 ,
ar +1

where « is a constant. (4]

(¢) The value of the car at the end of two years is £9000. Find the value of the car at the end of
four years. [4]
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(C4 Summer 2013)

8. Part of the surface of a small lake is covered by green algae. The area of the lake covered by the
algae at time ¢ years is A m?. The rate of increase of 4 is directly proportional to /4 .

(a) Write down a differential equation satisfied by A. [1]

(b) The area of the lake covered by the algae at time 7 = 3 is 64m? and the area covered at
time 7 = 5-5is 196m?. Find an expression for 4 in terms of 7. [6]
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(C4 Summer 2015)

9. A bookseller values a rare book at £4 on August 1st 2010. The value, £P, of the book 7 years
after this date may be modelled as a continuous variable. The rate of increase of P may be

assumed to be directly proportional to P2.

(a) Write down a differential equation satisfied by P. [1]

(b) Show that

l(—P — A) =t
k\ PA ’
where k is a constant. [4]
(¢) The value of the book is £800 on August 1st 2013 and £900 on August 1st 2014.
Find the value of A. [3]
Page 14
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(C4 Summer 2016)

7. The value, £V of a particular car may be modelled as a continuous variable. At time 7 years, the
rate of decrease of V' is directly proportional to V.

(@)

(b)

(c)

Write down a differential equation satisfied by V. 1]

Given that the initial value of the car is £4, show that

2:A_Z,
4 bt+1

where b is a constant. [4]

When r = 2, the value of the car has fallen to a half of its initial value. Find the value of ¢
when the value of the car will have fallen to a quarter of its initial value. [4]
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(C4 Summer 2018)

8. The value of a painting on January 15! 2000 was £900. The value, £V, of the painting ¢ years
after this date may be modelled as a continuous variable. The rate of increase of }' may be
3

assumed to be directly proportional to VE.
(a) Write down a differential equation satisfied by V. [1]

(b) The value of the painting on January 15t 2003 was £1600.

Find its value on January 15t 2008. [8]
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(Unit 3 Summer 2018)

1

5

The variable y satisfies the differential equation

dy _
25, =

5-2y,

where x > 0.

The Mathematics Department

Given that y = 1 when x = 0, find an expression for y in terms of .x.

[3]

Youf[® /adolygumathemateg
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(Unit 3 Summer 2019)

11 3 Wildflowers grow on the grass verge by the side of a motorway. The area populated by
wildflowers at time 7 years is 4 m2. The rate of increase of 4 is directly proportional to A.

a) Write down a differential equation that is satisfied by A. [1]

b) Attime 7 =0, the area populated by wildflowers is 0-2m2. One year later, the area
has increased to 1-48m2. Find an expression for A4 in terms of 7 in the form p¢’,
where p and ¢ are rational numbers to be determined. [7]
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7 et T T

(Unit 3 Summer 2023)

1| 2 The rate of change of a variable y with respect to .x is directly proportional to y.

a) Write down a differential equation satisfied by ). ]

b) When x=1and y =05, the rate of change of y with respect to x is 2.
Find y when x = 3. [6]
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Separating an algebraic fraction into a fraction sum with linear
denominators. Using this work to integrate algebraic fractions.

A Level Unit I: Differentiation and integration.
A Level Unit 3: Further integration.

Applications: Reducing the noise in an audio clip; compressing
computer files; studying how a drug decays in the body.

T

Simplifying Rational Expressions

Before using the techniques for partial fractions that follow, it is important to check whether an
algebraic expression can be simplified using previous techniques.

Example |

T 15x+20
Slmpllfy m

. 15x420 _ 5(3x¥%)
Answer: (Bx+4)(2x-3)  (3x¥4)(2x-3)
5
T (2x-3)

Example 3

. ., 6x3-5x2+2x+3
SlmpllfyT

Answer: By using a division frame,

3x2 —4x+3
2x+1)6x3—5x2+2x+3
6x3 + 3x?
—8x% +2x+3
—8x?% — 4x
6x+3
6x+3

6x3-5x2+2x+3
2x+1 -

So, 3x% — 4x + 3.

You[T® /adolygumathemateg

Example 2

2
x“+8x+15

Simplify ———.
P fy x2+2x-15

x2+8x+15 __(x+5)(x+3)
x242x-15 _(x+5)(x-3)
_ x+3

T x-3

Answer:

Example 4

6x3-5x2+2x+5

Simplify e

Answer: By using a division frame,

3x2 —4x+3
2x+1)6x3—5x2+2x+5
6x3 + 3x2
—8x%+2x+5
—8x?% — 4x
6x+5
6x+3
2
6x3-5x%+2x+5 _ , o5 2
SO, T = 3x 4x + 3 + Py Y

Page 2
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Exercise | Exercise 2
12x-8 x2+7x+12

Simplify ———. Simplify =————.

puty (2x+5)(3x—-2) P yx2—2x—15
Exercise 3 Exercise 4

. ., 6x3+19x%+37x+18 . ., 6x3+19x%+37x+15
Simplify : Simplify
3x+2 3x+2
Exercise 5 Exercise 6
. 2x%-3x-20 . 6x%+11x°—4x*—4x3

Solve the equation ————— = 0. Solve the equation = 0.

x—4 2x+1

X @mathemateg Page 3
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Partial Fractions

Given a fraction whose denominator is a product of linear factors, we can decompose the fraction
into its partial fractions.

Example 5

Express the fraction in terms of partial fractions.

_/x710
(x+2)(x—-6)
Answer: It is possible to write the fraction in the form x'% + %, where 4 and B are numbers to be found.
7x — 10 A N B
(x+2)(x—6) x+2 x-—6

Alx+2)(x —6 Bx+2)(x—6
e 1L AGHD=6) Bet2=6) o8

x+2 x—6 o e
7x —10 = A(x — 6) + B(x + 2)

There are two techniques for finding the values of A and B:

o Substitute values into the identity, usually values that eliminate some of the terms;
o Compare coefficients, e.g. the coefficients of x.

By substituting x = 6 into the identity, the term with the A vanishes, and we can calculate the value of B.

7(6) — 10 = A(6 — 6) + B(6 + 2)
42 — 10 = A(0) + B(8)

32=8B
B=4
By substituting x = —2 into the identity, the term with the B vanishes, and we can calculate the value of A.

7(=2) —10=A(-2—-6)+B(—2+2)
—14—10 = A(—8) + B(0)

—24 = -84

A=3

2x 3

4
S0 Grnae w2 T ime

Exercise 7

Express the fraction in terms of partial fractions.

X
(x+3)(x=7)

You B /adolygumathemateg Page 4
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If the denominator contains a squared factor, we must consider the factor both individually and squared.
Example 6 (C4 Summer 2005)

8x2+x-5

(2) Express the fraction D7)

in terms of partial fractions.

