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I4l

t4l

tanA * cotA:2cosec2A.

2. Given that

3. The t'wo roots of the quadratic equation

x2+2x*3:0
are denoted by o, F. Without solving the equation, find the quadratic equation whose roots are

l_ I,* p,P+;. t5l

4. Write down and simplify the binomial expansion of (l + zx)-iup to and including ttre term in x3.

By putting, : *, use your expansion to obtain an approximation to f,, giving your answer as a
ratio of two integers t5l

,fi:a* t -ziI -i
express the complex n'mber z in the form x * iy.

Find the argument of z, giving your answer correct to the nearest degree.
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5. The cubic

*3+o*2*bx*c
(i) has a stationary value where x : 1,

(ii) leaves a remainder of 5 when divided by x - 3.

The graph of this cubic has a point of inflection where x : 2.

Find the values of a, b and c. t5l

6. Using the substitution y - 2 - x, show that
rl t -- r.2

I (+) dx:3 - 4tn2. I5Irs'l-x/

7. The function/is defined on the domain x >- 0 by

lV): ln (1 { 2x).

Obtain an expression for/-11r1, where/-l denotes the inverse function ofl State the domain
of .f-1.
show that the equation 

f-r(*) : J(x)

has a root between 1.2 and 1.3. t5I

8. The three non-zero, distinct numbers a, b, c are such that a, b, c are the first three terms of an
arithmetic series and a, c, b are the first three terms of a geometric series.

(i) Find the common ratio of the geometric series and show that its sum to infinitv irz!."3
(ii) Find the common difference of the arithmetic series in terms of a. tll
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Secrrox B

Answer fow questions from this section.

9. A pyramid of vertical height hhas a square horizontal base of side x and the vertex is directly above
the centre of the base.

If ,4 denotes the total surface area (i.e. the area of the base plus the area of the four sloping faces)
show that

A:x2* x2 + 4h2.

The volume V of the pyramid is given by V: jx2ft. Show that

,rz-Ax21A-2*')'- 
36

121

t3I

Hence show that, for fixed A, themaximum value of V'?is {and show that the corresponding
288

,alue of I is
x

For a pyramid having this shape, calculate

(i) the angle between a sloping face and the base,

(ii) the angle between a sloping edge and the base.

5
t6l

t4l

10. (i) Determine the values of a, B subh that

*'-6*-l-(x+a)2+p.
Hence findtheminimumvalueof ,'- 6* - l andstatethevalueof xforwhichthisoccurs.

l4l
(ii) Sketch the graph of

l:x2-6x-l
marking the co-ordinates of the points where the graph meets the co-ordinate axes.

Find the set of values of x for which

Hence find the ser or values 
";:;r';6x 

- I ( 6' i8I

-6<""-6"'-l<6. t3l
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11. (a) The points A, Bhave position vectors a, b respectively with respect to an origin O. The point C
lies on AB and ACIAB : l.
Show that the position vector of C is given by

c : (1 - ,\)a + lb. I3I

(r) ABCD is a quadrilateral and X, I denote respectively the mid-points of the diagonals
AC and.BD. Prove that

4YX : BA + g'C + DA + DC. t5I

(c) (1) OABCDE is a regular hexagon and a, b denote respectively the position vectors of A, B
with respectto O. Using the fact that OC : 2AB, obtain an expression for OC in terms of
a, b and obtain similar expressions for OD and OE. t3]

(ii) The lines OB and AC meet in f'. Find an expression for OF in terms of b. l4l

12. The triangle OAB has vertices O(0, 0), A(1,3) and .B(8,4).

(i) Show that the equation of the perpendicular bisector of O.B is

2x * Y:19
and find the equation of the perpendicular bisector of OA. These two perpendicular bisectors
meet in Q. Find the co-ordinates of Q and, verify that I is equidistant from O, A and 8. [5]

(ii) Find the equation of the circle C passing through O, A and, B. Show that the point

,,, il::,i"#;i,Il3 liilJ,::::li:3::;::;.". uv e : _c.,0 and hence,o.*,#"dx
the equation of the tangent to C at P is

y + xcotl:5cotj0. t6l

13. (a) Given that

acos0 * Dsin0: rcos (0 - a) (where r > 0)

show that

tuoo:!
d

and obtain an expression for r in terms of a and b.

