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General Certificate of Education

Advanced Level
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Safon Uwch
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MATHEMATICS A 1

Pure Mathematics

A.M. WEDNESDAY, 3 lune 1992

(3 Hours)

Ansn*er all questions in Section A and four que.stions./iom Section B

A calculator may be used except xhere it is expressl.y,forbidden.

SecrroN A

Ansy'et all questions in this section.

l. Find, correct to the nearest degree, ail the values of 0 between 0' and 360' satisfying the equation

8cos26+2sin0:j. t4l

2. Use the trapezium rule with 5 ordinates and interval width 0.25 to flnd an approximate value of the
integral

i,', o,

Give your answer correct to 2 decimal places.

3. The cubic function/is given by

f(x):x3 +axz-4x*b
where a, b are constants.

Given that (x * 2) is a factor of/(x) and that a remainder of 6 is obtained when/(x) is divided by
(x + l). find the values of a and b. t4I
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4. Show that the point 
*',

Show further that, at P,

flnd expressions for

. dt.(r) --1.
dx

1) ri.. on the curve-1'2-5 : I fr:rr all non-zero vaiues of the parameterp
p/

d1, 1

d.x 2p'

Hence flnd the equation of the tangent to the curve at P. t5l

G

2m

o
<___>

lm

The figure shows a cuboid in which OA : I m. O(: : 3 m and OD : f m. Taking O as origin and
unit vectors i, j, k in the directions O4, OC, OD respectively, express in terms ol i. j. k the vectors

(i) oF
and (ii) AG.

By considering an appropriate scalar product. flnd the acute angle betu'een the diagonals OF and
AG. tsl

6. Given that

D

F

B

A

-Y
ev

and t!
dx2

ii)(

dlr
Hence find the x coordinates of the two points on the graph oll lor r.rhich -; ir equal to zero.

d,r'
Show that these are both points of inflection. t5l
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7. The complex numbers u, u arld w are related by the equation

1_1-1----r-'
u u lr''

Given that u - I - 3i and w : 2* i, show that

u: it ls - il

Calculate, correct to 3 significant figures,

(i) the modulus of z,

(ii) the argument, in radians, of a.

t6l

8. An arithmetic progression has lirst term a and common difference d. where d > O. Given that the
lst, 2nd and 4th terms are consecutive terms ol a geometric progression, show that

d:u
Given further that the sum of the flrst 5 terms of the arithmetic progression is 45, find the common
value of a and d.

The sum of the first n terms of the arithmetic proeression is 108. Find the value of n. Ul

2010 Turn over.
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SscrIoN B

Answer four questions from this section.

9, The points (5, 5) and (- 3, - l) are the ends of a diameter of the circle C with centre,4. Write down
the coordinates of A and show that the equation of C is

x2+y'-2x-4y-20:0. t3l

ThelineZ,withequation!:3x-16meetsCatthepointsPandQ.Showthatthexcoordinates
of P and Q satisfy the equation

,'- llx*30:0.
Hence find the coordinates of P and Q. t3]

Write down the gradients of AP and AQ. Hence calculate the area of
(i) the triangle APQ,

(ii) the sector APQ

t6l

Calculate the gradient of the tangent to C at P. Find the acute angle between l, and this tangent.

t3l

10. The points A, C have position vectors a, c with respect to an origin O. D is a point an AC which
divides AC in the ratio ): 1 - ), where 0 < ,.\ < l. Show lrom first principles that D has position
vector

(l-i)a+ic. 12)

B is a further point such that OB is a diagonal of the parallelogram OABC. The point E divides AB
in the ratio I :3 and the line ED meets OA at F.

(i) Show that E has position vector

a + jc. 12)

Denoting the position vector of F by pr a, show that

(ii) FD:(l -)-p)a*Ac, t2)
(iii) FE : (1 - p)a + lac. t2)
By noting that FD is a scalar multiple of FE, show that

l-5i
It l -41

(iv) Find the value of ) such that F is the mid-point of OA.

(v) Find the range of values of ) such that F lies between O and A.

t3l

121

t2l
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11. By expanding both sides of the identity

/-\/-\
scos(0 -;) - 3cos(0 *;)=rcat{o -u)

show that r : 7 and find the acute angle ry in radians correct to 3 decimal places..

(i) Find all the values of 0 in the range [0,2n) satisfying rhe equation

s.o,(o - 1) -:.o,(a * 1): +\ 1/ \ 3/
(ii) Show that

l6l

14)

t5l
r d0 I

,7

coseca * cota
secd-tand

1n

5 cos 0 o *:)i) - ""'(
12. {a) In the binomial expansion of (l + mx)n. the coefficients of x and *' ure equal and the

coefficient of x3 is twice the coefficient of rl.
Find the non-zerc values of m and n. t5]

(b) ExPress 
r+rrl/r.rt:-+_

(l +.r')-11 - 3i.)

in partial fractions. t5l
Hence, or otherwise, expand f(;r) in the form

"f(*): a * bx + c-rr + ..
rvhere the values of a, b, c should be stated. For rvhat range olvalues of x is this expansion valid?

tsl

13. (i) The function/is def,ned by

.f (x):-_l- (-r I o, x * t)
t-.1.

Given that h : f " J', obtain expressions for
(a) h(x)

and (b) h"f(x).
Hence, or otherwise, obtain an expression for/-t1x;.
(ii) The function g is defined by

. S(r):lx-21 (*r,.< x<'n)
' Sketch the graphs ofl and g on the same axes.

Find the x coordinate of the single point of intersection of the two graphs.

(iii) Solve the equation

$rg(x): i;.

lsl

l3l

17l
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14. F

C

H E D G

The flgure shours a square BCDE of side a inscribed in an isosceles triangle FGH in which FG : FH
and HFG :20.
Show that the area,4 of the triangle FGH is given by

A::o'(+, + r + 1) where t: tano. L4l4 \ t)
(i) Show that the minimum value of A as t varies is 2a2 . State the corresponding value of 0. 15]

(ii) The value of 0 is increased by a small amount 60. Show that this results in an increase 6,4 in I
given by

2
-osl = 

!-(4t2 - t)(r2 + tt60.

Hence find the approximate increase in I when 0 is increased from 45' to 45'5'. Give your
answer in the form la2 where i is a constant which should be given correct to 2 significant
figures. t6l

15. The function/is deflned on the domain (- co, co) by

trf(r):. )'l+x
Obtain an expression for/'(x)
Sketch the graph ofl t4)
(i) The region R is bounded by the graph of f,the x-axis and the ordinates x:1and x: 3.

Show that the area of n is jh S. l4l
(ii) ,R is rotated through four right-angles about the x-axis. Using the substitution x : tan 0, show

that the volume V of the solid generated is given by

(tL,l
.Jt

4

V- sin2 d dB

where oc is an angle whose tangent should be stated.

Hence evaluate V, giving your answer correct to 3 decimal places. 17)

B
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Genera! Certificate of Education

Advanced Level

CYD.BWYLLGOR ADDYSG CYMRU
Tystysgrif Addysg Gyffredinot

Safon Uwch

MATHEMATICS A 2

Mechanics

a.u. Tnunsoay, ll June 1992

(3 Hours)

Answer a,ll questions in section A and four quesrions from section B.