. 8x%+x-5
(b) Find fmdx

. . . - A B c
Answer: (a) It is possible to write the fraction in the form — + + ——, where 4, B and C are numbers to be
2x-1  (2x-1)2 "~ x+2

found.
8x*+x—-5 _ A N B N c
x—1)2(x+2) 2x—1 (2x—1)2 x+2 .0 ®
8 + 5= ARx—12*(x+2) BQRx—-12*(x+2) CRx—-1)2%(x+2)
rrxTe= 2x— 1 (2x — 1)2 X+2

8x2+x—-5=AQx—1)(x+2)+B(x+2)+ C(2x — 1)?
By substituting x = —2 into the identity, the terms containing A and B will disappear, and we can calculate the value
of C.

8(—2)2+(=2)-5=4Q2(-2)—1D(-2+2)+B(-2+2)+C(2(-2) — 1)
32—-2—5=A(0) + B(0) + C(25)

25 = 25C

c=1

By substituting x = 0.5 into the identity, the terms containing A and C will disappear, and we can calculate the value
of B.
8(0.5)2 4+ 0.5—5 = A4(2(0.5) — 1)(0.5 + 2) + B(0.5 + 2) + €(2(0.5) — 1)?
2+05-5=A4(0)+B(2.5)+C(0)

—2_-5 = 25B Qx—1D(x+2) =
B=-1 2x% + 3x — 2,

By comparing the coefficients of x2, we can calculate the value of A. (x—-1)?%=
@ . 4x% —4x + 1
8=24A+0B+4C ©

8=244+401)
4=2A
A=2
L]
8x*+x-5 2 1 1 .
O Zx-DP(r2) | 21 (r-12 | x4z .
, Which other
8x“+x—5 2 1 1
——dx = — — — thod Id b
(b) f(2x_1)2(x+2) x f2x_1 D to3 dx methods could be
2 _ 1 used to find the
= fo—l dx — f(Zx — 1) dx + fmdx value of A?

=1In|2x — 1| +%(2x— D l+Inlx+2|+c¢

1

=In|(2x — 1) (x + 2)| + 2D

X @mathemateg Page 5
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T

2
1. Giventhat f(x)= x"+x+13

(C4 Summer 2011)

(x+2)%(x=3)

(a) express f(x) in terms of partial fractions, [4]

(b) evaluate

-[67 f(x)dx.

giving your answer correct to three decimal places. [3]

Youlf® /adolygumathemateg Page 6
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(C4 Summer 2018)
2 —_— —_—
1. Giventhat f(x)= M :
x(x=2)

(@) express f(x) in terms of partial fractions,

(b) evaluate

_[:f(x)dx,

giving your answer correct to two decimal places.

The Mathematics Department

[4]

(3]

You[[T® /adolygumathemateg
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(C4 Summer 2007)
1 -x + 3 . : :
. (a) Express ————= Interms of partial fractions. [4]
x*(x—1)
b) Find | =3 dv 2
(b) [+ =5 2]

You{flB /adolygumathemateg Page 10
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(C4 Summer 2016)

1. The function f'is defined by

f(x)= 17 +4x - x?

2x=1)(x=3)"
(a) Express f(x) in terms of partial fractions. [4]
(b) Use your result to part (a) to find an expression for f(x). [2]

Youlf® /adolygumathemateg Page 12
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(C4 Summer 2010)
1. The function fis defined by

The Mathematics Department

§—x—x°
X)) = ———,
fx) o2
(a) Express f(x) in terms of partial fractions. (4]
(b)  Use your result to part (a) to find the value of f’(1). (3]
You{flB /adolygumathemateg Page 14
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(C4 Summer 2013)

1. The function fis defined by
_6+x-9x7
S(x)= x(x+2)°

(a) Express f(x) in terms of partial fractions. [4]
(b) Using your result to part (a),

(i) find an expression for f”(x),

(11)  verify that f(x) has a stationary value when x = 2. [3]

Youlf® /adolygumathemateg Page 16
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(C4 Summer 2014)

5x24+7x+17
(x+17(x-4)

2. (a) Express in terms of partial fractions. [4]

2
X"+ I9x+9 i terms of partial fractions.

(b) Use your answer to part (a) to express 3
(x+17 (x—4) 2]

Youlf® /adolygumathemateg Page 18
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(C4 Summer 2017)

8x2+7x—25

(x—1)°(x+4)

(b) Use your result to part (a) to express

1. (a) Express in terms of partial fractions. [4]

9x% +5x—24

(x—1)"(x+4)

in terms of partial fractions.  [3]

Youlf® /adolygumathemateg Page 20
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(Unit 3 Summer 2022)

The Mathematics Department

110 Solve the equation
6x° —17x* —5x +6x2 5]
(B3x+2)
You{flB /adolygumathemateg Page 22
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(Unit 3 Summer 2023)

2
0 [ 8 | The function f'is defined by f(x) = A F1249 here x> 1.

237 +x-3
a) Show that f(x) can be written as 2 + % . [3]
7
b) Hence find the exact value of-[ f(x)dx. 4]
3

X @mathemateg Page 23
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7 et T Y

1. The function f'is given by

(Unit 3 Summer 2024)

/(%)= (2x—52)5(§i?)2(x+2) |

(@) Express f(x) interms of partial fractions. [4]

X @mathemateg Page 25
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2
(b) Show that _[1 f(x)dx=-InP, where P is an integer whose value is to be found. [5]

(¢) Show that the sign of f(x) changes in the interval x =2 to x = 3. Explain why the
change of sign method fails to locate a root of the equation f(x) =0 in this case. [2]

Youlf® /adolygumathemateg Page 26
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Ty

We can use integration to find the area bounded by the curve y = f(x), the x—axis, the line x = a and the line

x =b.

b
fydx
a

It would be possible to estimate this area by splitting it into rectangles of constant width §x.
Example 7

The following diagram shows the curve y = x2 + 4 between x = —1 and x = 5.

y
30/§ i
y=x9+4
25+

20

15

N —_—x
-1 % 1 2 3 4 5
-5

We can estimate the value of f: x% + 4 dx by using the above, all of width | unit.
The height of each rectangle is the value of the function to the left of the rectangle.

4
fx2+4dxz(1><4)+(1><5)+(1><8)+(1><13)
04-
fx2+4dxz30
0

We see from the diagram that the estimate is an underestimate, as the red curve lies above the rectangle. In reality,
we have

4 %3 4
fx2+4dx= — + 4x

0 3 0

4 43 03
fx2+4dx= —+4x4 —[—+4><0
0 3 3

42 112
fx +4dx =—

0 3

. 112 22 . . . . .
So, our estimate is < = 30 = ~ Square units too small. It would be possible to improve the estimate by using more
rectangles, of smaller width.

