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What is the work?  
Solving first order differential equations, which are equations 

containing a function and its derivative. 

   

What is required before 

starting? 
 

A Level Unit 1: Differentiation and integration; logarithms. 

A Level Unit 3: Further integration. 

   

Where does this lead to?  
Further Mathematics: solving second order differential equations. 

Applications: Modelling electrical circuits; forces on beams. 

 

 

A differential equation connects a function 𝑦 to its derivative 
𝑑𝑦

𝑑𝑥
. By separating the variables and integrating, we 

can find an equation that connects 𝑥 and 𝑦. 

Example (C4 Summer 2005) 

The size 𝑃 of a population of bacteria at time 𝑡 days is to be modelled as a continuous variable such that the rate of 

increase of 𝑃 is directly proportional to 𝑃. 

(a) Write down a differential equation that is satisfied by 𝑃. 

(b) Given that the initial size of the population is 𝑃0, show that 𝑃 = 𝑃0𝑒𝑘𝑡, where 𝑘 is a positive constant. 

(c) Two days after the start, the population is 1.2𝑃0. Find when the population will be 2𝑃0. 

Answer: (a) If the rate of increase of 𝑃 at time 𝑡 days is directly proportional to 𝑃, then  

𝑑𝑃

𝑑𝑡
∝ 𝑃 

𝑑𝑃

𝑑𝑡
= 𝑘𝑃 

(b) Separating the variables in the differential equation above, 

𝑑𝑃 = 𝑘𝑃 𝑑𝑡 
1

𝑃
𝑑𝑃 = 𝑘 𝑑𝑡 

Integrating, 

∫
1

𝑃
𝑑𝑃 = ∫ 𝑘 𝑑𝑡 

ln|𝑃| = 𝑘𝑡 + 𝑐 

The initial size of the population is 𝑃0, so 𝑃 = 𝑃0 when 𝑡 = 0. 

ln|𝑃0| = 𝑘(0) + 𝑐 

ln|𝑃0| = 𝑐 

 
Theory 
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Therefore 

ln|𝑃| = 𝑘𝑡 + ln|𝑃0| 

ln|𝑃| − ln|𝑃0| = 𝑘𝑡 

ln |
𝑃

𝑃0
| = 𝑘𝑡 

𝑃

𝑃0
= 𝑒𝑘𝑡 

𝑃 = 𝑃0𝑒𝑘𝑡 

(c) If 𝑡 = 2, 𝑃 = 1.2𝑃0. Therefore 

1.2𝑃0 = 𝑃0𝑒𝑘(2) 

1.2 = 𝑒2𝑘 

ln(1.2) = 2𝑘 
1

2
ln(1.2) = 𝑘 

Therefore 

𝑃 = 𝑃0𝑒
1
2

ln(1.2)𝑡
 

If 𝑃 = 2𝑃0, 

2𝑃0 = 𝑃0𝑒
1
2

ln(1.2)𝑡
 

2 = 𝑒
1
2

ln(1.2)𝑡
 

ln(2) =
1

2
ln(1.2) 𝑡 

2 ln(2)

ln(1.2)
= 𝑡 

𝑡 = 7.60 days, to 2 decimal places. 

Establishing a Differential Equation 

Exercise 1 

Complete the following table. 

Description Proportional Relationship Differential Equation 

The rate of increase of 𝑃 at time 𝑡 is directly 

proportional to 𝑃2. 

𝑑𝑃

𝑑𝑡
∝ 𝑃2 

𝑑𝑃

𝑑𝑡
= 𝑘𝑃2 

The rate of increase of 𝑃 at time 𝑡 is inversely 

proportional to 𝑃2. 

𝑑𝑃

𝑑𝑡
∝

1

𝑃2
 

𝑑𝑃

𝑑𝑡
=

𝑘

𝑃2
 

The rate of decrease of 𝑃 at time 𝑡 is directly 

proportional to 𝑃2. 

𝑑𝑃

𝑑𝑡
∝ −𝑃2 

𝑑𝑃

𝑑𝑡
= −𝑘𝑃2 

The rate of decrease of 𝑃 at time 𝑡 is inversely 

proportional to 𝑃2. 

𝑑𝑃

𝑑𝑡
∝ −

1

𝑃2
 

𝑑𝑃

𝑑𝑡
= −

𝑘

𝑃2
 

The rate of increase of 𝑃 at time 𝑡 is directly 

proportional to 𝑃3. 

 
 

The rate of decrease of 𝑃 at time 𝑡 is inversely 

proportional to 𝑃. 

 
 

The rate of increase of 𝑃 at time 𝑡 is inversely 

proportional to 𝑃4. 

 
 

The rate of decrease of 𝑃 at time 𝑡 is directly 

proportional to √𝑃. 
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