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Answer seven guestions.

1. {a) Prove by mathematical induction that

35 . 2n--1 1
o s e 2§ e PR TL
4 36 ni(n1)? (n+1)
for all positive integers n.
1 & 5
(b) Evaluate 3 (3r4-1)%
F
“—" (c) Solve the equations
Ty = 6

x—2y-+y? == 5.

2. {a) Given that sin 36 = 3sin §— 4 sin®0, show that
sin36  sin66
e e ———— = 2(c08 20— co0s 46),
Snf sin20 cos46)

assuming that siné £ 0 and sin 26 £ 0.

{(b) Solve the equation
3co804-28inf =1
for 0° < 0 < 360°,

(¢) The quadratic equation
2?—kz—1 =0

has roots o and . Find the quadratic equation whose roots are a?+-£2 and of.

-3

(3]

fsj

(5]

Turn over.
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3. (a) Find the inverse of the matrix

2 1 —1
A =10 1 I)
1 -1 0

by row reduction, or otherwise. Hence solve the simultaneous equations
22+y—z =2

Ytz =
T~y =L (4, 2]
If a matrix 1" is given in terms of a matrix Z by
AY = ZA4 |

find an expression for ¥V in terms of Z, 4 and 4-1. Hence find an expression for Y2 intermsof Z2, 4 and 4 1.
I ; ’

For the case
2 O O
Z=10o —1 o),
0 1

find Z? and hence 12, [3, 3]

<

{b) Find the possible values of a if the coefficient of 2* in the expansion of (14-ax)t is the same as the
coefficient of % in the expansion of (1-4+x2)°%, [3]

4. (a) A transformation 7" of the plane, given by the formula

o [ 0 1 1\ /x
Al 0 0 1/ \1
transforms the point (z,y) to (2',y"). Show that only one point remains fixed under this transformation.

Find the images of the points (1, 0) and (1, —3) and deseribe the transformation. [2, 2, 2]

(b) Write down the matrix representing the reflection that transforms the positive z-axis into the
negative y-axis. [3]

(¢) The equation ¢*-+2 = 2 has a root between 0 and 1. Find this root correct to two places of
decimals. (6]

5. (a) The points (1, 2) and (2, 6) are denoted by 4 and B respectively. Show that the equation of the

line ABis y = 4a—2. [2]
The line 4 B meets the x-axis at C. D is the point (0,4%). Show that C'B is perpendicular to DB

and find the angle between DC and D B. [3, 2]
(b) Show that the equation of the normal to the curve * = 4ax at the point P, having coordinates

(ap?, 2ap), i8 y = —px-t+ap®+-2ap. (3]

The normal meets the line y = 2z at the point ¢. Given the point S8(0,a) and that 8¢ is parallel
to the tangent at P show that p satisfies the equation

23— pt - 3p—4 = 0. [5]
6. (a) The points 4 and B have coordinates (4% %) and (},9) respectively. Show that the circle

having 4 B as diameter has equation
224yt —dx—6y 49 = 0.

Sketch the circle. [4, 1]
Show also that the distance of the centre C of the circle from the line 32+ 2y—4 = 0 is greater than

the radius of the circle. : [2]
{(b) Given that the line y = max|-c is a tangent to the curve 4224 3y® = 12, show that ¢? = 3m?}-4.

Given that a tangent to the curve passes through the point (1, 2) show that ¢ = 2 or 4. [4, 4]
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7. (@) State the domains and ranges of the functions f and g defined by f(x) = sinz, g(z) = V(1 —4a?),

- [2]
Find the composite function fo g and state its domain and range. Explain why ¢ o f cannot be
I q g -1 yg
formed. [2, 1]

(b) Investigate the function f defined by
Slr) = 35 —102%1-10

for local maxima, minima and points of inflection. Sketch the graph of the function, showing clearly the

stationary points and any pointa of inflection. (6, 4]
8. (a) Differentiate log, cosz, 0 < x < La. ‘ [2]
e o A2y — : Y g . . -
by Find -T‘E when y = sin~lz—x,/(1—a?), expressing your answer as simply as possible. [5]
e . |

N N N N
(¢) A plane figure 4 BCD is such that ABC = ACD = 90° and DAC = CAB = 0. Given that