In general, if we have n rectangles, each of width §x, then the estimate of the area 4 is

A= y,6x +y,0x + -+ y,0x

X @mathemateg Page 27



Ysgol y Creuddyn The Mathematics Department

We can write the above sum using sigma notation:

n
A= Z y;6x
i=1

If we increase the number n of rectangles, the width §x of each rectangle decreases, and the sum gives a better
estimate of the area. Taking the limit,

n

b
lim y;6x =f ydx
a

n—-oo
i=1

Because the values of y; come from the function y = f(x), we can write

b b
lim E f(x)6x=f ydx
6x—0 a

xX=a

Exercise 8
The following diagram shows the curve y = —x?2 + 20 between x = —1 and x = 5.
y
25
EEEE e
15 - \
10— -
5 -
-1 % 1 2 3
-5
Find an estimate for f04 —x? + 20 dx using the four in the diagram.

Is your estimate an underestimate or an overestimate!

You B /adolygumathemateg Page 28
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Proving that something is true by showing that the opposite cannot be
true.

GCSE: Solving equations and inequalities.
A Level Unit |: Proof.

Applications: Showing that there is an infinite number of prime
numbers; showing that v/2 cannot be written in the form %.

T

Proof by contradiction

We can show that something is true by showing that the opposite can never be true.

Example | (C4 Summer 2005)

Complete the following proof by contradiction to show that x + % > 10 when x is real and positive.

25 . "
Assume that x + < < 10, where x is real and positive.

Since x is positive, multiplication of both sides of the inequality by x gives x? + 25 < 10x.
Answer: By subtracting 10x from both sides, we obtain x* — 10x + 25 < 0.

By factorising, (x —5)(x —5) <O.
(x—=5)?%<0.

Squaring any real number gives a number that is greater than or equal to 0, so there is no real and positive value of x such
. . ) . . 25 o
that (x — 5)2 is less than zero. This contradicts the assumption that x is real, so we must have x + = > 10 if x is real and

positive.

Example 2 (C4 Summer 2006)
Complete the following proof by contradiction to show that v/2 is irrational.

Assume that \/2 is rational. Then /2 may be written in the form %, where a and b are positive integers having no common

factor.

~a? = 2b2.
=~ a? has a factor of 2.
~ a has a factor of 2 so that a = 2k, where k is an integer.

Answer: Substituting a = 2k into a® = 2b?, we obtain

(2k)? = 2b2.
4k? = 2b2
2k? = b2

You® /adolygumathemateg Page 2
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= b? has a factor of 2.
=~ b has a factor of 2.

The Mathematics Department

If 2 is a factor of both a and b, then this contradicts the earlier assumption that a and b were positive integers having no
common factors. (We have found a common factor, namely 2.)

So, V/2 is not rational.

Example 3

Use proof by contradiction to show that there is an infinite number of prime numbers.

Answer: Assume, to the contrary, that a finite number n of prime numbers exist.

We can list the prime numbers like this: 2,3,5,7, ..., pp.

Let x be the product of all of these prime numbers, and then add one.
x=2X3X5X7x--Xp,)+1

2 is not a factor of x as it has a remainder of 1 when we divide x by 2.
We can use the same argument to show that all the other prime numbers, up to p,,, are also not factors of x.

So, x must be a prime number that is greater than p,,.

This contradicts the earlier assumption that the greatest prime number is p,,.
So, there must be an infinite number of prime numbers.

Example 4 (C4 Summer 2014)

Complete the following proof by contradiction to show that

sinf + cos <2

for all values of 6.

Answer:

5

Assume that there is a value of 8 for which sin 6 + cos 8 > /2.
Then squaring both sides, we have:

(sin@ + cos6)? > 2

(sin® + cos 8)(sin0 + cosB) > 2

sin? @ + sin @ cos @ + cos O sin O + cos? f > 2
sin? @ + 2sinf cos 6 + cos? 0 > 2
sin? @ + cos? @ + 2sinf cos O > 2

1+ 2sinfcos@ > 2 (using sin? @ + cos?0 = 1)
2sinfcosf > 1
sin260 > 1 (using 2 sin @ cos 8 = sin 26)

The graph of sin 6 varies between —1 and 1, so the graph of sin 20 will also vary between —1 and 1.

y
1.5
y =sinf

1
AR ASSA
1 lC 1 1 >l X
60270—1)&49,?4 90 188270460450
-1.5

It is therefore impossible to find a value of 6 so that sin 26 > 1.
This contradicts the earlier assumption that sin 8 + cos 6 > /2.
So, we must have sin 6 + cos 8 < V2 for all values of 6.

X @mathemateg
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10. Prove by contradiction the following proposition.

(C4 Summer 2008)

When x 1s real and positive,

The first line of the proof is given below.

Assume that there is a positive and real value of x such that

The Mathematics Department
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(C4 Summer 2010)
10. Prove by contradiction the following proposition.
If a, b are positive real numbers, then a + b > 2@
The first line of the proof is given below.

Assume that positive real numbers a, b exist such that a + b < 2+/ab. [3]

X @mathemateg Page 5
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(C4 Summer 2013)
10. Prove by contradiction the following proposition.
When x is real,
5x=37+1 > GBx-1>
The first line of the proofis given below.

Assume that there is a real value of x such that

(Sx-3)0+1<(3x-1)°.

The Mathematics Department

[3]

Youf[® /adolygumathemateg
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(Unit 3 Summer 2024)

5. Prove by contradiction the following proposition:

When x is real and positive, x+% >18. [4]

X @mathemateg Page 7
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(C4 Summer 2009)

10. Complete the following proof by contradiction to show that J3 is irrational.

. . . . a .
Assume that N3 is rational. Then \I3 may be written in the form A where a and b are integers
having no common factors.

soat=3b7
. @ has a factor 3.
". a has a factor 3 so that a = 3k, where £ is an integer. (4]

You® /adolygumathemateg Page 8
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(Unit 3 Summer 2019)

1

5

Use proof by contradiction to show that +/6 is irrational.

The Mathematics Department

[°]

X @mathemateg
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(Unit 3 Summer 2018)

The Mathematics Department

1 | 1 | Prove by contradiction that, for every real number x such that 0 < x < g ,
sinx + cosx > 1. [4]
You® /adolygumathemateg Page 10
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(C4 Summer 2007)

10. Complete the following proof by contradiction to show that, if » is a positive integer and 3n + 2n°
1s odd, then # is odd. [2]

It is given that 3n + 2n’ is odd.
Assume that n is even so that n = 2k.

X @mathemateg Page ||
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(C4 Summer 2015)
10. Prove by contradiction the following proposition.

If a and b are odd integers such that 4 is a factor of a — b,
then 4 is not a factor of a + h.

The first lines of the proof are given below.