A calculator may be used except vhere ir i.s e.rpres.slt'.forbirtden.

[g:98ms-2]

SrcrroN A

Answer all question,s in this section

1. A water.pump raises 40 kg of water a second through a height of 20 m and ejects it with a speed of
45ms-1. Find the kinetic energy and potential energy per second given to the water and the
effective rate at which the pump is working. t3l

2. The velocity v (in ms-r) of a particle at time / seconds is grven by

v - e41i + ae '.i

where a is a constant. Find the acceieration of the particle and determile tfie condition that has to
be satisfied by a in order that the veiocity and acceleration are perpenclicular for some value ofI>o' vl

2411 *AAn12
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3. A car travels at steady speed on a horizontal winding road.

(a) State whether the velocity is

(i) always zero,

(ii) always constant but not zero,

(iii) variable.

Give a reason for your choice of answer.

(b) State whether the acceleration is

(i) always constant,

(ii) always parallel to the velocity,
(iii) variable but not always parallel to the velocity.

Give a reason for your choice of answer.

12)

121

4. A smooth loop of wire in the form of a circle, centre O and of radius 0.3 m, is flxed in a verticai
plane. A bead of mass 0'5 kg is threaded on the wire and projected with speed u m s 1 from rhe
lowest point of the wire so that it comes to instantaneous rest at a height of 0'l m above the level of
O. Find

1i) the value of a,

(ii) the reaction of the wire on the particle when the particle is level with O.

t5l

5. At time I : 0 seconds, the position vectors (in metres) of two particles A and B are 7i + 9j and
5i + 3i respectively, and the particles are moving at all times with constant velocities (in m s -') of
4i - 7j and 9i * 8j respectively.

(o) Write down the velocity of B relative to A.

(b) Find the position vector of B relative to A at time / seconds.

(c) Determine whether the particles will collide.

(d) Find the cosine of the angle between their velocities.

t7l

6.
P

Fig. I

Fig. I shows a particie P, of mass 5ru, on a rr:ugh plane, connected by a light inextensible string
passing over a srnall smooth pulley at the top of'the piane to a particle $ oi mass 10ru which is
hanging freely. The string rs parailel to a line ci greatest siope of tlie piane. The coefficient of
friction between F and the piarre is j;,nd t,he plane is inclined at an angie sin i ] to the horizontal"
The particles Bre released fi"om rest. Find the tension in the string dul'ing the subsequent motion.

tsl
After I has dropped a distance l0c'it hits an inelastir: horizontal plane. Assurnrng rliat P Coes not
reach the pulley, find the further distence travelled by P irefo,re first ccming to instantaneous rest.

14l

O
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7. A particle of mass 0 2 kg rnoves in a horizontal straighi trine under the a,cticn of a resistive force
directly proportional to its speed. The force is 2 N rvhen the particle is moving wrth speed l0 m s 

- r.

Given that the speed is u m s t at time I seconcis. shov,, tha.t

dr

Fr\

dr
L'

Find

(i) the time raken tbr the speed to decrease from 4rnr-'to 2ils-1.
(ii) the distance travelled during this period.

t8l

Sncuox B

Answ e r four qtre s t i o r t.t .t). ct r tr t lt i s .s e c t ion

8. A car olmass l300kg tows a trailer of mass irr ku along a levei road. The resistance on the car is
1000 N and that on the trailer is 1._i nr \
(.a) Find the power developed br the ..1r s .nsine .,r,hen n, : 600 and the car and trailer are

moving at a steadr speed ,-ri lttm : tyl
(b) Given that nt: -00. the car's speed is l-i m s 1 and its engine is working at a steady rate of

75 kW. find

(i) the acceleratton oi the car and trailer.
(ii) the tension in the coupling betrieen rhe car and trailer.

t6l
State uhether or not the car and trailer can maintain a steady speed of 25ms-l with the engine
working at a steadr,' rate ol75 kW. tl]
(c) Given that the safest minimum speed for travel on a motorway is lSms-land that the car

engine is working at a rate of 72 kW, flnd the range of possible values ol ru so that the car and
trailer can travel at sf,eady speeds rvhich are no lower tharr the safest minimum speed. t3]

(d) For m : 400 find the work ,ione in attarning a speed of 10 m s -' in a clrstance of 100 m from
rest. t3l

9. One end oi^a light elastic string of modulus 4'9N and natural iength 0.5rn is attaehed to a fixed
point A and a particle of mass 0'1 kg is attached to the other end. The particle is held at A and,
released from rest. Its speed after it has dropped a distance of x rnetres is o ms-1.
(i) Write down an expression for its speed when x ( 0.5.' (ii) Show, by use of energy, or ctherwise, that for x V 0.5, uz : il7"6x - glx2 * 24.5.

(iii) Show that the acceieration of, the particle, far x E 0.5, is 98(0.6 - x). 
t6l

Deduce that, for x 2 A'5, the motion is simple harmonic. Find the position of the centre of the
sirnpie harmonic motion and the time taken fiom the centre to the iowest point reacheci. t5]
(iv) Find the maximum speec and the maxirnum depth reached below,4. t4l



10. Find the solution of

d2n dn

*rn'o;*17P:34'

suchthat p:2'5una$:0when1:0. L7)
dt

In an economic model the demand D (the amount required) lor a particular item is given by

d2n dnD:6or*r;*6p+16

where p is the price in pounds of the item at time r months. Similarly the supply S (the amount
available) is given by

d2n dnS:7-"+9-L+l3p-18.
dt' dr

Given that S : D and that. at 1 : 0. p : 2'5rna I : 0 find
dt

(i) the price after a long time. t3l
(ii) the lowest price at which the item can be bought and the time when this would be possible.

t5l

11. (,a) Inauniformtriangularlamina ABCthesides,4.Band-,1Care equal,.BCisof length2handthe
perpendicular distance of ,{ from BC is 3h. Show. by integration, that the centre of mass of the
lamina is at a distance 2h from A. t4l

B

C
Fig. 2

Fig. 2 shows the composite iamina formed by joining the edge BC of the above iamina to one of the
edges of a uniform sguare lamina, made of the same material, and of ecige 2ir. Find the distance of
the centre of mass o{''.he composite larnina from the point A. t3]

(b) Two particles P, anci P2, ci rnass fi and 2m respectively, aifl at re:,t on a smooth horizontal
plane and joined together by a light inextensible string oi le irgth 3r, with the string just taut.
An impulse of magnitu<le Srut: is appiied to P, at an ang1e.o, -' Ito P,frin the sense rvhich
causes bof.h particles to rn<ive immediately. Find

(i) the veloc;ties r;f both particles immediately aiter the inip-ulse is ai:plied,

(ii) the impulsive tension in the string.

