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(b) Using tables, solve the equation

cos0f3sin?:2112
for0<d<360'.
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Answer seven questions

1. (a) By summing the identity
' (rf l)a-"a : 3r2*3r*l

from r : I to n, obtain a formula for 2 r,,,.:1

and check this folmula bv ma,thematical induction.

(b) Solve the equation
l2na | 28rs - 9rz - 28r { 1 2 : g

by writing it in the form

for suitable values of a and b.

2. (a) Using the formula for tan(1f B), and any other basic formulae that you require, shorv that
tan 30 2cos2?lL
ra{: 2*s20-l

(except for certain values of 0, r,r,hich you need not specify, when the various expressions are not, defined).

(c) The quadratic equation rcz-r-k: 0, s.here & is positive, has real roots a and p. X'ind the
quadratic equation whose roots are a-p and p-a. 14]

t4l

t4l
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3. (a) The coefficient of lr3 in the binomial exp-ansior of (l!4x)n,where z is a positive integer, equals
the coeffcient of ra in the expansion of (l{2r)n; find the value of ,2. ' 

tb]
(b) f ind the inverse of the matrix

A:

by rorr reduction, or otherwise. Hence solve the simultaneous equations

2r-yfz: I
2x-2yt\z - - I

rly-22: 3.

Calculate the matrix

fi) 
:[s : ilfi)

;)

fi') 
: (-:

(i
-to

I

u :'=(l I s)'

[3,2]

L2,31Witlwut m,lcul,ating Bz d,irectly, show that Bz : Is, (the 3x 3 identity matrix).

4. (a) The transformations

and
10\

st)
represent reflections of the plane; find the axes of these two reflections. 12, 27

Denote the matrices of these reflections by .E and S respectively; what is the transformation of
the plane determined by the matrix S-B ? t4l

@) Lef randy berealnumberssuchthat r*U: aandry:6. Expressr3f,zT3intermsofoandb.
l2l

Solve the simultaneous equations rly : 2

r'*ya : 98. t5l

5. Let P and Q be points-on the rectangqlar hlperbola ?:U: a2, with co-ordinates (ap, alp) and,
(aO,yiil. Obtain the equation of the hne PQ, and deduce, or obtain otherwise, the equation of the ti,ngent
at P to the h;'perbola. - 

lS, Z)

Sho'r,'that, if the line PQ meets the co-ordinate axes at .4 and B, then the mid-point nl of AB is
the mid-point of PQ also. t5l

Obtain the co-ordinates of the point 7 where rhe tangents at P and @ meet, and show that the line
Jy'T passes through the origin. i5l

6. Find the centres and rafii of the circles Q and Q v'hose equations are

rzlyz-Zr: 0
and r24y2-2y : O

respectively. Draw a figure to illustrate the circles. [b]
The line g : mr through the origin O meets Q and C, again at P and 0. x'ind the co-ordinates

of P and Q. [b]
I-et' A denote the second point of intersection of the two circles. Show that AP and AQ arc

perpendicular. i5l
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7. (a) Firr.d the local maxirna, minima, and points of inflection of the function / defrned by
l3

J@) : i- *r'
Sketch the graph of this function, and explain why the graph is symmetrical about the origin.

(b) The function g is defined by

r-]_l
s@): 12 

.

X'ind the volume of the solid formed when that part of the graph of g lying between r: I and r : Z is
rotated about the r-axis. t4]

8. (a) Differentiate 
JOT1, 

l<;gtanr, e.h,,

simplifying your ansrrers rnhen possible. ll, Z, ZJ

(b) The equal sides AB andr4C of anisosceles triangle have length a, andthe angle at z4 is clenoted
by 20. Show that the radius of the inscribed circle of the triangle is given by

asin0cosdr : lnsind-' t3l

Sl'-iw 15u1, if a is constant and 0 varies between 0o and g0o, the maximum valuo of r occurs when
sin0: (45-l)12. [Youneednotverifythatthisvalueof 0givesamaximumratherthanaminimum.] [E]

t5l

14,21

of
2l

t4l

l5l

9. Deflne the function sin-1, and state the domain and range of this fuaction. Sketch the graph
the funetion. -12,^ 

Z,

Shorv that cos(sin-1r) : JQ-rz), and justifl, the choiee of the positive square root.

Evaluate
r1

J
sin-rn dr.

10. (a) Express drrrin partial fractions, and hence fi"d {#+qd..
(b) Find l*4*

(c) Evaluate
1

I
0
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Answer seven qu,est,ions.

1. (a) Find a quartic equation, with integer coefficients, 'ryhose roots are the four values of l + V2* VB.