Assume that 4 is a factor of a + b.
Then there exists an integer ¢ such that a + b = 4c. [3]

You® /adolygumathemateg Page 12
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(Unit 3 Summer 2022)

117 a) Prove that

cos(or— )+ sin(a + f) = (cosor+sina)(cos f+sin 3). [2]
b) i) Hence show that gg:zgi:iﬁig can be expressed as cos@+sing.
. . cos 30 +sin 50 . _ 3z
ii) Explain why oS0+ sind0 # c0os0+sin6 when B_E. [3]

X @mathemateg Page 13
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T

10. Complete the following proof by contradiction to show that 7 is irrational.

(C4 Summer 2017)

Assume that \ﬁ is rational. Then \ﬁ may be written in the form % ,
where a, b are integers having no factors in common.

~oa?=7h.
.. a? has a factor 7.
. a has a factor 7 so that a = 7k, where k is an integer. [3]

X @mathemateg Page I5
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10. Prove by contradiction the following proposition.

When x is real and x # 0,

1
4x+;‘24

The first two lines of the proof are given below.

Assume that there is a real value of x such that

4x+i‘<4.
X

Then squaring both sides, we have:

The Mathematics Department
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Combining the transformations of graphs from Unit |.

GCSE: Plotting graphs; transformations of graphs.
A Level Unit I: Transformations of graphs.

Applications: Unit conversion (e.g. temperature in Celsius, Fahrenheit
and Kelvin); simple harmonic motion.

i e
The following theory comes from the GCSE notes, or the Unit | notes.
The questions in this workbook will combine the parts that follow.

Transformations of Graphs

We can transform the function y = f(x) using the following techniques.

y=f(x) +a y=fx+a
y
1> K
4}
+3
—2
yEfle+2) yEf() y=fl—=3)
[ 1 1 1 C 1 1 1 >| X
S5 4 3 -2 -ll(l) 1 2 3 4 5
I N
s _3 o
/..
| _5 L
The transformation y = f(x) + a moves the graph The transformation y = f(x + a) moves the graph
a units up (if a is positive) or a units down a units to the left (if a is positive) or a units to the
(if a is negative). right (if a is negative).

You® /adolygumathemateg Page 2
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y = af(x)

The transformation y = af (x) stretches the graph in
the direction of the y—axis (if @ > 1) or compresses the
the graph in the direction of the y—axis (if 0 < a < 1).

The Mathematics Department

y = f(ax)

y = f(2x)

The transformation y = f(ax) compresses the graph
in the direction of the x—axis (if @ > 1) or stretches
the graph in the direction of the x—axis (if 0 < a < 1).

As general advice, we need to follow anything that takes place outside parentheses, and undo anything that takes
place inside parentheses. So, for example, we follow y = f(x) + 3 and translate the graph 3 units up, but undo

¥y = f(x + 3) by translating the graph 3 units to the left.

Special Cases

y=—-fx)

yi=fx)

The transformation y = —f () reflects the graph

y = f(x) in the x—axis.

X @mathemateg

y=f(=x)

f > X
5 -4 -3 -2 -1_1(0_ 1 2 3 4 5
2}t
3}
4}
5L

The transformation y = f(—x) reflects the graph
y = f(x) in the y—axis.
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Combining the Transformations

Consider the graph of y = f(x) that is shown on the right.

To plot y = f(2x) + 1, we must combine two transformations.

e To begin, we must form y = f(2x), which compresses
the graph in the direction of the x—axis. Under this
transformation, the points (—2,0), (1, —4) and (4, 0)

move to the points (—1, 0), (%, —4) and (2, 0).

e Then, we must form y = f(2x) + 1, which moves the

graph one unit up. The points (—1,0), (%, —4) and

The Mathematics Department

y

10(

y=f(2x)+1

1 y = f(x)
(2,0) move to the points (—1,1), (5, —3) and (2,1). -6}
-8}
Exercise | -10-+
Complete the following table, which considers how to combine two transformations of graphs.
In each case, show what happens to the point (8, 12) under the transformations.
. . Effect on Effect on
Transformation First step (8,12) Second step (8,12)
_ _ y=f(x-2) y=3f(x—2)
y=3f(x-2) Move 2 units to the right (10,12) Stretch along the y—axis (10,36)
y=f(x+1)—-4
y=f(2x)+3
y = 5f(4x)
-3/(37)
y=3/z"
y=—fx+4)
y=2f(—x)
y=3-f0)
— (X +7
y=1 (3 x)
y = —2f(=3x)

Youlfl® /adolygumathemateg
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T

(Unit 3 Summer 2019)

0

7

The diagram below shows a sketch of the graph of y = f(x). The graph crosses the
y-axis at the point (0, —2), and the x-axis at the point (8, 0).

_V
A

-\
O (8, 0)

©0,-2)

a) Sketch the graph of y = —4f(x + 3). Indicate the coordinates of the point where the
graph crosses the x-axis and the y-coordinate of the point where x = —3. [3]

b) Sketch the graph of y = 3 + f(2x). Indicate the y-coordinate of the point where

x=4. [2]

X @mathemateg Page 5
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(C3 Winter 2007)

8. The diagram below shows a sketch of the graph of y = f(x). The graph passes through the origin
and the point (-2, 0), and has a minimum point at (-1, -2).

(=2,0)

(-1.-2)

(a)  Sketch the graph of y = 2f (x — 3). Indicate the coordinates of the stationary point and of the
points where the graph crosses the x-axis. [3]

(b)  On a separate diagram, sketch the graph of y = —f(x) + 1. Indicate the coordinates of the
stationary point and the coordinates of the point where the graph crosses the y-axis. [3]

You® /adolygumathemateg Page 6
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(C3 Winter 2008)

8. The diagram shows the graph of y = f(x). The graph has its highest point at (4, 2) and 1t intersects
the x-axis at the points (0, 0) and (8, 0).

(4,2)

(8.0)

(a) Sketch the graph of y = 2f(x + 3), indicating the coordinates of the highest point and of the
points where the graph intersects the x-axis. (3]

(b)  On a separate diagram, sketch the graph of y = f(2x) + 1, indicating the coordinates of the
highest point and of the point where the graph intersects the y-axis. (3]

X @mathemateg Page 7
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(C3 Summer 2013)

9. The diagram shows a sketch of the graph of y = f(x). The graph passes through the points
(=1, 0) and (7, 0) and has a minimum point at (3, —6).

(3, -6)

Sketch the graph of y = —%f(x +4), indicating the coordinates of the stationary point and

the coordinates of the points of intersection of the graph with the x-axis. [3]

You® /adolygumathemateg Page 8
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(C3 Winter 2010)
8. Given that f(x) = e”, sketch, on the same diagram, the graphs of y = f(x) and y = 2f(x) — 3. Label

the coordinates of the point of intersection of each of the graphs with the y-axis. Indicate the
behaviour of each of the graphs for large positive and negative values of x. [5]

X @mathemateg Page 9
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(C3 Winter 2009)
8. Given that f(x) = Inx, sketch the graphs of y = f(x) and y = —f(x + 1) on the same diagram. Label

the coordinates of the points of intersection with the x-axis and indicate the behaviour of the
graphs for large positive and negative values of y. [5]

You® /adolygumathemateg Page 10
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(C3 Summer 2012)

8. The diagram shows a sketch of the graph of y = f(x). The graph passes through the origin and
has a minimum point at (-1, -2).