(iii) the kinetic energy crealeci by the impulse.

i8l

A
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12. Trvo small smooch spheres P and Q of eq,.lal radiul but ct mass 2m and 4m respectiveil,are nncving
directiy towards each other on a smooth iiorizsrnial tabk: with speeds 2u and 3u, respectively. The
coiiision is such that Q receives an in'lpdse of magnitude \amu" where a is a constant.
(i) Find the speeds of the spheres irnmecliateiy ;-fter collision. t6l
(ii) Find the coefficient of restitutron and deriucr the range of possible values of a. t6]
(iii) Find the value of c such that the total kinetic energy after collisi on is 6rnuz'.' t3l

13. Apoint Ois verticallyabove a fixedpointl of ahorizor.tal plane. Aparticle Pis projected from O
with-speed 5V at an angle cos -l ! above the horizontal and hits the plane at a point B at adistance
4gv2_ from /.

o

(i) show that the height of o above ,1, ir6a!'. t5lg

(ii) Find the distance of P from o when it is directly ievel with ir. t'21

A second particle is nou'projected with speed 24W from O at an angle of a above the horizontal
and it also hits the plane at B. Find an equation involving V. ll', and a. t3]
Given that one value ol : is 45' find Il in terms of L'and shorv that the other value of a is such that

7 tan:z - 6tana - I :0. 
t5]

Fig. 3

Fig. 3 shows a unilorm rod AB of weight W and length 2afreely hinged to a fixed point at l. When
a weight 2W is attached at B, the rod is kept in equilibrium by a force of magnitude p acting at C
perpendicular to AB, in the vertical plane containing AB.lnthe equilibrium position AB isinclined
at angle 0(>0) to the horizontal and AC: b(a < & < 2a). By taking moments about A, or
otherwise, f;nd P. I3l
Find also

(i) the vertical and horizontal cornponents of tire r*actior: at .4, t5]
(ii) the maximurn value of the horizontal component of the reaction at A as 0 varies, 12)
(iii) the value of alb when the reaction at A is along the rr;d, t}l
(iv) cos2 d when the reaction at I acts at an angle I ta the upward vertical. t3]

P

C

14.

0

A
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WEI,SH JOINT EDUCATION COMMITTEE

General Cerfficate of Education

Advanced Level

CYD.BWYLLGOR ADDYSG CYMRU

Tystysgrif Addysg Gyffredinol

Safon Uwch

MATHEMATICS A 3

Probability and Statistics

P.M. TUESDAy. 16 June 1992

(3 Hours)

Answer all questions in Section A and four questions from Section B,

A calculator ma), be used except xhere it is erpressly forbidden.

, SscuoN A

Answer all questions in this section

1. A box contains 10 videos of which 6 are fllms and 4 are educational. If 4 of these videos are chosen

at random calculate the probabiiities that

(i) all four will be fllms,

(ii) two will be films and the other two educational.

t3l

2. Mass-produced pipes have internal diameters that are Norma li_v- distributed with mean 1 0 cm and
standard deviation 0'4 cm.

(i) Calculate, correct to three decimal places, the probability ttrat a randomll'chosen pipe will
have an internal diameter greater than 10'3 cm.

(ii) Find the value ol d, correct to two decimal places. if 95% of the pipes have internal diarneters
greater than d crn.

t4l
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3. A faotory has three macirines A, B, ar,.d C producing a particular type of itern. In a day's outpur
5Aok af the items are prr;duced om A,30% orr B, and 2Anh an C. A randomiy chosen item from
those produced on A has probability 0'01 of treing defective" the co.rresponding probabilities for
items produced on B and C beilrg 0.02 and 0.03, respective!3,".

(i) If an item is chosen at ranilom frorn a day's ouiput calculate the prcbabilitS, that it will bc
defective.

(ii) Given that two itenrs chosen at random from a day's output were g,,roduced on the same
machine and were both defective, calculate the conditional probabilit",, that both items were
produced on;{.

t5l

4. Two variables ,t and u are known to be related iinearly. in the fbim.r : d * B,x. To investigate this
relationship lour experiments were conducted with r having the vaiues 10, 20, 30. and 40,
respectively. The corresponding values of y were then measured. A measured value of y is a random
observation from a Normal distribution having mean equal to the true value of y and standard
deviation l'2. On applying the method of least-squares to the experimental resuits the estimated
relationshrp was

y:8'4+l6';.
(i) Find the mean of the lour measured values of .i,.

(ii) Calculate a 95o/o confidence interval for the r alue of 6.

t6l

5. A loaded die is such that when it is thrown the probabilitl' of obtaining a score of 6 is 0.25. In five
independent throu's of the die calculate, correct to three decimal places, the probabilities that
(i) a 6 will be obtained exactly once,

(ii) a 6 u,ill be obtained for the first time on the fifth throw,
(iii) a 6 rvill be obtained for the second time on the fifth throw. 

Ul

6. Tlte number of accidents occurring in a factory over a period of r weeks has a Poisson distribution
uith mean 2 l5r.
(i) Calculate, correct to three decimal places, the probability that there will be exactly 3 accidents

during a particular week.

(ii) Use tables to find. correct to three decrmai places. the probability that over a period of four
weeks the total number of accidents r,,ill he 5. 6 or 7.

(iii) Use an appropriate distributional approxirnaticn to calculate the probability that over a
period of 25 weeks the total number of accicients wiil be 50 or more; give your answer correct
to three decimal places. 

Ul

2012



7. The continuous randr:m variable X has probability density function/, where

4x'
ll,r):1" for0<r(d,

d

./(x): 0, otherwise.

(i) Fin<l the mean and the varianc:e of X in terms of a. Deduce the values of the mean and the
variance of

7a-5X
1,4,* 

o

(ii) If -f, is the mean of a random sample of 24 observations of X show that

5_
'r1 L/
'-4n

is an unbiased estimator of a. Express the standard error of 7in terms of a.

t8l

SpcrroN B

Ansx,er four questions from tltis section

8. Mass produced steel ball bearings have diameters that are \ormally distributed with mean ir mm
and standard deviation o mm. A random sample of 9 oi the bail bearings had the following' 
diameters (in mm):

5.01, 5.03, 4.96, 4.91, 4.96, 5.06. 5 02. 4.94, 4.93

You are given that the sum of these 9 diameters is 44'81 ancl that the sum of their squares is
223.2248.

(o) Calculate 95% confidence limits for g. in each of the cases uhen

(i) o is known to be equal to 0.03,

(ii) o is unknown.

t8l

(6) Given that l0% of all the ball bearings produced have diameters less than 4.95mrn and that
Sohhave diameters greater than 5'05 mm, determine the r,alues of p and o, giving each answer
correct to two decirnal places.

lll

9. Tlie continuous random variable X has probabiiity density function/given by

l(.r)-3c, fbr0(x<1,
JU):c{4-x), forl(r{4,
/(-x) : 0, otherwise.

(a) Show that c : 2115. 12)

(bi Find the mean vaiue of X. t3l

(.) Find expressions for F(x), where F is the curnulative distribution function ol X, indicating
cleariy the values of x for which each expression is valid. Hence, or otherwise,

(i) evaluate P(0'5 < X < 2.5),

(ii) determirie the cumuiative distribution function of Y : .lg - n
[10]
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10" An envelope contains l0 stantps, inclucling 7 of value 20 pence and 3 of value 25 pence.