104 C1
Y denotes Av(t‘C’;D , show that
(01
} o= secf-4-cosec f
o A find its minimum value, showing clearly that the value yvou have found is the minimum value. [3, 5]
N
9. (a) The function fis defined by
fl) = 223
A
Show that f(x) cannot take values between —4 and —1. Sketch the graph of the function showing
clearly the behaviour of fas - -1 and as z > L oo, [5, 5]
(h) The function g is defined by
g(r) = J(1—a?).
Find the area of the region bounded by the graph of g, the lines & = 0, » == | and the z-axis, by using
the substitution x = sin 6, or otherwise, to evaluate the integral. [5]
10. (2) Using integration by parts, or otherwise, find
f xe-* dz, [3]
y da .
b) Find et ' 8
" J e =
L {¢) Using the change of variable tan }x = ¢, or otherwise, show that
rid
Gz 7 . [4]
2-}-cosx 343
@
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Answer seven quesiions

I. {a) Given that a, 8, y are the roots of the equation

2 fprtg = 0,
find the values of a+f-+y, o+ B2+92 and a3+ B34* in terms of p and q.

"~ Find an equation whose roots are Sy, ya and «f.
l\»../"

[6]

[4]
(b) Solve the simultaneous equations
Z3—y® = 98, T—y = 2. [5]
2. (1) Find a formula for the sum S, where

S, = z-+ 32245234,

~H(2n—1)an
and show that when z =} the limit of S, as n — o is 3.
2 7

[7]
(b) The numbers ¢, ¢4, ..., ¢, are the binomial coefficients such that
(14z) = Cotcixtoy 224-... =, T8,
Prove that
(1) cg42¢;+...F(n+1)c, = 2n-Ln, 201, (4]
(ii) co—der+des—fey+... 4 {:—Qilf' = -

n+1 " afl

Turn over.
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3. (a) Itisrequired to prove that if « and b are any real numbers then a2-}-b% > ab. Criticise the follow-

ing argument, and correct it if necessary:
‘Consider (a—b)? = a*+b*—2ab. Since (a—b)* > 0 we have a?--b%* > 2ab. But 2ab > ab. Hence
a?-4+-b? > ab.’ [5]

(b) A function f with domain the real numbers is given by

fa@) =

223

Aot

Find the range of f, algebraically or otherwise. [5]
(¢) Express as an interval of real numbers the set

{z: |42 < |Jx+3] < |z—4]}. (5]

4. (a) Given that no two of the numbers a, b, ¢, d are equal, solve for , y, z the simultaneous equations
z4y+z2=1
ax+by-cz = d
a*x+b*y4c?% = d2.
Express your solution in as simple a form as possible. You may use ideas of symmetry in completing your
solution. (8]
(b) Show that when k = 5 the system of linear equations
x—by—+5z =1
20—3y-+4z = 4
4o+ y+22 =k

represents three planes which form a triangular prism. Find the value of k for which the equations represent
three planes with a common line. [7]

5. (a) Write down the matrix representing the shear of the plane which has the z-axis as shear axis
and transforms the point (0, 1) to the point (—1,1). This shear transforms the parabola ¢ with equation
y* = 4ax into a curve (. Show that the equation of " can be written in the form (y—2a)? = 4a(z-+a).

(5]
Show the curves C, C” in one sketch, mark on O the points 0, 4, Bgivenbyy = 0,y = 2a,y = —2a
respectively, and mark the corresponding points on €. [3]

{b) Find the adjugate matrix of the matrix

2 2 1)
A=|-—2 1 2
(1 —g 2
Find 4-! and show that 4-1is in this case a scalar multiple of the transpose A*. [7]

6. Find the equation of the circumcircle of the triangle formed by the points 4(—4,2), B(--3, 3) and
o1, 8. (7]
Show that the angle between the two tangents to this circle from the point (2, 4) is tan-1(%). [8]

7. A parabola K and a cubic curve (' are given respectively by the equations
ay = (z—a)}, 27a%y = 4a®,

where a is a non-zero constant. Show that the curves have two and only two common points, and that the
curves touch each other at one of these points. , [8]

Find the equation of the common tangent at the point where the curves touch, and find the
coordinates of the point where it meets C' again. {7
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8. Find the equation of the chord joining the points P(cp, ¢/p), @(cq, c/q) on the rectangular hyperbola
xy = % [4]
N

R (cr, ¢fr) is a fixed point on the curve and the chord PQ varies in such a way that PRQ is a

right angle. Show that the mid-point of the chord PQ lies on the line I with equation y = —r¥z.  [6]
Show conversely that if M is any point of the line L then there is a chord P¢} which has mid-

point M and subtends a right angle at R. (5]

9. (a) Find the general solution, in radians, of the equation
sin 204 cos 20 = sin §—cos 1. [6]
(b) From a point 4 on level ground, due south of a tower, the angle of elevation of the top of the

tower is . From a point B, a distance x due west of 4, the angle of elevation of the top of the tower is £.
Find the height A of the tower in terms of «, 8 and 2. Evaluate & when o — 24° B = 19° and x = 100 m.