(b) Show that if the equation a|!an|{brf c : 0 i6l

has tr,vo roots whose sum is zero, then ab : c. Show also that if ab : c the equation has two roots whose
sum is zero. Hence, or otherwise, solve the equation

4r3l8rz-r-2 : 0. tgl

2. Prove that i r' : [n(ntt)(2n{r). 141r:'L
2n +L

Evaluate >- (- l)r+trz, giving your answer in its simplest form. t5lr:L
Show that the sum of all possible products of two different numbers frorn the set {1,2,2,...,n}is

n(n{1)(n-1)(3nt2)l2t t6l

3. (a) Solve the system of linear equations

r-yflcz: 2

2r{3y-42: 3k

3r-By-62 : 16

in ea,clr of the cases (i) k: I, (ii) fu: - 2.

(b) Shorv that the system of linear equations

:xf3y 8e : iJ

\:-l ,11- 3z- - 2

3t-y{22. - I
lepreserrts tlree piaries which lbrut a triangular prism.

Turn over.

17j
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4. A and, B are 3X3 matrices such that A*B: AB, and -4 is non-singular. Prove t'hat B is non-

singular, and show that A-l+B-t : I,
where 1 is the unit 3X 3 matrix

Given A-

liricl B so tlrtr,t / alrl B sutisty lhc abovc conciitiotis

5. prove that the transformation -E of the plane consisting of an anti-clockwise rotation through an

angle a about the origin O is given by the equation

(il: (:,';; -:::;)ff) r3l

If -B is followed by a translation S in which O maps to the point (h, /c), show that the resultanl,l,rarrs-

fbrrnation SB is given by the equation

(li;)
Ii]

L8l

,*

v"
1 ):(

CoS .Y -- sir cx

sin a cos c(

00

t2-Lu:-."t

flfi)

u,here f e (0,co)

[2] '-"

No1v let -B be the rotation about O through the obtuse airgle tan-1(- f ) and S t'he translation in'which
O maps to the point, (3, a). n'ind the 3 X 3 matrix l,]rich reprcsents the transformation 7 consisting of lS

follouLd by .8.^ (Note that here the translat'ion occurs first'.) 16l

Shorry that ? has a flxed point,, (i.e.'a point which maps to itself), and find its co-ordinates. t4]

6. (a) Aline of slope nz is drawn through the point P(1, 2). Show that this line is a tangent to the ellipse

xzl4yz : lif nz satisfies the equation Zmz{4m_Z: 0.

Deduce that, there are two real tangents to the ellipse through P and that they are perpendicular. l-81

(b) X'ind the centre of the inscribed circle of the triangle formed by the lines v'ith equations

r-l : 0, 3r-4y11:0, 4r{3y-2L:0,
and show that the circle has radius 47160. t7l

7. Show that the parabola Uz : 4axand the circle 4(rzf yz)-Z5an-gyt\o' -: -0 
touch at a point-;

(i.e. have a common ta-ngent theie), and cut at, two other points Q, -E'ivhich lie on the line y : x+ta. [I2]

Show that the common tangent at, P and the chorcl QR are equally inclined to the r-axis. t3l

8. ThepointPintheplanehasco-ordinates(r,y)givenintermsof aparameterlby

t2+l
t'

By consiilering the value o1. r2-y2, shorv that the iocus of P is part of a hyperbola. Sketch the hyperbola
aid indicate t"hat part which is the locus of P. [6.l

Sfugrv th:r,t the lormal to the locrrs at the point f : I is the r-;r,xis. If tiro norrn.ul to the locus itt any
otlier. point rneets the r-axis at the point (r,,, 0),'find e;o in terrns of f, artd find the interval of values rvithin
rvhich r,, must lie. 19]
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9. (o) Show that if a, and b are constants and sin(a -b) + 0, there exist constants L and B (independent
of a) such that sinz _ A _ B

sin(r-a)sin(r-b) - sin(r-a) ' sin(r-b)'
and give the values of .4 and B in terms of a and b. tgl

(b) Bind the general solution of the ecluation

sin0fsin20fsinSd:0. t6l

10. Poiul,s l' and Q il 1,hc Algand diagrarn represeut, the cornplex nurnbels a and zu respectively, where
to : 422*4f Bz. Show that, as P describes the circle givcn by )zl : L, the locus of @ is a second circle. [5]

Prove that the two circles touch, and flnd the complex number corresponding to the point of contact
-4. Show that when P is at either of the points given by z : +(I-3i)14rc thon Q is at ,4. t6l

Showthat, if B is the pointrepresenting -1f 3r,, then the lir;re AB is the common t'angent at,4. [1]
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Ansu;er seven questions

1. Show that the function/ given by

. f(,r\:#+1-q,t2 2

has two stationary points both of which are minima . 14)
X'ind

(i) the domain and range of/,
(ii) f (A) where ,4 is the interval [],21,
(iii) /-1(B) where B is the interval l-+,01,
(iv) an interval of values of n on which / is strictly increasing. 

l_6]

Show that the total area ofthe two regions enclosed between the graph of/and the r-axis is $V2.
t5l

2. (a) A function/is defined on the interval [0,8] as follows:

f (x) : 3-r if r elo,2),
: r-2 if. r e 12,31.