(ii Find the mea-n, pr, aird the vananc{r, rr2, oi'the values of these 10 starnps. t3j
Four erf the 1il stamps are tc be cho:en at ranciorn. Let Trdenote the total value rf the 4 chosen
stamps if they are to be choscn witbout replacement. and iet f, denote their total value if the_v

are to be chosen with replacement.

(il) Find the sarnpling distribution of i' and evaluate its mean and variance.

Explain why E(f') : 4p. and why Var(Ir'i ,* 4c2. 16l

(iii) Find the sampling ciistribution of '!, and evaluate its mean and variance.

Explain hou' the values of E(72) and Var(Ir) could have been obtained without flrst finding
the sampling distribution of 7r. t6l

11. In a certain game two fair cubical dice are throu'n together. In one throw of the two dice let X
denote the number of 6s that occur and let )'denote the number of even scores (including 6) that
OCCUT.

(a'l Showthat PtX:0, Y: l): ll3 and th:rt Pr}': 1, )':2): ll9. t3l

(.b) Derive the ioint probability distributron ol I anci l-. dispiaying it in the fbrm ol a two-way
table. Use your tabie to evaluate the mean and the variance of .I- verifying your answers using
the formulae for the mean and the variance ol a binondal distribution. t6]

(,,) In each play of this game the thrcu er o f the dice receives three pence for every 6 that occurs
and one penny for every even score other than a 6 that occurs. Let W pence denote the amount
that the player will receiie in one throx. Find the mean and the variance of W. t6]

12. A newsagent stocks coples ol trr o gardening magazines, Gardening try'ews and Toclay's Garden,both
of'which are published monthlr. In an1'month, ttre number o[customers requiring the current issue
ol Gardening -\-or-s has the Poisson dislribution with mean 10 and, independently, the number
requirrng the current tssue of Today's Garderi has the Poisson distribution with mean 5. In each
month the nex'sagent has only' 10 copies of Gardening A'ews and oniy 5 copies of Today's Garden
available for salc.

(n) Find

(i) the most probable number of copies of 'Today's Garden that will be sold in a month,
(ii) the mean value, correct to two decimal Dlaces, of the number of copies of Today's Garden

sold per month.

U]

(b) Find, correct to three decimal places, the probabilit;v that in a month

(i) the newsagent rvill sell exactiy 5 c,:pies of Gardening l,lews and exactly 4 copies of Today's
Garden,

(ii) rhe newsagent will sell all l0 copies of Gardening News but only at most 4 copies of
Toda1"3 Gardert'

(iii) the newsagent will not be at'ie to cupply thc rnagazine of the choice of at ieast one
customer' 

tg]
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X3. The hr:ights of the male students at a large coliege are Normally distributed with mean i B0 cm and
standiird devration 4 cm" Indepeirdenllv, the heights of the female students at the coilege are
Normally r.iistributed with mean 170 cm and standard deviation 5 cm.

(o) If one male stucient an<l one feinale student are chosen at random evaluate, corrr:ct to three
decimal places, the probability that

ii) both will be taller than 175crn.

{ii) the female student will be taller than the maie student.

[7]

(b) Il'two male students and three female students are chosen at random evaluate, correct to three
decimal places, the probabilitir that

(i) the mean of the heights of the three female students rvill be greater than the mean of the
heights of the two male students,

(ii) the sum of the heights of all five students w'ill be sreater than 850 cm.

tBl

14. A choconut is a sweet consisting ol a nut coated with chocoiate, The nut may be an almond or a
castrew. Of the choconuts produced 60o/o nave almond centres and -109/o have cashew centres.

(a) If l0 choconuts are chosen at random from production use tables to find the probability,
correct to three decimal places. thai irom 5 to 8, inclusive. of them *il1 have aimond centres.

121

(6) If a jar contains 80 choconuts drar,'n at random from production use a Normal approximation
to find the probability, correct to t\\ o decimal places. that at ieast 50 of the choconuts in the jar
have almond centres" l4l

(c) LJse a Normal approximation (ignoring the continuity correction) to find the numbrer oi
choconuts that should be sampied at random lrom produc:tion ibr there to be a probability of
about 0'9-5 that the sample will include more aimond centres than cashew centres. trll

(d) Suppose that the production process has been mcdified and that the proportion of choconuts
having almond centres is d. In a random sample of 100 choconuts from this production
process it was found that 70 of them had almond centres. Write down an unbiased estimate, p,

of I and calculate an estirnate of the standard error of p. Assuming that the sanrpiing
distribution of p is approximately Normal, calculate 95% confidence limits for 0. I5l
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Answer all questions in Section A and four questions from Section B.

A calculator may be used e.xcept where it is expres,sly.f'orbidden.

SscrroN A

Ansx'er all questions in this section.

1. Find the inverse of the matrix

2. Show that

I
O, :1

2
I

x

3. The roots of the cubic equation

*'*3.r'*6x-io:o
are denoted by a, F and y.

Show that

*'+F'*y2:_3.
Explain why this result shows l.hat only one of the roots is real"

Ii i i]
tsl

2
I

I

Jr
1
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4" Given that f(x) : x, show from first principles that

j'(x) : 1.

Assuming the product rule for differentiation and using the icltntity vn*I = x. xn, use

mathematical induction to prove that

n-lnx

for all positive integral n. t5l

5. Given that

show that

d

d,
xn)(

"Ixv

*:x'(r + rn,r): +.r.'-I
dx'

I,: f a' sina 
.d 

g

tsl

6. Show that the equation

tan x : 2-r

has a root in the interval (1'1, I 2).

Use the Newton-Raphson method to f,nd the value ol this root correct to 3 decimal places. t5]

7. Given that

show that, for n 2 2,

Deduce that

8. Given that

Ir: nn - n(n - l) Ir- 2.

Io:n^-l2tr2+48.

/(r): [',,,n-'(.')d,
Jo

show that

.f "(x) : Isech x.

Hence find the first two ncn-zero terms of the Maclaurin series for./(.x)

t6l

tsl

20i3



Srct',oN Ii

Answer foar t1ue,rticns.froruu this settion.

9. The line 1-, with direction ratios l:3:trr, passing througir the point (^, 14, l) intersects at righi-a,gles
the line t" with cquations

x-5 y-15 ;-9
7 -5 4

(i) Shou that p : 2.

Find

(ii) the value of ,\,
(iii) the coordinates of the point of intersection of L, and Lr.

The normal to the plane lrcontaining L, andz. has direction ratios p: q: r. 
U]

Write down the conditions for this normal to be perpendicular to both L, and L, andhence obtain
values for p, q and r.

Deduce,the cartesian equation of 11. 
t5l

The line r, has direction ratios l: - 3 :2 and passes through the point (3,4, l0).
Find the coordinates of the point of intersection of 1_. and 11. t3]

10. Show that the tangents at the points P@p',2ap) and e@q2,2aq)tothe parabol sy2 :4axintersect
at the point R(apq.a[p + q]). 

t5l
The chord PQ passes through the point (a,0).
(i) Shou that

pq: -1.
(ii) Write down the equation of the locus of R as p varies.
(iii) Show that the coordinates of the mid-point M of pe are

(:,1,,.;) ,1,-;l)
Hence find the equation of the locus of M as p varies.

t3l

tll

t6l

20r3 Turn over.