Hence (or otherwise) find, in terms of a and D, the range of values of c for which the equation

acos0*6sin0=c
has real roots.

Given that a : 4, b - -l and c : 3, determine (correct to the nearest degree) all the roots of
the equation lying between 0' and 360". t8l

(D) Given that

7tan2x*4sinx:0 ....(l)
show that

sinx:0 or cosx - *.

Hence find the general solution (in radians) of equation (l). t7l
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14. The function/is defined by /(x): cos-lx and,the range of/is [0, z]. State the domain of/and
sketch its graph. 

t3l
(i) Assuming the derivative of cos x, show that if y : 

"os 
-' x, then

dx ,/t _ r,
(ii) Using integration by parts, flnd the indefinite integral

f.o. -r x dx.
J

(iii) For y x O,cos/ r I - iy'.Use this result ro show that, for x = l,
cos-'*-u/4t--*1.

15. The integral l is defined by

1t l+x+x27: | '-'*'=^ .d-r.Jol*x+x'+x'
(i) using Simpson's Rule with 3 ordinates and an interval of 0.5, show that

- 329r_fr.
(ii) Using the theory of partial fractions and noting that I +x+ x2 + x3: (l +x)(l +x2),

show that

l4l

t5l

t3l

t4)

t41

tsl

l+x+x2 l/ I l*x\
r;;;t;:1r -,- a;1

(iii) Hence show thar the exact value of f is f + I tn Z.

(iv) Using a suitable substitution, deduce the value of the integral
nl 3 5I X+X +X
r . 2. +:-^'Jol+x-*x'*x" 12)
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Answer aill questions in Section A and foar from Section B.

A calculator may be used except where it k expressly forbidden.

[g : 9'8ms-2]

Srcrrou A

Answer all questions in this section

1. Verify that an integrating factor for the equation

dv

*-l tanx : slnx

is cos x. Hence, or otherwise, find the solution of the differential equation foi which
y=lwhenx:O. 

t4]

2. One end of a light inextensible string of length 2a is attached to a lixed point O. A particle of mass
rz is attached to the other end and moves in complete circles, centre O,inavertical plane. It3 speed
at the lowest point of the circle is OS7. fina
O the square of its least speed,

(ii) the greatest tension in the string. t4l

3. A particle P is placed on the inner surface of a fixed rough hollow sphere of centre O. Given that the
coefficient of friction is 0'5 and that the particle rests in limiting equilibrium, find the tangent of the
angle between the downward vertical and OP. t3l
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Answer all questions in Section A and foan from Section B.

A calculator may be used except where it is expressly forbidden.
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SecnoN A

Answer all questions in this section.

1. Verify that an integrating factor for the equation

d

{-rtanx: sinx

is cos x. Hence, or otherwise, find the solution of the differential equation for which
y=lwhenx:O. 

t4]

2. OrLe end of a light inextensible string of length 2a is attached to a lixed point O. A particle of mass
z is attached to the other end and moves in complete circles, centre O,inavertical plane. Iti speed
at the lowest point of the circle is OS7. finO
(i) the square of its least speed,

(ii) the greatest tension in the string. t4l

3. A particle P is placed on the inner surface of a fixed rough hollow sphere of centre O. Given that the
coefficient of friction is 0'5 and that the particle rests in limiting equihbrium, find the tangent of the
angle between the downward vertical and OP" t3l

I
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4. A particle of mass 0'2 kg moves on a smooth horizontal plane. Its position vector r, at time ,
seconds, is given, in metres, by

r:4t3i+4t4j.
Find

G) the kinetic energy when / : 0.5,

(ii) the cosine of the angle between the velocity when r : 0.5 and the vector 4i - 3i. t5l

5. Two small smooth spheres A and8 of mass 2m and5z respectively, moving along Ox, collide. The
velocity of ,{ immediately before collision.is 5z in the positive x direction, and immediately after
collision the velocities of ,4 and I in the positive x direction arc 2u and 4urespectively. Determine
(i) the velocity of I immediately before collision,
(ii) the magnilu6s of the impulse on 8,
(iii) the value of the coefficient of restitution. t6l