(-1,-2)

Sketch the graph of y = —4f(2x), indicating the coordinates of the stationary point. [3]

X @mathemateg Page ||
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(C3 Summer 2009)

8.

(2,3)

(-1,0) (4,0)k

The diagram shows a sketch of the graph of vy = f(x). The graph has its highest point at (2, 3) and
intersects the x-axis at the points (-1, 0) and (4, 0). Sketch the graph of y = 3f(x — 2), indicating the
coordinates of three points on the graph. [3]

You® /adolygumathemateg Page 12
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(C3 Summer 2008)

6. (a) The diagram shows the graph of y = f(x). The graph has a stationary point at (0, —4) and it
intersects the x-axis at the points (-2, 0) and (2, 0).

y

(-2, 0) 2,0)

©, -4

Sketch the graph of y = 3f(x — 1), indicating the coordinates of the stationary point and of
the points where the graph crosses the x-axis. [3]

X @mathemateg Page 13
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(Unit 3 Summer 2018)

0

3

The diagram below shows a sketch of the graph of y = f(x). The graph passes through
the points (-2, 0), (0, 8), (4, 0) and has a maximum point at (1, 9).

1 (1,9

(-2, O)/ O 4, 0)

a) Sketch the graph of y = 2f(x + 3). Indicate the coordinates of the stationary point
and the points where the graph crosses the x-axis. [3]

b) Sketch the graph of y = 5—f(x). Indicate the coordinates of the stationary point and
the point where the graph crosses the y-axis. [3]

You® /adolygumathemateg Page 14
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T

(C3 Winter 201 1)

8. The diagram shows a sketch of the graph of y = f(x). The graph passes through the points
(-2, 0) and (4, 0) and has a maximum point at (1, 3).

47
(1,3)

2,0) 0 @oN

Sketch the graph of y = 3f(x + 2), indicating the coordinates of the stationary point and the
coordinates of the points of intersection of the graph with the x-axis. [3]
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(C3 Summer 2010)
7. (a) Solve the inequality |3.x + 1 | <5. [3]
(b)  The function fis defined by f(x) = |x| .
(1)  Sketch the graph of y = f (x).
(i1)) On a separate set of axes, sketch the graph of y = f(x — 3) + 2. On your sketch,

indicate the coordinates of the point on the graph where the value of the y-coordinate
1s least and the coordinates of the point where the graph crosses the y-axis. (4]

You® /adolygumathemateg Page 16
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The Mathematics Department

Introducing the modulus function, which ignores the sign of a number.

inequalities.

GCSE Work: Graph plotting; transformations of graphs; solving

results of a statistical test.

Applications: Finding the angle between two vectors; interpreting the

11—-11»

The modulus function y = |x| gives the magnitude of a number,
independent of its sign (positive or negative).

For example, if x = 3, we have |3| = 3; and if x = —3, we have
[-3] = 3.

The graph of y = |x| is ‘v’—shaped, as shown on the right.
The gradient is not defined if x = 0.

Solving Equations

We can solve equations that contain the modulus function.

Example | T T T T2
Solve the inequality |3x + 4| > 5. 3
-4

Answer: To visualise the answer, we can plot the
graph for y = |3x + 4/, as shown on the right.

There are two parts to the answer:

3x+4>5 and
3x>1
x>

3

This is the part of the
graph above the blue line

y=5afterx=§.

. . 1
Final solution: x < —3 or x > T

You[[TB /adolygumathemateg

3x+4< -5
3x < -9
9
X< —=
3
x < -3

This is the part of the
graph above the blue line

y =5 before x = —3.

In order to find this part we
consider where the graph
y = 3x + 4 is less than —5.
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Exercise |

Solve the inequality [4x + 1| > 13.

Example 2
Solve the equation 3|x| + 4 = 6 — 2|x|.

Answer: 3|x| +4 = 6 — 2]|x|

S5|x|+4=6 add 2|x| to each side
S5|x| =2 subtract 4 from both sides
|x| = 0.4 divide by 5

Either x = 0.4 orx = —0.4
Exercise 2

Solve the equation 5|x + 1| + 2 = 17 + 2|x + 1|.

Example 3
Solve the equation |2x + 3| = [3x — 2|.

Answer: We can see the two solutions in the graph on the right.
To find them, we must square each side of the equation
to eliminate the modulus symbols.

(2x +3)2 = (Bx —2)?
2x+3)2x+3)=(Bx—-2)(3x—2)
4x% 4+ 6x+6x+9 =9x>—6x — 6 + 4
4x2 4+ 12x+9=9x%> —12x + 4
0=5x%>—24x—-5

5x—-5=-25

0=5x>—-25x+x—5
0=5x(x—-5)+1(x—5)
0=((x-50Gx+1)

Eitherx —=5=0o0or5x+1=0

1
x=05 X=-—=
5

3 @mathemateg Page 3
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T

7. Solve the following.

(C3 Winter 2010)

(a) 2|x+1|-3=7 2]
() |5x-8|=3 [3]

YoullfH /adolygumathemateg Page 4
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(Unit 3 Summer 2018)

1

Solve the equation

2x + 1| = 3jx-2|.

The Mathematics Department

[4]
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(C3 Winter 2009)
6. Solve the following.
(@ 2|x|+9 B

&'+t (2]

(b) |5x+7| <4 (3]

You[[lB /adolygumathemateg Page 6
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(C3 Winter 2012)
7. Solve the following.

(a) |4x-5|23, 3]

-

(b)  (3|x|+1)3 =4. 2]

3 @mathemateg Page 7
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(C3 Winter 2006)

6. (a) Solve the inequality | 3x—81 < 5. [3]

(b) Given that f(x) = | x|, sketch the graph of y = f(x). On the same diagram, sketch the graph of
v =f(x+2)+ . indicating its position. |4]

YoullfH /adolygumathemateg Page 8
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(Unit 3 Summer 2019)

0 | 5§ | a) Find the range of values of x for which [l —3x| > 7. [3]

b) Sketch the graph of y = |l — 3x] - 7. Clearly label the minimum point and the points
where the graph crosses the x-axis. (4]

¥ @mathemateg Page 9
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(C3 Summer 2015)

8. (a) Find all values of x satisfying the inequality |3x-5| < 1. [3]

(b) Use your answer to part (a) to find all values of y satisfying the inequality

|% -5|< 1 2]

You[[lB /adolygumathemateg Page 10
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(Unit 3 Summer 2023)

0 | 7| a) Thegraphsof y=5x-3 and y=2x+3 intersect at the point A. Show that the
coordinates of A are (2, 7). 2]

b) On the same set of axes, sketch the graphs of y =|5x—3| and y =|2x+3|,

clearly indicating the coordinates of the points of intersection of the two graphs
and the points where the graphs touch the x-axis. (4]

c) Calculate the area of the region satisfying the inequalities

y2|5x-3] and y<|2x+3|. [4]

¥ @mathemateg Page 11
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(C3 Winter 2013)

7. (a) Solve the inequality | 3x—4|> 5. [

(b) (i) Sketch the graphof y =] x|.