11. Express

in partial fractions

(i) Show that

Deduce the value of

(ii) Show that

2(r + 3)

r(r+l)(r+2)

t 2u*3) 5 t2n+5)

Li+Do+rt:r-,n-tth+2)

l5l

i5j

i4]

i6l

14

.{-
lJl

r:l

lim y zt'+:'
n -,. L r(r * l)(r -r l)

r:l

2n

2(r + 3) 4n2 + llnI r(r + l)(r + 2) 2(n + l)(n + l) (2n + l)
r:n*l

12. Using the exponential deflnitions of the hyperbolic lunctions. show that

(i) cosh(l + B) : cosh I cosh B * sinh .4 sinh B

' I ftj\where-l<r<l(ii) tanh-'x:r,r\t_*)

Given that

acosh x * bsinh x : rcosh(-r * z)

wherea>b>0,showthat

o:)^(-_)

and find an expression for r in terms of a and b.

Find the two real roots of the equation

13coshx * 5sinhx:20
expressing your answers as natural logarithms.

2013



13. (i) Assuming the formula for tair 20 in terms cf tan 0" show that

3 tan # -- tant 0. tan30:-
| -- 3tan'0

Hence show that

3tan-'l:tun-';-' t5l

(ii) One of the cube roots of l8 * 26i is represented b;v a poiirt lying in the first quadrant of the
Argand diagrarn. This cube root is denoted by u'. rJsing che result in (i). show that

?r$lr':tan-'j,
Hence express w in cartesian form. t5]

(iii) Find, also in cartesian form, the other two cube roots of 18 + 26i. t5l

74. R denotes an anticlockwise rotation of the plane through an angle a about the point P(h, k). By
considering R as a translation which takes P to the origin O, followed by an anticlockwise rotation
of the plane through an angle a about O, followed by a translation which takes O to P, show that
the matrix representing R is given by

l- cosa -sina -/rcos'r.+ksina+fr I
I sinfl cos7. -hsint-kcosy.+k ILoor_.1 t6l

R, is an anticlockwise rotation through 120' about the point (-1,0) and R, is an anticlockwise
rotation through 120" about the point ( 1. 0). Write down the matrices corresponding to R, and Rr.

l2l
R, is the composite translormatron 'R, followed by' R:'. Find the matrix representing R.,. Hence
show that R, is qr rotation and determine

(it the angle of the rotation

(ii) the centre oI the rotation.

U)

2At3 Turn over.



15.

v

A

o

B

C

J

The figure shows the curve C with parametric equations

r:2sing+sin20 /0"8..)
):2cos0-cos20\ -r/

The values of 0 at the points A, B are nespectively 0. 1.
-)

(i) Show that

d;r 30 0_ _ 4cOS_cos_d022

and obtain a similar dY
exPressron lor do- L+l

(ii) Show that the length of the arc ,4B is !. t4l
(iii) Show that the area of the region R enclosed by C, the "r and -r' axes and the ordinate through B

can be expressed in the form
nr J

2 | 12cos20 + cos 0cos20 -.or'20)d0.
Jo

Hence find this area correct to 3 significant figures. t7)
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Ssc;rrox A

Pure Mathematics

No more than faur quesiicns sitouirl be ansv'ered from this section.

1. (a) By considering a suitable area under the curve "rl' : I, show that for r ) C,

-'_-.rnl'*l\.1rt. 1 \ r ) r

Hence show that

v.,ln(l + nl . 
).:<l 

+lnn
r-l

where n is a positive integer.

Deduce an approximate value for
lou

r-1

y1
/-t r

i
r:1

l6l

t4l

t5l

Let

Show that, for all positive integral n,

(i) 0< Unll,
(ii) U,+r I U,.

(b) Show that, for integral r > 4,

U,
1

- - lnn
r

lll_<____.
rl" r-l r

Use this result to show that

for all positive integral n.

n

I 1

-<2yl.
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2. (a) C

A L B

The figure shows a straight river ol constant wtdth i4z. A, B, C are trees on the two river
banks. A surveyor standing on the same river Lrank as A and B rvishes to determine the width
of the river. He therefore rnakes tire folloiring measurements:

AB : ,t. (.48 = :i CBA : B.

Find an expression for W in terns oi a. :,. and p.

The surveyor reaiises that he made a smail error 6ry in measurtng CIB although his other
measurements were accurate. Shou that the percentage error irr lV is given approximately by

100 6r sin B f11[/]
srn s sin (a + F)

(b) Show that the equation

sin x (sin "x + cos x) : a

has real roots if and only if

Itt*uq<o<}(t +rhl
Given that this condition is satisfied, find the general solution of'the equation.

Write down the maximum and minimum values of the expression

sinx(sinx + cos x). t8l

2At7 Turn over.



3. {a)

(b)

The i;npianar poinrs C, A, B, C are such that C,4 is perpendicuiar to BC and OB is
perlre:di;ula.,' to C,'J.

Writirrg a : OA, b : OB, and c : OC, show ih;rt

a.b:b.c:c.a.
Deduce that OC is perpendicular to AB.\lse this result lo show ttr:at the three altitudes of a
triangie are concurrent. t4l

AtA2A3A4is a tetrahedron in which the perpendiculars from the lour vertices to the opposite

faces are concurrent at the point O. Writing a, : OA1, az : ()Ar, a3 : OAj and ao : OA+,

show that the valui: of a,. a" is the same lor all possible pairs i'. s (r * s).

Deduce that

(i) all pairs of edges which do not meet are perpendicular,

(ii) the foot of the perpendicular from any vertex to the opposite face is also the point of
concurrence of the altitudes of that face. [ 1]

4. [You may assume in this question that the curved surface area of a right circular cone is rrrl. where r
is the base radius and / the slant height.l

It is required to construct a container in the shape of a right circuiar cone with no base. Given that
the curved surface area is to be l00c*', .rp.ers the volurne Vcm3 of the cone in terms of its
semi-vertical angie 0. Hence show that as 0 varies, the maximum value of V is approximately 117.

i6l

Suppose now that the container is to be closed and that the total surface area ofthe cone. that is the
curved surface area plus the area of the circular base, is to remain 100 cm2. Show that the volume is

now given by

rt2 l06 cotr0
- t,1l . ."'* ot'

Hence find the new maximum value of Z. t9l

5. The curve C has equation

x (-1<x<3)v-
3+2x-x2

(i) Show that C has no stationary points. l2l
(ii) Given that C has one point of inflection find its x coordinate. t3l

(iii) Sketch C. l2l

(iv) Using the substitution x: I * 2sin0, or otherwise, show that the area of the region R

enclosed by C, the positive x-axis and the line x : 2 is e, ' 7r'
qual to -. t3l

(v) The region R is rotated ttrrough four right-angles about the x-axis. Find the volume of the
solid generated, giving your answer correct to 2 decimal places. t5]

2At7



Szcrrox B

h{echanics

Nc mrtre than four questions shot,i.ld be ansyvere*l .t'rom ihi.c seciiL)n.