6. A woman of mass 50 kg stands on the floor of a lift which is descending with a downwards
acceleration of 0'8 - s -2. Find the reaction of the floor of the lift on the woman. Bj
A small particle, initially at rest relative to the lift, is dislodged from the ceiling of the lift. Given
that the distance from the floor to the ceiling of the lift is 4.5 m, find the time taken for the particle
to reach the floor of the lift. 

t3I

7. A train starting from rest moves with constant acceleration during the first 50 seconds of its journey
when it covers 500 m. It then travels at constant speed until it is brought to rest by applying a
constant retardation. The distance travelled whilst the retardation is applied is 800 m. By drawing a
speed-time graph, or otherwise, find
() the maximum speed attained by the train,
(ii) the magnitude of the fetardation. Wl
Given that the total journey time was 4 minutes, determine the distance covered at constant speed.

121

8. A vehicle of mass ,1000.kg is moving up a hill inclined at an angle sin - I 1t720) to the horizontal. Its
initial speed is 2ms-1. Five seconds later it has travelled 15m up the hill and its speed is then
6 m s -'. Fiod the change in the kinetic energy and in the potential energy of the vehicle. Given that
the engine is working at a constant rate of 44 kW, find the total work done against the resistive
forces (which may trot be assumed to be constant) during this 5 second period. 14,31
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SecrroN B

Answer four questions from this section.

9. The function y satisfies the differential equation

d2v dv

dxz 'dx '

where k is a constant, and, when x : 0, y: 5 and !: -r.dx

Find y in the three cases

(a) k:1,
(b) k : -1,
(c) k: 0.

l6l

tsl

l4l

10. A particle P moving along the x axis describes simple harmonic motion with the origin O as centre
. so that its displacement x from O at time r satisfies the equation

dzx 2&: --
where ar is a constant. Given that P is instantaneously at rest when x : a, show from the above
equation that o, the speed of the par[icle at time /, satisfies

u2:.r(or-x\.
Given that the particle is at O when t : 0, prove that

x : a sin <rrr. t5]

Given that the period of the motion is 2nl3 seconds and that the maximum speed is 24 m s -', find

L2l(i) the amplitude of the motion,
(ii) the Fme taken for P to travel from O directly to a point 4m from O. tZl

Given that the particle is of mass 0.25 kg, find
(iii) the rate at which the force acting on P is working when r : rl9, t3l
(iv) the maximum rate of working of this force. t3l

x,
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11. A particle moves with constant angular speed <o in a circle, centre O and radius a. Its position
vector r at time t is given by

r : a(cos ott i * sin <ori).

Determine the acceleration of the particle, and hence deduce that this acceleration is directed
towards O atdis of magnitude @2a. I4I
A particle of mass z is suspended from a fixed point ,4 by an elastic string of natural length 6 and
moduluS l. The particle describes a horizontal circle with angular speed <rr with the string being of
constant length l(>b), the centre of the circle being directly below ,,4.

Given that the angle between the string and the downward vertical is 0, show that

.or g : *. t6l
l@

The breaking tension in the string is lOmg and it is found that this occurs when Dc,r2:99. Find
cos 0 when the string breaks and express I in terms of m and g. U, 4]

12. A particle P is projected from a point O ona horizontal plane with speed u in a direction making an
angle a above the horizontal. It rises to a maximum height ft above the plane and strikes the plane
again at a point a distance r from O. Write down x and y, the horizontal and"vertical displacements
of P from O at a time r after projection, in terms of u, d'g and t. Hence find r and l, in terms of r:, g
and a. t6l
The.particle passes through the point ,4 whose horizontal displacement from O is pr@ < 0.5).
Find, in terms of p and a, the tangeht of the angle B between the horizontal and the path of the
particle at r{. State the horizontal displacement from O of the point B where the path is inclined at
an angle B below the horizontal. t5l
Given that, at A, the particle is at a height a above the horizontal plane, express a in terms
of p and h. t4I