(i)  The diagram below shows a sketch of the graph of y = a| x + b |, where a and b are
constants. The graph meets the x-axis at the point (4, 0) and the y-axis at the point

(0, =8).
.‘.
(4, 0) -
5 ;
(0,-8)
Find the value of « and the value of 5. 3]

¥ @mathemateg Page 13
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(C3 Summer 2013)

7. (a) Show, by counter-example, that the statement
Ifla+1|=|b+ 1|, thena=4
is false. [2]
(h)  Solve the inequality
|x2-10| < 6. [4]

You[[lB /adolygumathemateg Page 14
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T

6. (b) Solve3|x|+1=2-|x|. (2]

(C3 Summer 2008)

(¢c) Solve |2v-9|>3. (4]

¥ @mathemateg Page 15
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(C3 Winter 2007)
10. The functions fand g are defined for all values of x by
f)=x+5,
glx)= |2.\'+ 1 |+2.

Solve the inequality fg(x) > 10. (5]

You[[lB /adolygumathemateg Page 16
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A function f maps elements from the set X (the domain) to
elements of the set Y (the range). The input x € X maps to
one (and only one) output y €Y.

For f(x) = x? -7,
the domain is (—o0, ) and the range is [—7, ).

For f(x) = \/;_3

the domain is (3, ) and the range is (0, ).

Notation

S ‘is an element of
[2,5) All numbers between 2 and 5,
including 2 but not including 5.

In a one-to-one function, every element of the range
corresponds to exactly one element of the domain.

Example |

f(x)=2x-3

In 2 many-to-one function, each element of the range can
correspond to more than one element of the domain.

Example 2
fo) = x2.

Youlfl® /adolygumathemateg

The Mathematics Department
T s ST

How to combine two or more functions into a composite function.

GCSE Work: Substitution; solving equations; solving inequalities;
changing the subject.

Applications: Any situation where a series of calculations is required,
and the result of one calculation directly affects the input of the next
calculation.

1"—‘.r
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Composite Functions
A composite function combines two or more functions.

Given functions f(x) and g(x), the composite function fg(x) means ‘apply f to the results of g(x)’.
The composite function gf (x) means ‘apply g to the results of f(x)’.

The order is important. fg(x) is not necessarily the same as gf (x).
Example 3

If f(x) = x2, g(x) = 5x + 3, calculate

@ f4) (b) 9(4) () fg(4) (d)gf (@)

Answer:

@) f(4) = 4 (b) g(4) =5%x4+3 (c) fg(4) =f(g(4) (d)gf(d) =g 4)
=16 =20+3 = f(23) = g(16)

=23 =232 =5x16+3
=529 =80+3
=83
Exercise |

If f(x) =3x + 1, g(x) = Vx, calculate
(@) f(16) (b) g(16) (c) fg(16) (d) gf (16)

Example 4 (C3 Summer 2005)
The functions f and g have domains (0, ©) and (5, o) respectively, and are defined by

flx)=x%+1
gx)=2x-3

(2) Write down the ranges of f and g.
(b) Give the reason why gf (1) cannot be formed.
(c) Solve the equation fg(x) = 3x? — 6x + 17.

Answer: (a) Considering that f(x) and g(x)
are increasing functions throughout their domain,
Range of f(x) = (1, )

yi=gx)
Range of g(x) = (7, )
(b) 9f (1) = g(f (1))
=g(1*+1)
=g(1+1)
=9(2) N

gf (1) cannot be formed as 2 is not in the

domain of g(x). L5 Q 1 2 3 4 5 6 7 8 9 10

X @mathemateg Page 3
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(c) fg(x) =3x2—6x+ 17

flg(x)) =3x%—6x + 17
f(2x—3)=3x?—6x+17
(2x—3)2+1=3x*>—-6x+17
(2x—3)2x—3)+1=3x%>—-6x+17
4x> —6x—6x+9+1=3x%2—6x+ 17
4x% —12x + 10 = 3x% —6x + 17
x> —6x—7=0
x=-7x+1)=0
Eitherx =7 =0o0rx+1=0

x=7 x=-1

But —1 is not in the domain of g(x), so the only solution is x = 7.

The domain of fg(x)
Which numbers can be input to fg(x)?

(I Find the domain of g and the domain of f.

The Mathematics Department

This is difficult
to explain in
words! It is

easier to

understand by
considering the
following two
examples...

(2) Find all values of x from the domain of g such that g(x) is in the domain of f.
(3) The domain of fg(x) is all the values from step (2) such that the function fg(x) is defined.

Example 3

f)=vVx+2, gx)=x*+3

Function Domain Range
f(x) [—2,) [0, )
9(x) (=0, ) [3,0)

fg(x) (=00, ) [V5, )

fa(x) =yg(x) +2
fgt) =G +3)+2
fg(x) =vx?2+5

Example 4
f)=vx+2, gx)=x%2-3

Function Domain Range
f(x) [—2, ) [0, )
g(x) (=00, ) [—3, )
f9(x) (—o0,—1] U [1,0) [0, )
®
fg(x) =/g(x) +2 ..
f9) =2 =3)+2 o
fg(o) = VAT =1 fg(x) is no

defined for

(-11)

Youf[® /adolygumathemateg
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T

10. The functions fand g have domains (0, =) and (2, =) respectively and are defined by

(C3 Winter 2010)

f(x) = x2 - ]-9

g(x)=2x-1.
(a) Write down the ranges of fand g. [2]
(b) Give the reason why gf(1) cannot be formed. [1]

(¢) (1) Find an expression for fg (x). Simplify your answer.

(i1)  Write down the domain and range of fg. (4]

X @mathemateg Page 5
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(C3 Summer 201 1)

10. The functions f and g have domains (=<, 0) and (6, =) respectively and are defined by
f(x)=x"-19,
glx)=1- %x.

(a) Write down the range of f and the range of g. [2]
(b)  Write down the domain and range of fg. [2]
(c¢) (1) Write down an expression for fg(x).

(11) Hence, solve the equation

fa(x)=2x-26. [4]

You® /adolygumathemateg Page 6
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(C3 Summer 2012)

10. The function g has domain (— oo,oo) and is defined by

g(x)=+3x*+7.
Solve the equation

gg(x) = 8. [5]

X @mathemateg Page 7
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(C3 Winter 201 1)

10. The functions fand g have domains [0, o) and (- eo, o) respectively and are defined by

S(x) =c,
g(x)= 4x* + 7.

(a) Find and simplify an expression for gf(x). [2]
(b) Find the domain and range of gf. [2]
(¢) (1) Solve the equation gf(x) = 18. Give your answer correct to three decimal places.