[6. 3]
10. (a) Given that z is a complex number such that
-2z b1 = 0,
ihow that 28 = —1, VZ]
Find a quadratic equation with roots z—z* and 23— 22, [4]

(b) Points P and @ in the Argand diagram represent the complex numbers z and w respectively,

where w = 22*4-3. Show that, as P describes the circle given by [z] = 1, the point @ lies on a second circle,
(5]

Show the two circles in a sketch and mark the possible positions of P such that @ is at the common

point of the two circles. [4]
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Answer seven questions.

i. (a) Find the stationary points of the function f given by

o x(r43)
f(l} = - J’w:‘f—'

cch the graph of fand tind the domain and range of f.

{h) The functions g and A each have domain the positive real numbers and are defined by
. 1 i
glr) = -, hiz) = 41,
K oy
Express fi(r) by a formula, where f, == A o g o h. Express in terms of g and A the functions f, and f; where
I . X

Aoy s =,

. r+1°

2. Given that the function [ defined by

flx) = 2bhw—ut if re(—x, 1)
= xftaril if e [i,o0)
. < . . i ~ . =1
18 continuoux and has a continuous derivative for all values of », show that @ = —3 and b = 4. [ 5]

Find the stationary points of f and sketch the graphs of f and its derivative 7 in one diagram,
3 ) :
Evaluate J flx) dx. [4]
0

Turn over.
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3. (1) By considering a suitable graph, or otherwise, find the approximate position of each root of the

equation I
4.?‘2-‘ —— = (). % [r..\}
- <

By drawing an accurate graph of a suitable region, find to two decimal places the value of the root

which is smallest in absolute value. Give a table of the values from which vou plot vour graph. [5]
. . sinx -
(h) Assuming that lim —= = 1, evaluate the limits
) z—+0 I

s l1—cos 2z

(i) hm v,
=
xr—0 -31:

—
St

(i1) lim (r— }w)sec.r.
T

4. A function f has domain the closed interval [—2, 2] and is defined by

flx) = |Je+1|+ =11

Prove that fis an even function. (3

ed

A function g is defined on the interval [—2,2] by

glz) = [ f)dt,
-2

where fis as above. Define the function ¢ by formulae, and sketch carefully the graphs of fand g mone
diagram. [7, 3]

Is it true that g'(x) = f(x) for each value of r in the open interval (—2,2)? Give a brief reason for
VOUr answer. [2]

5. Prove that sinh 36 = 3 sinh 8--4sinh?§. [4]
Given that f(r) = 43 £ 12,2 30,113, use the substitution r = y—4, with a suitable value of 2,
to transform the equation f(x) = 0 into an equation in y with no term in y*. [4]

Use the substitution y = rsinh 4, with a suitable value of 7, to obtain an equation in sinh 38. Hence
using tables, find the real root of the equation f(r) = 0. [4. 3]

6. (a) By considering f'(x), show that the function f given by

flr) = =2+ 5r

is strictly increasing. If g is the inverse function of f, find the value of g'(x) when x = 4. [4, 5]
by fx = 1+12 y = £ find @y in terms of ¢. (6]
] L4t dz?

7. (a) Prove that
(cos @41 8in §)* = cos nf+¢sin nd,

where 7 is any integer, positive, negative or zero. Express cos 6¢ as a polynomial in cos 6. [6, 5]
(b) Find [ sin®z cos’ dz. [4]
8. (a) Prove that the curves
y = €%, y = g-#sinh;r,
cut in exactly two points and determine the tangent of the angle of intersection at each point. [4, 3]
(b) Show that the arc length of the curve y* = x® from the origin to one of the points where x =

3
is 335/27. (8]
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9. (a) Prove that if [, = f tan™f dd where n is any integer > 0, then
0
! ,
[n SR m— = [n>" (n' = 2)
n-—|

Evaluate I to two decimal places.

3
[ log, x
() Evaluate | 282 dr,
o &*
1

. . 1—x .
10. (n) Show that the area of the region hetween the curve ¥ = — = and the lines
x

=1,y =11is

[6]

—log, 2. Find the volume of the solid formed when this region is rotated about the line » — 1. [4.5]
(b) Show that
tm
"~ tanx
e Gy e —fflog, 2.
1 +sin 2x
o

4