[g:9'sms ')

6. A particle is projected fiom a point I on a horizontal plane with speed u al an angle a to the
horizontal. The particle rises to a maximum height /r above the plane at the point B. Given thal,
relative to a point O on the plane verticaily belou B. the particle has horizontal and verticai
displacements X and I, respectively, show that

y:-pXl+h.

where p should be expressed in terms of u, g and z. t6]

The particle passes in succession through the points whose coordinates relative to O are

( -4, a

C
VJ

2 ) (-; .,u8.) . Find /r in terms ol a and show that

-JL
Ll r,,

b, -:- : a,

,5
oA:\ a

2

7. The vectors a and b vary with time r and satisfy the equations

da

tel

t7)

dt dt

Find,assumingthataandbarenotparallel,thescaiarconstantspandqsothatpacosr+bsinr
and q a sin r * b cos r are both constant vectors. t9]

Giventhat.when/:0,a:candb:dwherecanddareconstantvectors.expressaintermsol
c,dand/ [3]

trind the vector differential equation satisfied by a and verify that your lorm lor a satisfies it t3]

8. A particle P is threaded on a rough wire in the form of a crrcle of radius a and centre O. The wire is
fixed in a vertical plane and P is released from rest lrom a point level with O. The coefficient of
friction between the wire and P is denoted by ii. Show that when OP makes an angle 0 with the
horizontal, the angrrlar speed o of P about 0 satisfies

fd(-2)o< * luto
i. d0

2 :2g(cos 0 * psind).

Find <o 
2 in terms of a, g, p and,0 and show that. if the particle comes to rest on first reaching the

lowest point of the wire, (l * 2s,.21ets" * 3p. tB]

[You may asslinre that

cos ge2"d do : 2y"cos 6l + sin

4y.2 + 1

sin 0 - cos

r
J

i 4p.z + I

2017

sin oe2"o do : )"0 -e' .l

Turn oyer.



$. trwo hoats A and B are, at time I : 0, at tiie pcrinis P and Q, respectiv e'ry . Q is :r dista nce a directly
Easi c;f "F. Ilcat 3 so-ts off with speetl a directly North anj boat ,,1 sets off, with tite satne speed. on a
bcarirrg of 20" (0 < 45).

Find,ABz atanysubsequenttimerinterirs of G,Lr,tattdA. gl

Show that the shortest distance apart of the boal.s is a sin 0. t6l

Given that at the instant when the boats are first at a distance of qo aparl, (q < 1), boat A is movrng
directly towards boat .8, show that tan 0 : q. i5]

10. 5P

10mg

A particle of mass 20rn rests in equilibrium on a rough horizontal plane. In addition to the lorce of
gravity, the normal reaction and the lorce oi friction. there are three horizontal forces. ol
magnitudes .10mg,2mg,5P. acting in t'ire cirrections shown in the figure above

The coefficient of friction between the plane anC the particle is 1.

(i) Given that d : sin-'(l), .t n* that, for equilibrium.

2mg

- 8vG l={)-'<P< tBl
25

(ii) When the particle is in equilibrium with 25P : (22 + 8 , 6)r,9. the value of P is instan-
taneously increased to Zrug. Find the distance that the particle iravels in time f. t3]

(iii) Assurningthatavariesintherange0 < d< 180',findthevalueof awhichgivesthesmallest
value of P consistent rvith equiiibrium ar'd find this srna lest value. t4]

a\Jr !



Srcxon C

Probabitity and Statistics

No ,"nore t.han four questions shoui;l be answered liom tlls sectfi;l

11" Patients in a hospital warci ltave one or both of two diseases ,4 and E. Medical records show that
640A of all riuch patients have disease A andtha.t l2l1% of thos* patierrts whc have disease zl also
have disease B.

(a) Calculate the probability that such a patient chosen at random has disease ll only. 12)

The treatment for such patients has probability 0'8 of curing a patitnt whc has disease .4 only,
probability 0'5 of curing a patient who has disease B only, and probability 0"2 of curing a patient
who has both diseases.

(b) Calculate the probability that a randomly chosen patient will be cured by the treatment. [a]

(.) Two such patients are chosen at random. Given that neither has both diseases, calculate the
probability that the treatment will cure exactly one of the two patients" tgl

12. Thc discrete random variable X has the probabiliry distribution given by

ln(r+i)-lnr
P(.f :r) : 

- 

r:7.2.3,...,,t.
|n(n + li

(a) Verify that the sum of these probabiiities is unity.

(b) Show that

E(n:'-.tn("'-
ln(n + l)

tll

141

(c) For the particular case when n : 3, the continuous random variable I is such that, for
r-1? ?

P(f < ytX':r):y'*t,0(y( l.

Find a polynomial expression for P(Y ( y) and carry out appropriate checks on your result.
Deduce the probability density function of Y and hence evaluate E( Il correct to four decimal
places. ttOl

13. The random variables X and Iare independent and each has the Poisson distribution with mean p.

(a) Let W : XY. Find, in terms of g.,

(i) the mean of W,

(ii) the variance of W,

(iii) P(w :0). t6I

(b) Find the value of

P(XY>3IX+Y:4). t4I

(c) Show that

E( Y \:t-e-p.
\x + l/ t5i

2017 Turn over.



14. An instrument usec! t-or measuring rhe diarreter oi'a circle whcse true diameter is a cm rvill give a

reading X cm which ;s a *onlinuous random variable having prooabiiity density function/ where

ft:;)- 75ft[0'01 --(x- a721,fot a- A'l ( r- s* a-tAl,

.lI,x) :0 , otherwise'

Show that E(.X - a) : A anrl hence, or otherwise. flnd the mean and tlre variance of X. t4l

The instrument is used to obtain five independent measurements Xv X2. X r. Xr, X, of the diameter

of a circle whose true diarreter is a cm. Let f denote the mean of these five measurements. It is

required to estimate the true area {na2f 4) of'the circle. One person suggested the estimator

21 : (nlx,21 zo,

which is the average of'the areas calcuiated from the tndividual measurements. Another person

suggested the estimator 
22 : 0r -t)) 4.

which is the area calculated from the mean of the measurements.

show that both Z, and z, are biased estimators of the area of the circie.

By suitably modifying Z, and 2,, deduce two unbiased estrmators of the area olthe crrcle. [11]

15. Two variables, x and ),, are known to be related in the form -i : ,\("x - 1), where i is an unknown

constant. When experiments are conducted with -x having specific values the measured values of -r

. are known to be subject to independent errors which are Normal11'distributed with mean zero and

standarddeviationo.Experimentswe(econductedwithxhavtngthcialues.rt.-r,,...,xrandthe
measuredvaluesofywere !t,!z,...,ln,respectively.Usethemethodolleastsquarestoderivean
estimate of ,\ in terms of the x, and the y, (i : 1,2,. -.,n).