(i) Giving a reason, write down a value for & so that gf(x) = k has no solution.  [3]

You® /adolygumathemateg Page 8
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9. The function f has domain [2, «) and is defined by
f(x) =4x + k,
where k is a constant.
(@) Write down, in terms of k, the range of /.
The function g has domain [-3, ) and is defined by

g(x)=x2-0.

(b) Find the least value of k so that the function gf can be formed.

(c) (i) Write down an expression, in terms of k, for gf(x).

(i) Given that gf(2) = 7, find the value of k.

X @mathemateg

The Mathematics Department
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[2]

[5]
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(C3 Summer 2009)

9. The function fhas domain (—ce, o) and is defined by

flx) =3e™.

The function g has domain (0, o) and is defined by

The Mathematics Department

g(x) =In4x.
(a)  Write down the domain and range of fg. (2]
(b)  Solve the equation
fegx) =12 [5]
X @mathemateg Page ||
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(C3 Winter 2007)
10. The functions fand g are defined for all values of x by
fx)=x+5,
glx) = |2x+1|+2.

Solve the inequality fg(x) > 10. [5]
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(C3 Summer 2007)

8. The functions f and g have domains [0,c) and (—ee, o) respectively, and are defined by

(a)
(b)
(c)
(d)

J) =¢,

g(x) = x?+ 1.
Find the range of f and the range of g. [2]
Find an expression for gf(x), simplifying your expression as much as possible. (2]
Write down the domain and range of gf. 2]

Sketch, on the same diagram, the graphs of y = f(x) and y = gf(x) indicating where the
graphs meet the y-axis. [5]

X @mathemateg Page 13
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(C3 Winter 2014)

10. The functions f'and g have domains (0, ) and (- « , —2) respectively and are defined by

f(x)z Jx2 +5,

2= 57
(a) By considering g'(x), show that g is an increasing function. [2]
(b)  Write down the range of g. [2]
(c) Write down the domain and range of fg. [2]

(d) (i) Write down an expression for fg(x).

(i)  Hence, solve the equation

fe(x)=3. [5]

You® /adolygumathemateg Page 14
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(C3 Winter 2013)

The Mathematics Department

9. (a) The functions fand g have domains (—oo, ) and (0, ) respectively and are defined by

(1)
(1)
(111)
(iv)

f(x) = xz - 257
g(x)=2x-3.

Write down the domain of fg.
Write down the range of fe.
Write down an expression for fg(x).

Solve the equation fg(x) = 0.

(b)  The function 4 is defined by

(1)
(1)

Show that Ah(x) = x.

Hence write down an expression for ().

Youlfl® /adolygumathemateg
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10. The functions fand g have domains [—3, o) and (— o, o0) respectively and are defined by

f)=Jx+4.

(C3 Summer 2010)

g(x) =2 3.
(a)  Write down the range of fand the range of g. 2]
(b)  Find an expression for gf(x). Simplify your answer. [2]
(¢) Solve the equation fg(x) = 17. (4]

You® /adolygumathemateg Page 18
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How to find the inverse function f~1(x) in order to reverse the effect
of a function f(x).

GCSE Work: Graph plotting; changing the subject.
A Level Unit 3: Composite functions.

Applications: When typing a sum into a computer, the computer will
change the sum to be in binary (f(x)) in order to be able to perform the
sum, before changing back to a decimal number (f ~1(x)) in order to
show you the answer.

pi

Given a function f(x), the inverse function f~1(x) reverses the effect of the function f(x).

It is possible to find the inverse function by changing the subject of f(x) to be x.

=4x+3 —
Example | 10y y _x o y=x
f(x) =4x+3
4x + 3 = f(x) [swap sides]
4x = f(x) —3 [subtract 3]
x = L[0=2 [divide by 4]

So, f1(x) = =2

(Hint: You can change f(x) to be y in order to make the

algebraic manipulation easier.
y=4x+3

4x+3 =y [swap sides]
4x =y —3 [subtract 3]
x=22 [divide by 4])

The graph for f~1(x) is a reflection of the graph of f(x) in the line y = x.
The domain of f~1(x) is the range of f(x), and the range of f ~1(x) is the domain of f(x).

On taking the inverse, many-to-one functions become one-to-many relations.
So, without reducing the domain, an inverse function does not exist for a many-to-one function.

(S The function f(x) has an inverse f~1(x) if f(x) is a one-to-one function. )
T —

If a function has an inverse function, then ff~1(x) = f~1f(x) = x.

You® /adolygumathemateg Page 2
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Example 2

If f(x) = e, find f~1(x).

Plot f(x) and f~1(x) on the same set of axes.
Write down the domain and range of f(x) and f~1(x).

Answer: Let y = e*.

Swapping sides: eX=y
Taking the natural logarithm of both sides: x = In (y)
So, f~1(x) = In (x).
The graphs are shown on the right.
Function Domain Range
f() (=00, ) (0,)
f1 (0,0) (=0, »)

Exercise |

The function f has domain [4, ) and is defined as f(x) = >~ + 2.

(a) Find an expression for f~1(x).

(b) Write down the domain of f 1.

(c) Plot f(x) and f~1(x) on the same set of axes.

X @mathemateg
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Trigonometric Functions

You will be familiar with the shape of the graphs of sin, cos and tan from previous work.

y
i ' i i 3R i
| y=tan (x) | 1 | |
! ' 1 1 25T 1
| | | |
| | | 2 F |
| | | |
| | | |
| P | i
| | Yy =sin(x) | |
| | |
| | | |
I { { 05F {
| | |
8 X
| | fr sht
-1 m 132 ) 2 ¥ 3
| [ | ] i | [ |
| | | |
1 o 1 !
| Yy = COS (x) | | | |
| | 15} | | |
| | | | |
| | | | |
| | 2 | | |
| | | | |
| (I Nl ¥ | | |
| | | | |
] ] -3 L ] ] 1
The graphs of sec, cosec and cot
1 1 t(x) = 1
sec(x) = cos (O cosec(x) = Sn cot(x) = — =
y =sec(x) Domain (—00,), x # g + kr Range (—c0, —1] U [1, o) Vertical asymptotes every 180°

P a» er o» e eo» e e e M|
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Vertical asymptotes every 180°

Range (—0,—1] U [1, o)

Domain (—o0, ), x # km

y-¢l—,|-l|.||-l-n—n|\

m n N AN
o i o

A4

=3

L T e

o

.t
o o

|
|
|
|
|
|
|
|
|
|
|
|
|
s
2
|
|
|
|
|
|
|
|
|
|
|
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Vertical asymptotes every 180°

y = tan(x)

Range (—oo, 00)

S

~

W

=

~

8

8

|

—/

c

£

5 2

a =
o
O
I
>

cot (x)
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The graphs of sin"1, cos™! and tan™?!