13.

s

Fig. I

Fig. 1 shows a particle P of mass 2m on a rough horizontal table and attached by light inextensible
strings to particles R and S of mass 6m and 2m respectively. The coefficient of friction between P
and the table is 0'5. The strings pass over light smooth pulleys on opposite sides of the table so that
R and S can move freely with the strings perpendicular to the table edges. Given that the system is
released from rest, find the magnitude of the corlmon acceleration of the particles and the tension
in the string joining P and ,S. t6l
After falling a distance d from rest; the particle R strikes an inelastic floor and is brought to rest.
Find, for the period after R strikes the floor, the further distance that S rises. t4]

Find also, assuming that in the subsequent motion P remains on the tible and S never reaches the
table, the speed at which R moves when it is jerked off the floor. t5l
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14. Show, by integration, that the centre of mass of a uniform solid hemisphere of base radius a is at a
distance 3al8 from the centre of the base. t4l
A composite body is formed by joining at the rims of their circular bases, a uniform solid
hemisphere of base radius a and a uniform solid right circular cone of base radius a and height 3a.
The density of the hemisphere is k times that of the cone, where k > 3. The centre of the base of the
cone is denoted by O, and the vertex of the cone is denoted by Z.

(i) Let G denote the position of the centre of mass of the
composite body as shown in Fig. 2. Show that

V
t4lOG

Fis.2

4(3+2k)

(ii) The Uody, when suspended from a point on the rim of the base
of the cone, rests in equilibrium with the axis of the cone
inclined at an angle c to the downward vertical and with
O lower than V. Find tan a in terms of k. State what would
have occurred ifk had been less than 3. l4l

(iii) The body is then removed from the point of suspension and
placed in contact with a horizontal plane. Determine the range
of values of k so that the body cannot rest in equilibrium with
the slant surface of the oone in contact with the plane. t3l

Fig. 3

Fig. 3 shows two identical light rods lB ard BC in a vertical plane with the end A of the rcd AB
smoothly hinged to a fixed point on the surface of a rough horizontal table. The rods are also
smoothly hinged at B. Aweight of magnilude Wis attached to the mid point of AB and thesystem
is maintained in equilibrium by a horizontal force of magnitude P applied to the mid point of BCin
the sense which would decrease the angle ABC.Theat$e BACis denoted by g, f'denotes the value
of the frictional force in the direction CA and R denotes the normal reaction at C.

By taking moments about I for the whole system, or otherwise, obtain an expression, in terms of
W, P and 0, for the normal reaction R at C. 14)
Obtain also, by taking moments about B for BC, or otherwise, an equation relating P, R,0 and F.
Hence, or otherwise, find F in terms of P, W and 0. 13, Zj

The coefficient of friction between the rod BC andthe plane is g,.

(i) For the case P : 0 find, in terms of 0, the least possible value for pc in order that equilibrium is
possible. l2l

(ii) Find, in terms of W,0 and p, the maximum possible value of P. t4l

3(k-3)a:-

15. B

P

A

d---D
CG
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SrcrroN A

Answer all questions in this section.

l" Two events A and,B are such that

P(A) :0'5, P(,8) : 0'3, and P(A n B) : g'1.

Calculate (1) P(A t-t B), (ii) P(A'a B), (iii) the probability that exactly one of the two events
occurs. t5l

2. Independently for each page of a printed book the number of errors occurring has a Poisson
distribution with mean 0'2. Find, correct to three decimal places, the probabilities that
(i) the first page will contain no error,

(ii) four of the first five pages will contain no error,

(iii) the first error will occur on t.he third page. 
t5I

3. The continuous random variable X is normally distributed with mean 212.6 and standard
deviation 2. Calculate, correct to three decimal places, the probabilities that

(i) a randomly observed value of X will lie between 212 and 213,

(ii) the mean of four randomly observed values of X will exceed 213.

tsl
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4. The continuous random variable X is distributed with probability density function/ where

JV):2(2-x), forl (x(2,
J(x) :0, otherwise.

(i) Evaluate the mean of X.