Verify that the leasr squares estimator of ) is unbiased and show that its variance is "t/f (.{i - I )r.

The results of five such experiments were as foliows:'

r 3 5 7 9 1l

y 4'9 13'6 24'8 34'6 42'r

Given that o : 0'5, calculate a 980/o confidence interval for i'
Comment on the claim that y has the value 29'5 when x : 8. [15]

2*r7
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Srcnoi.t lr,

Pure Mathematics

Nt more than faar quesl.ions shottld be answered-lront this s4clion.

1. (a) B1i considering a suitable area under the curve I] : i' show that fbr: r > 0'

-1-. tnr*1

ln(l+r).I

(+) 1
r

Hence show that
n

06

1. , *,n,,
r

r:1

where n is a positive integer.

Deduce an approximate value for

Let

Show that, for ali positive iln;tegral n,

(i)0<Un1t,
(11) U"+r I Un.

(b) Show that, for integral r > 4,

Use this restilt to show that

for all positive integral n.

T1
f,r [,r]

r4l

[:,

n

(J, I 1 tnn.
r

lll
rl r-l r

n

vl _.
; ..1/ ) l:

:^.018
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2. (a) C

A

The figure shows a straight river of constant width 'tl. A, B, C are trees on the two river
banks. A surveyor standing on the same river bank as A and B wishes to determine the width
of the river. He therefore makes the following measurements:

AB: a, CiB : a, Cfra: B

Find an expression for W in terrns of a, d. and p.

The surveyor realises that he made a small error 6a in measuring CiB although his other
measurements were accurate. Show that the percentage error in W is given approximately by

100 6a sin B
t7)sin e sin (a + F)

(b) Show that the equation

sinx(sinx + cos x): a

has real roots if and only if

lfr-,[zl<d<+(l +A.
Given that this condition is satisfled, find the general solution of the equation.

Write down the maximum and minimum values of the expression

sinx(sinx * cosx).

B

t8l
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3. (a\ The coplanar points O, A, B, C a:re such that OA is perpendicular to BC and OB is
perpendicular ta CA.

Writing a : OA, b : OB and c : OC, show that

a.b:b.e:c.a.
Deduce that ()C is perpendicular to ,48. Use this result to show that the three altitudes of a
triangle are cc,ncurrent. 14]

(b) A.A2A3A4 is a tetrahedron in which the perpendiculars from the four ver"tices to the opposite
faces are concurrent at the point G. Writing a, : OA1, a2: OL2, a3 : OA3 and ao: OAa,
show that the value of a,. a, is the sarne for all possibie pairs r, s (r * s).

Deduce that

(i) all pairs of edges which do not meet are perpendicular.

(ii) the foot of the perpendicular from any vertex to the opposite face is also the point of
concurrence of the altitudes of that face. [ 1]

4. [You may assume in this question that the curved surface area of a right circular cone is zrl. where r
is the base radius and / the slant height.l

It is required to construct a container in the shape of a right circular cone with no base. Given that
the curved surface area is to be 100"m', 

"r,pr"rs 
the volume L'cm3 of the cone in terms of its

semi-vertical angle 0. Hence show that as 0 varies, the maxrmum value of Zis approximately 117.

t6l

Suppose now that the container is to be closed and that the total surface area of the cone, that is the
curved surface area plus the area of the circular base, is to remain 100 cm2. Show that the volume is

now given by

, 106 cot2 0

'' : ,rr* *r"*f '

Hence find the new maximum value of Z.

5. The curve C has equation

(-l<x<3).v:
3+2x-

(i) Show that C has no stationary points. l2l
(ii) Given that C has one point of inflection find its x coordinate. I3l
(iii) sketch c. l2l
(iv) Using the substitution x: I * 2sin0, or otherwise, show that the area of the region R

enclosed by C, the positive x-axis and the line x : 2 is equal to 1.'3t31
(v) The region R is rotated through four right-angles.about the x-axis. Find the volume of the

solid generated, giving your answer correct to 2 decimal plaees. t5l

tel
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SecrioN B

I{urttrrer Pure Mathematics

Nc mrtre ihan fo*y questians should be ansnteretl from ihis section.

6. Si<etch the curve C defined parametrically by

x: I *13,y:12 (-m <l<oc).
fi) The points on C with parametric values tp t2 znd /, are collinear

Show that

dx

a + cosx

12)

tzt3 + t3tt * /1/" : 0. t4]
(ii) Find the coordinates of the point P of intersection of the tarrgents to C at the points with

parameters t, and !r.

Given that these two tangents are perpendicular, find the equation of'the locus of P as tr. t,
vary. tgl

7. (a) Use mathematical induction to prove that2l't3 , 33n 
*'is divisible by ll for every positive

integer n. t5l

(b) Two different numbers are selected from the positive integers

{1,2,3, ...n}.

Prove that the number of selections S, lor which the sum of the two numbers is at least n * 2 is
givenforn)3by

S, : i n{n - 2) for even n,

s, : 1 @ - t)' for odd r. tl0l

8. The integral (a) is defined by

I(a) : r
(i) Given that a > l, show that

i

1 -1I(a) : sec a. t8I'o2 _ 1

(ii) Giventhat0 <a< l,obtainasimilarexpressionforl(a) intermsof aninversehyperbolic
function. 17)

zC}18 Turn over.



9" (i) Thecomplexnuntbeis w: Li * ivand z: x * i-i'are reiatedb;r'

W:Slnz

where x, !, H anri v are reai. Show that

u : sin .r; cosh y

and find a sindlar expression for v.

(ii) Sketckr, in the x-1,piane for 0 < X 17, the two curves

u:landv:1.

Find the coordinates of the point of intersection of these two curves for 0 < *.:

(iii) Shoiv that at all points of intersection in the .x .r, plane of the curves

u:landv:Lt
where A, y, are real constants. the curves intersect at right-angles.

l4l

U)

14)

10. Tlte equation f{x): 0 has a root r approximately equal to a. By considertlg the fcilowing
approximation based on the first two terms ol the Taylor series,

"f(r) x "f(a) + (r - a) f'(a),
show that a second approximation to r is given by the Newton-Raphson formula

,rxd.-f-\9- e)' 
.f '{a)

A student decides to modify this method by using an approximation basecl on the first three terms
of the Taylor series. Show that, in this case, the second approximation is given by

rxd, .f'(a) + {"f '(o)} - 2f(a)f"(a)
t4l

.f " (a)

You may assume that the ambiguity introduced by the * sign can be resolved by choosing the sign
oppcrsite to that of f'(a).
The equation

2sinx - x:0
has a root equal to 1'89549, correct to 5 decimal places.