Sketch the graph of /, indicating clearly the point of the graph at any discontinuil,y. State the range of /.
t3l

Sketch the graphs of the composite function / o/ and the inverse function /*1. t6l
(b) Show that the function S defined by

$(") : lr-31- lr*31
is an odd function, and sketch its graph. t6]

Turn over.
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3. Prove that sin ZA :3sin0-4sin30. l2l
Find the value of i, for u.hich the substitution z : y +h transforms the equation

as_Bxz*B: 0

into an equation in y u,ith no term in y2. IJse the substitution y : r sin d, with a suitable value of r, to obtain
an equation for sin 3d. Hence solve the original equation in r, giving each root corlect to three decimal
places. 14,4,5f

4. A chord of a circle clivides the area of the circle in the ratio 3 : I Show that if the chord subtends an
angle 0 (radians) at the centre then d satisfies the equation

sin0 : ?-ln. t4l
Byconsideringthegraphs of y: sin0and A:1-in showthatthisequationhasoneandonly

one real root,. [3]
BJ. a carcrful dra'u.ing of these graphs in a suitable reg^ion, estimate the root, t'o three significa,nt figures.

(Use graph p&per and a suitable large scrile.) l_81

5. By using de Moivre's theorem, or otherwise, express cos4d an<I sin40 each in {,erms of cos0 ancl
sin 0. Hence, or otherwise, show that,

han40 _ 4tan0-4tan30

, I - 6 ta ntr. itanal' 16l

Findther.alueoftan4trwhereaistheacuteangletan-1(]). Hence,orotherwise,showthatoneroot
of the equation za : _7 i2ti
is a : 2fa, and find the other roots of this equation in the fotm a) ib. tgl

6. (o) An arc PQ of a circle subt'ends an acute angle 0 (radians) at the cent're O, andthe tangent at P

meets O Q produced at -8. Show that, sin 0 < 0 < tan 0 anil hence finrl the value of ti6 sral . l5l
r+0 f

By using this value, or othenuise, evaluate the limits

(i) I*l-#Y, (ii) rrm(n-r)cotr. t5l

(b) Showthatifthegraph of y:tt'{(, l0)}rasastationarypoint,at r:nothent}revalueof
fr

ilzyf d,rz at that point is -cosn,. [5]

7. Prove that, cosh(r-l-y) : coshrcoshyf sinh rsinhy. t4l
Showthat if a) b > 0then f (*): ctcoshr-l-bsinhr

can be expressed in the form rcosh(r+k). tsl
Showthatifa:bflthenk:logr.n'indrandfrwhena:13,b:l2,andshowthattheequation

13cosh rll2sinhr : -ai

has roots -log 10 and *-logt-.
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, 8. (o) Define loge (where n > 0) as an integral. Let nbe a positive integer. By considering the area
under the curve ?l : llt, between the ordinates f : n 6ndt: n-l 1, show that

I ln*l\ I

"+r 
< *r\;)' 

"' 
i5l

n+r1 JL fDeducethat ;l<los(z+l)< t -.4, 4,
Hence show that log7 : 2 correct to the nearest integer. 14]

(b) Differentiate the following functions and in each case state the greatest interval of values of z
for wliich the result holds: &

f,(*) :.,"-'(=+), f,(*) : t ^lrr+"t 
ot. t6l

0

9. (a) By using the substitution r : 4sin20-l2cos20, or otherwise, evaluate

dr. t6l

il*,

giving your answer correct to three significant figures. tel

10. A curve is given by the parametric equations

r:ct,cos3t, y:asirlst,
where a ) 0 and0 {-, ( t-..-Showthatif Pisanypointofthecurvewithparameterf,where 0.it < Lr,
and the tangent at, P meets the co-ordinate axes at Q and -8, then QR : constant : a. iOl

Show that the normal at P has equation

r cos f -y sin t : a cos2t. tg]
n'ind the length of the curve. t6l

JIW)
1r lt2

) *!2.u1-2
0

(b) Evaluate
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