(ii) Find the expected value of the area of a rectangle having adjacent sides of lengths Xcm and
(5 - Zx)cm' 

-\. t5l

5. A random sample of 80 electrical elements produced by a manufacturer have resistances
xp x2t. . ., r8o ohms, where

Ir, : 790, and L*r' :782L.
(i) Calculate unbiased estimates of the mean and the variance of the resistances of the elements

produced by the manufacturer.

(ii) Use a normal distribution to calculate approximate 98o/o confidence limits for the mean
resistance of the elements produced by the manufacturer. 

t6l

6. The random variable X has the Poisson distribution with mean 0.4. Independently of X, the
random variable f has the distribution shown in the following table.

1

v
P(Y: y1

012
0.2 0.6 0.2

(i) State the variance of X and show that Y has the same variance

(ii) Let T :2Y - X and let (/: Y + 2X. Verify that

EVUI: E[rlElUl.
17l

7. A bag contains nine balls of which four are red, three are blue, and two are white. Three.of these
balls are to be selected at random without replacement.

(i) Calculate the probability that one ball of each colour will be selected.

(ii) Calculate the probability that the three balls selected will be of the same colour.
(iii) Given that the three selected balls were not all of the same colour calculate the conditional

probability that two of the selected balls were red.

t1
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SrcuoN B

Answer fout questions from this section.

8. A random sample of ten quartz watches of a particular make were tested for accuracy over a period
of four weeks. The times, in seconds, gained by the ten watches werd:

-3, + 7, +2, +6, + 8, +2, -3, +6, +ll, +8.
(i) Calculate unbiased estimates of the mean, p, and the variance, o2, of the times gained by such

watches over a period of four weeks. l2l
(ii) Stating any assumptions you make, find a 95% confidence interval for the mean time gained

by such watches over a period of four weeks. t5]
(iii) Another random sample of ten of the watches was taken and the times, in seconds, they gained

over a period of four weeks gave unbiased estimates of p artd o2 equal to 3-8 and,23.4,
respectively. Use the combined set of twenty observations to determine a 95o/o confidence
interval for the mean time gained by such watches over a period of four weeks. t6I

(iv) Comment on the manufacturer's claim that, on average, the watches will not gain or lose more
than 7 seconds over a period of four weeks. l}j

9. The proportion X of a certain ingredient in a sample of a chemical compound has probability
density function / where

J(x):2x, forO<x(1,
flx) 

= 
0, otherwise.

(i) Calculate the probability that the proportion of the ingredient in a sample of the compound is
at least 0'5. t}l

(ii) Calculate, correct to three decimal places, the probabiiity that the proportion of the ingredient
is at least 0.5 in exactly 6 of l0 random samples of the compound. tZl

(iii) Show that when 0 < y < 0.25

P(0.25 -y < X < 0.25 * y) : y,

and obtain an expression for this probability when 0.25 < y < A-75. Using these results, or
otherwise, determine the irrobability density function of

Y:lx_0.251,
the amount by which the proportion of the ingredient in a sample deviates frorn 0.25. Hence,
or otherwise, find the expected value of ts [lU

10. A machine is used to bag coal, the mass of coal delivered per bag being normally distributed with
mean 55 kg and standard deviation l'25 kg.

(a) Given 100 filled bags chosen at random, use a distributional approximation to calculate the
probability that at least 60 of them contain 55 kg or more; give your answer correct to three
decimal places. t3l

(b) Given two filled bags chosen at random calculate, correct to three decimal places, the
probabilities that

(i) each bag contains at least 56 kg, l2l
(ii) the combined mass of coal in the two bags is less than ll2ig, t3I
(iii) one bag contains at least I kg more than the other bag, t4l
(iv) the heavier of the two bags contains more than 57 kg. t3l
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11. The continuous random variable X is distributed with probability density function/given by

flx\ :1r' * 1
23

l(x) :0,

I0x*-
J

for -1 < x <.1,

otherwise,

where0<0<2.
(i) Show that E(n : ? O. Vj

9

12)(ii) Express P(X > 0) in terms of 0.