Starting with the initial approximation 2, determine the number of iterations required tc obtain the
above vaiue of this root using

(i) the Newton-Raphson fornrula. t3l

(ii) the ahove formuia based on the first three terris of the Taylor series. t5l

State briefly whether or not you believe that the stucient's method is an irnprovement on the
standard Newton-Raphson formula. tl]
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SpcrroN A

Mcchanics

No ruore tkan four questions shoultl be answered from this section

Lg:9'8rns-2]

1. A particle is projected frorn a point ,4 on a horizonal planc with speed u at an angle a to the
horizontal. The particle rises to a maximum height h above the plane at the point B. Given that,
relative to a point O on the plane vertically below ,8, the particle has horizontal and verticai
displacements X and { respectively, show that

y: -pXz + h,

wherep should he expressed in terms of u, g and a. t6]
The particle passes in succession through the points whose coordinates relative to O arc

t 6,:, r I -\(-r,f , (- 1r..,no) 
. nina fr in terms of a and sho* thar

t1oA:Yo. tel
2

2. The vectors a and b vary with time I and satisfy the equations

da db

dt
b, -_-: a.

Ct

Find, assumingthataand b are not parallel, the scaiarconstants p and q so thatpacos r * bsinl
and qt sin / -i- b cos I are both constant vectors. t9]
Giventhat,whent:0,&:c&ndb:dwherecanddareoonstantvectors,expressaintermsof
c, d and t. t3l
Find the vector differential equation satisfied by a and verify that your form for a satisfies it. t3l

3. A particle P is threaded on a rough wire in the forrn of a circle of radius a and centre O. The wire is
fixed in a.vertical plane and P is released from rest from a point level with O. The coefficient of
friction between the wire and P is denoted by pc. Show that when OP makes an angle g with the
horizontal, the angular speed <rr of P about O satisfies

,{g+2p-2):2s(cos g- ltsino) . tljldo j "'
Find co2 in terms of a, g, y. and g and show that, if the particle comes to rest on first reaching the
lowest point of the wire, (t - 2p,2)ep" - 3p. t8]

[You may assume that

I
I

"j

cosf,e2uo do : Zy.cos 0 + sin 2y"0

4sn2 -, I

2psin 0 - cos

(

t
t
I

(

2019

sinlezra do :
4y.2 + 1
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4" T'woboats AardBare, attinre/ - 0,atihepointsPand p.respectiveli,.0isadistanceadirectly
F,ast cif P. Boat B setrs offwith speed r dlrectly North and boat ,4 ,-:ets off, with ttre saine speed. on a
bearing of 20" (0 < 45).

Find AB2 at any subsequenr tiirre r rn terrns of a, rt, r antt g. t4]

Show that the shortest d,istance apart of tne boats is a sin 6. t6l

Given that at the instant wllen the i:oats are first at a distance qa apart, (q < l), boat 4 is moving
directiy towards boat B, shcw that tanA =- Q. t5]

5. 5P

1Omg

A particle of mass 20m rests in equilibrium on a rough horizontal plane. In addition to the force of
gravity, the normal reaction and the force of friction,' there are three horizontal forces, of
magnitudes l0mg, Zmg, 5P, acting in the directions shown in the above figure.

The coefficient of friction between,the plane and the particle is j.

(i) Given that a: sin-t(), show that, for equilibrium,

2mg

t8l

(ii) When the particle is in equilibrium with 25P : (22 + S{qmg, the value of P is instan-
taneously increased to 2mg. Find the distance that the particle travels in time 7. t3I

(iii) Assuming that a varies in the range 0 ( a < 180', find the value of a which gives the smallest
value of P consistent with equilibrium and flnd this smallest value. l4l

(r#)-,*,*(#&)-r

2At9 Turn over.



SpcrioN B

Frohability and Sfatistics

lda mare than fiaur qt"estions shtuld be answereri frorn this section

6" Patients in a hospital ward have one or both of two diseases A and B. Medicai records :rhow that
cv4ok of all such patients have disease A anathatl2r% of those patients who ha're ciisease,4 aiso
have disease ,8.

(a) Calculate the probabilitiz that such a patient chosen at random has disease B only. L2)

The treatment of such patients has probability 0'8 of curing a patient who has disease I only,
probability 0'5 of curing a patient who has <lisease ^B on1y, and probability 0'2 of curing a patient
who has both diseases.

(b) Calculate the probability that a randomly chosen patient will be cured by the treatment. [4]

(c) Two such patients are chosen at random. Given that neither has both diseases. calculate the
probability that the treatment wili cure exactly one ol the two patients. t9]

7. The discrete random variable X has the probability distribution given by

ln(r-l- ll-lnr
P(r' :r) :------- . r : 1.1.3, ...,1.

ln(n + l)
(o) Verify that the sum of these probabilities is unity. tU

{b) Show that

E(rn : ,- r1('l) 
[4]ln(n + 1)

(c) Por the particular case when n : 3, the continuous random variable )' is such .that. for
r: I ) I

P(Y< ylX : r) : y'*', 0 <-r' ( L

Find a polynomial expression for P(Y ( y) and carry out appropriate checks on your result.
Deduce the probability density function of I and hence evaluate E( )] correct to four decimai
places. [10]

8. The random variables X and I are independent and each has the Poisson distribution with mean p.

(a) Let W: XY. Find, in terms of pc,

(i) the mean of W,

(ii) the variance af W,

(iii) P(r4z: 0). t6l

(6) Find the value of

P(xY>3lx+Y'-4). t4l

(c) Show that

u(.I \:l-e u. 
L5l\x+ l/
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9. An instrurnent used frrr measuring the diam.*ter of a circle rvhose true di;imeier is 6 crn will give a
reading Xcm r.vhich ir a el:nt'nuous random variahle having probability ilensit3' t'unction/ where

./(x) =- 7i0[0.01 : (..r - a;]1. {'or a - A.l i x < a * 0.1,

,f(xi: 0' otherwise'

Show that E(:: - a') : 0 anri hence, or otherwise, find thr: mean and th,-: variance of X. t4]

The instrument is useci to obtain five independent ineasurements Xp X2, ){3, Xa, "Y, of the diameter
of a cii'cle whose true diameter is a cm. Let ,f, denote the mean of these five rneasurements. It is
required to estimate the true area(.na2f4) of the circle. One person suggested the estimator

Zr: (""lx,21 1zo,

which is the average of the areas calculated from the individual measuremenrs. Another person

suggested the estimator

Zr: 1nX2114,

which is the area calculated from the mean of the measurements.

Show that both Zrand Z, are biased estimators of the area of the circle. By suitably modifying
Z, and 22, deduce two unbiased estimators of the area of the circle. [l l]

10. Twovariables,xand yjare knowntoberelatediniheformy:l(r- 1),wherelisanunknown
constant. When experiments are conducted with x having specific values the measured values of .v

are kriown to be subject to independent errors which are Normally distributed with mean zero and
standard deviation o. Experiments were conducted with .r having the values xp X2,. . . , xn and the
measured values of y were l.t, !2,.. .,,!n, respectively. Use the method of least squares to derive an
estimate of ) in terms of the x, and the y, (l : 7,2, . . . , n).

Verify that the least squares estimator of i is unbiased and show that its variance is o? /l@, - l)'.
The result of five such experiments were as follows:

x 3 5 7 9 ll
y 4'9 11'6 24'8 34.6 42.1

Givon that o : 0'5, calculate a 98yo confidence interval for tr.

Comment on ihe claim that y has the value 29.5 when x : 8. lt sl

20t9