The function f(x) = sin (x) is a many-to-one function,
because a number of angles give the same value.

For example, sin(0) = 0 and also sin(r) = 0.

So, the inverse of f(x) = sin (x) does not exist unless
we reduce its domain.

By reducing the domain to be between —g and %

(which is between —90° a 90°), we can form the function

Function Domain Range
f(x) (=53] [-1,1]
[-1,1] [-5.3]

The function f(x) = cos(x) is a many-to-one function,
because a number of angles give the same value.

For example, cos(0) = 1 and also cos(2m) = 1.

So, the inverse of f(x) = cos(x) does not exist unless
we reduce its domain.

By reducing the domain to be between 0 and

(which is between 0° and 180°), we can form the function

f1(x) = cos™1(x).

Function Domain Range
f(x) [0, 7] [-1.1]
f71) [-1.1] [0, 7]

The function f(x) = tan(x) is a many-to-one function,
because a number of angles give the same value.

For example, tan(0) = 0 and also tan(m) = 0.

So, the inverse of f(x) = tan(x) does not exist unless
we reduce its domain.

By reducing the domain to be between —% and %

(which is between —90° and 90°), we can form the function

f1(x) = tan1(x).

Function Domain Range
f@) =23 (=00, 0)
£ (%) (=00, 0) =33)

You® /adolygumathemateg
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-2
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y = cos™1(x)
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0,1
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-15 -1 —_8% ¢ 05 1 15 25 3 35

1t y = c¢os(x)
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Ysgol y Creuddyn

The Mathematics Department

T

(C3 Summer 2018)

9. The function f has domain (= <=, 0] and is defined by
7

Jo)=d-5—52

(a) Find an expression for f~(x).

(b)  Write down the domain of /.

X @mathemateg




Ysgol y Creuddyn The Mathematics Department
(C3 Winter 2006)
8. The function fis defined for x > 0 by f(x) = 3x” + 4.
(a) Find an expression for f ', stating the range and domain of /. (6]

(b)  Sketch the graphs of fand f~' using the same axes. (3]

You{® /adolygumathemateg Page 8



Ysgol y Creuddyn The Mathematics Department

(C3 Summer 2008)

9. The function fhas domain x < -1 and is defined by
f) =@+ 1)"=2.
(a) Find the range of /. [1]

(b)  Find an expression for f “L(x). State the domain and range of - [6]

X @mathemateg Page 9



Ysgol y Creuddyn The Mathematics Department

(Unit 3 Summer 2018)

1| 2| a) Giventhatfisa function,

i) state the condition forf‘l to exist,

i) find /(). 2]

b) The functions g and /, are given by
g9 =x2-1,
hix)=e"+ 1.
i) Suggest a domain for g such that ¢~! exists.
ii) Given the domain of /1 is (—e, =), find an expression for /1~!(x) and sketch,
using the same axes, the graphs of A(x) and i~!(x). Indicate clearly the

asymptotes and the points where the graphs cross the coordinate axes.

iii) Determine an expression for g/h(x) in its simplest form. [8]

Yo /adolygumathemateg Page 10
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Ysgol y Creuddyn The Mathematics Department

(Unit 3 Summer 2019)

1|1 The function f(x) is defined by

flay ==t

with domain x > 1.

a) Find an expression for f_l(x). State the domain for f'1 and sketch both /(x) and
f'l(x) on the same diagram. [6]

b) Explain why the function ff(x) cannot be formed. [1]

You{® /adolygumathemateg Page 12
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Ysgol y Creuddyn The Mathematics Department

(Unit 3 Summer 2022)

11 2 The diagram below shows a sketch of the graph of y = f(x), where

f(x)=2x2+12x+10-

The graph intersects the x-axis at the points (p, 0), (¢, 0) and the y-axis at the point

(0, 10).
vl‘
A
(0,10)
(¢,0) .
(. 0) O '

a) Write down the value of ff(p). [1]
b) Determine the values of p and g¢. [2]

c) Express f(x)in the form a(x + h)? + ¢ , where a, b, ¢ are constants whose values
are to be found. Write down the coordinates of the minimum point. [3]

d) Explain whyj'_l(.\‘) does not exist. [1]

e) The function g(x) is defined as
gx)=f(x) for -3 << x<ee
i) Find an expression for g_l(.\‘). [4]

i) Sketch the graph of y = g‘l(.\‘), indicating the coordinates of the points where
the graph intersects the x-axis and the y-axis. [2]

Yo /adolygumathemateg Page 14
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Ysgol y Creuddyn The Mathematics Department

(Unit 3 Summer 2023)

1 0 Two real functions are defined as

f(x):% for (—oo<x<4)u(4<x<oo),

g(x)=(x=2) for -w<x<ow.

a) i) Find an expression for fg(x).

(2]
ii) Determine the values of x for which fg(x) does not exist. [3]
b) Find an expression for f (x). [3]




Ysgol y Creuddyn The Mathematics Department
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Ysgol y Creuddyn

(Unit 3 Summer 2024)
10. The function /' has domain [4,00) and is defined by

The Mathematics Department

2(3x+1) ¥
(2= ¥ 2v—3  xAl
_x+2
(@ Show that f(x)= 5 [4]
(b) Determine the range of f (x) [2]
X @mathemateg Page 19



Ysgol y Creuddyn The Mathematics Department

(c) Find an expression for ! (x) and write down the domain and range of Vs [4]

(d) Find the value of x when f(x)=/""(x). [4]
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Ysgol y Creuddyn The Mathematics Department

(C3 Winter 2010)

9. The function f has domain [4, o) and is defined by
I (x) = %\/x -3 .
(a) Find an expression for f -! (x). Write down the range and domain of f - [5]

(b)  Sketch the graph of y = £~ (x). On the same diagram, sketch the graph of y = f(x). (3]
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Ysgol y Creuddyn

(C3 Summer 2011)
9. The function f has domain (-0, — %) and is defined by

f(x) — e2x+1 -3

The Mathematics Department

(a) Find an expression for /'(x). [4]
(b) Write down the domain of f . [2]
You{® /adolygumathemateg Page 22



Ysgol y Creuddyn

The Mathematics Department

T

(C3 Summer 2019)

8. The function / has domain (- ==, 1] and is defined by
4x+3

Jf(\} = 7_5:‘: :

(a) Find an expression for / ~!(x).
(b) Write down the domain of /1.

(¢) (i) Find the exact value of /~!(0-5).

4]

[2]

(i) By carrying out an appropriate calculation involving /, verify that your answer to

(c) (i) is correct.

X @mathemateg
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Ysgol y Creuddyn The Mathematics Department

(C3 Summer 2014)
9. The function /' has domain (-, 4) and is defined by
f(x)=x"=8x+7.
(a) Express f(x) in the form
) = (x +a)?+ b,
where a, b are constants whose values are to be found. 1]

(b) Hence or otherwise, find an expression for / ~!(x). [4]
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