(iii) For a randorn sample of n observations of X, iet .f, denote the sample mean and let Y denote
the number of observations that are positive" Show that

9_ 6- -and Tz:-Y-3o, _ jn n

are both unbiased estimators of 0.

(iv) Determine which of 7, and 7, is the better estimator of 0

12. Two machines, I arad B, are used to produce identical items. Independently for each item produced
on machine,4 the probability that it is defective is 0'01, while for an item produced on machine .B

the corresponding probability is 0.03.

(a) Three items are chosen at random from those produced on machine A ano three items are
chosen at random from those produced on n:achine B.

(i) Calculate the probability that exactly one of the three items produced on machine ,4 is
defective.

(ii) Calculate, correct to three decimal places, the probability that exactiy one of the six
chosen items is defective.

14)

(b) Of the total output of items produced in a day, 60oh are produced on machine A and 4Ooh are
produced on machine B.

(i) If one item is chosen at random from a day's output show that the probability of it being
nondefective is 0.982. lZ)

(ii) Two items are chosen at random from a day's output and both are found to be
nondefective. Calculate, correct to three decimal places, the conditional probability that
one of the items was produced on machine .4 and the other was produced on macfune B.

t5l
(iii) A box contains 80 items chosen at random from a day's output. Find an approximate

value for the probability that the box contains at most two defective items. t4]

t5l

t6l
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13. A group of nine adults consists of three married men, three married women, two bachelors and one
spinster. Two of these are chosen at random wiihout replacement. Let X denote the number of
married men that are chosen and let I denote the number of women that are chosen.

(i) Show thatP(X:0,Y - 2): P(X:l,Y:0): l. ?j
6

(ii) Display the joint probability distribution of X and I in tabular form. l4l
(iii) Verify numerically that

Yar(X + r) + Yar(X- n:zlvar(X) +Var(I,)1. t5l
(iv) Prove that, for any two random variables U and W,

Var(U + W) * Var(U - ln :Zltrar(A + Yar(Ia)1. t4l

14. AphysicallawstatesthatthevariablesxandyarelinearlyrelatedintheformT: d * Bx.To
verify this relationship experiments were conducted with x having prespecifled values and the
corresponding values of 7 were measured. It is known that measured values of y are subject to
independent random errors that are normally distributed with mean zero and standard deviation
0.06. The results of the experiments are shown in the following table.

x
Measured y

2.0

l0'8
2.5

9.5

3.0
8.4

3.5

7.3

The experimenter used a calculator to determine ttre least-squares estimate of the relation and
produced the equation

! :2'3 * 2'4x.

(i) Without performing any calculations state why it is clear from the data that the experimenter's
equation isjpe6rrect. t2l

(ii) Calculate the correct least-squares estimate of the relation. t4l
(iii) Calculate 95o/o confidence limits for F. t3l
(iv) The law referred to above is actually valid only when the experiments are conducted at a fixed

constant temperature. In another series of experiments to verify the relation the same values of
x were used but the temperature was held constant at a value different from that in the first
series of experiments. The results obtained in this second series of experiments led to the
least-squares estimate of ttre relation being

t:17'6-l'96x.
Assuming that the errors in the measured values of y from the second series of experiments
have the same distribution as those in the first series, calculate 95% confidence limits for the
difference, at the two temperature levels, between the true values of y when x : 3. t5I

900s
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Addendum to 'Information for the use of Candidates in Mathemattcs'.

The Taylor series expansion of l(x) about x : a is given by

J(x) : jk) + e - a)f'(a1 a(' -.o)' .f,'(a) + ....
2!

SecrroN A

Answer a,ll questions in this section.

1. Assuming the summation formulae in the information booklet, show that
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1.2.3 + 2.3.s +.... + n(n * t)(2n + q :n(n + lt@ + z) 
.

2

tanh2x: Z'ufr*,
I + tanh'x
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t4l

2. The equation

*3-3*-4:o
has one real root. Use the Newton-Raphson method to find its value correct to three decimal
places. t5l

3. Express tanh x in terms of exponential functions. Use your definition to show that

t4l
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4. -Use the method of mathematical induction to prove that, for positive integral z,

l-r r ol'1 [r n ol
lo I o l :lo l o l.L;;;I L;;;I

Determine whether or not the result is true for z : - l.

5. Using the substitution I : tan )*, or otherwise, show that

f"l' dx n
t-

Jo 2+cosx 3!6 t5l

lsl

l6l

t6l

6. The function/is defined on the domain (0, co) by

J(x): *o + *2 + l'
Let g denote the inverse function ofl By considering f'(x) for a suitable value of x, or otherwise,
find the value of g'(3).

Write down the value of

,lim 
g'(x). t5l

7. The three roots of the cubic equation

o*t+bx2+cx*d:0
are in geometric progression. Assuming that b * 0, show that

ac3 : b3d.

8. Given that

show that

/ : sinh (z sinh -lx)

.d2v dv 1(l+x-)- "+x'-m-y:0.dx' dx
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SscrroN B

Answer fow questions from this section.

9. The points A, B, C, D have co-ordinates (0, 2, 4), (3,2,l), (-L, -2,4),. (5, 0, 4) respectively. Write
down the co-ordinates of the point P which divides AB in the ratio i: I - ,\ and of the point Q
which divides CD in the ratio p:l - p. tzl
Hence, or otherwise, show that the hnes AB allid CD are skew. l4l
Given that PQ is perpendicular to both AB and CD, show that I : ] and p: +.Deduce the
shortest distance between AB and CD. t5l
Find the equation of the plane containing the lines lB and PQ. t4I

10. R denotes a rotation of the plane through an angle 0 about the point P(h,k). By considering R as a
translation which takes P to the origin O, followed by a rotation of the plane through an ang)e 0
about O, followed by a translation which takes O to P, show that R is represented by the matrix

l-cos0 -sin0 -ft cos 0 + ksing + ftltl
I sin0 cos0 -ftsin0 - kcos0+k l.Lo o I I t6I

The following matrix represents such a rotation.

M-
4
.)
3
5

0
jil

Find the corresponding values of h, k arLd 0- t4I
The rotation corresponding to M is applied to the parabola y2 : x. Show that its equation
becomes

gxz + l6yz + 24xy - 88x - l59y + 329:0. tsl

11. (a) Show that

a

1 3 a-l
2 2a 3u-5
-l il,+3 4

: -Za(a - 3)2

t3l

(b) The unknowns x, y, z satisfy the equations

l-', :" i,r"7H:l#1
L"-l a+3

where p, Q, t, a are constants.

(i) Inthecase a,:2, solvetheequationsforx, y,zinterms of p,q,r. t4]
(ii) In the case d : 0, find the condition ot p,4,r necessary for the equations to be consistent

and find the general solution. t3I
(iii) For what other value of c do the equations not have a unique solution? For this value of

a, find the conditions on p, q, r necessary for the equations to be consistent and find the
general solution. t3l

Give a geometrical interpretation to solution (ii) and to solution (iii). t2)
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12' The point P(x, y) moves in such a way that the ratio of its distance from the point F(ae,0) to its
distance from the line x:1i, e:1, where e > l. Show that the equation of the locus C of p ise 

ruv vYBqLrvu vr

x2 y2 -.,j- ur:, 
where b2 : a2(e2 - l). ' t4l

The point Pr(xv y) lies on C atdthe line joining P, to the origin o meets the line * : lat K. Show
e

that f'r(is perpendicular to the tangent to C at pr. 
t4)

Write down the equation of the line of gradient mpassing through the point e @, F)and show that
the x co-ordinates of the points of intersection of this Iine and C sati;fy thelquation

@2 - o'*') x2 + zma2(ma - F), - or(fi, + b2 + 
^2d2 

_ 2map) : g.

Hence show that the gradients of the tangents from e to c satisfy

1a2 - a21m2 - zaB* + B, + b2 :0.
Deduce the equation of the locus of Q given that these two tangents are perpendicular. Describe
this locus in words, considering all possible values of e. l7t

13. The function/is defined on the domain D : (-o,0) u (0, r) u (1, oo) by

J(x):+I -x
State the range ofl The functions g' : f of and, h : -f o gare both defined ou the domain D. State
the ranges of g and ft. obtain an expression for g(, and show that h(x) : x.
Hence obtain an expression for/- l1x) where/- I denotes the inverse function ofl t5]
It ii required to approximateflx)in the neighbourhood of x:2by a quadratic'function. Show
that the approximation obtained by taking the first three terms of the appropriate Taylor series is

lu) x -7 + 5x _ x2. t3l
Using this result, obtain a cubic approximation to log.(x - l) in the neighbourhood of x : 2 and,
deduce that for y close to l,

. l1

Integrate this result to show that a second approximation for y close to I is
. 5,3 12 I 3 Itog"y * - - * ry - ry' + iy' - 4y.

6

3., l,
1t' + 1t"

t7l
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14. Given that a, p denote the two complex cube roots of unity, show that

(a) o: F' and B: d:2,

(b) l+d+c2:l+p+f,2:0.

The function F is defined for real x by

F(x):1(r'* e'* + eF').
J

Show that

(c) F(x) + F'(x) + F"(x) : s',

@ F"'(x): f'(x).

Obtain the Mclaurin series for F(x), stating the general term. t5]
By finding c, B, show that an alternative expression for F(x) is

F(x) :1("' * ze-*'.orf,).3' 2

Show that the equation

F(x) : g

has a root in the interval l-2, -1.51.
Denoting this root by y, show that ' '

v--ft"o"-'(-:"+)
v

Using an initial approximation of -2, use an iterative process based on this result to find the value
of y correct to three decimal places. lT

TURN

OYER

FOR QUESTION

15

t3l
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15. v
(o, n)

.r'

(0, -r)

The curve C, illustrated above, is the locus of the point (1 + cos /, / + sin l) as I increases from
-r to zr. Show that

C

and obtain an expression for

dvi: - COt*,
dxL

("q)'. (#)'
in terms of a trigonometric function of ]r. t6I
C is rotated through rwo right-angles about the x-axis. Show that the surface area of the solid

generated i, Y(t", - +).- 3 .-'- -r.

tsl
Calculate tle surface area of the solid generated when C is rotated through four right-angles about
they-axis. l4t
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SrcnoN A

Pure Mathematics

No more than foar questions should be answered from this section

l. flx), g(x) are defined for x > I by

fl*) :(, * 1)', s(x) : (, - ) 
-'

(o) (i) Show that

JV) < g(x) for all x > t.
Using the binomial theorem, or otherwise, show that

(ii) /(x) increases as x increases,

(iii) g(x) decreases as x increases,

(iv) lim /(x) :]im g(x)

and express the common limit, L, as aninfinite series whose general term should be given.
(v) By considering the series

l+l+j+i+*+...
showthat L<3.

(b) Sketch the graphs of/and g on'the same iures.

(c) By considering the derivative of log"/(x), show that

(vi) log",r - log"(x - l) > ! frr, > z
x

U1

tzl

(vii) e'.*foro< *<l t6l
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2- With the usual notation for triangles, prove the cosine rule

a2 : b2 + c2 - }bccosA.

["o,r, proof should consider separately the cases (a) A <i, fO 
^ 

, .;) t4]
L

Show that if a is increased by a small amount 6a, the increase 6l in ,{ is given approximately by

6A= 6a

DsinC

Obtain similar expressions for 6,4 if
(i) D is increased by E6,

(ii) c is increased by 6c.

l6l
Hence show that if at, b, c are increased simultaneously by small amounts 6a,6b, Ec respectively,
then the increase'in,4 is given approximately by

DA- sin I .6a -cot c. 9l - "o, 
.8. 

E' 
.

sin.BsinC a b c

Verify that the right hand side of this equation reduces to zero if
6a ED Ec

abc
and explain in simple terms why this is so. t5l

3. Points D, E, F are taken on the sides O,4, OB, AB respectively of the triangle OAB slch that the
lines ,48, BD, OF are conculTent. Taking O as origin, use vector methods to show that

OD AF BE _1

DA FB EO

Assuming that the converse result is true, i.e. that if the above condition is satisfied then the three
lines are concurrent, deduce that the perpendiculars from the three vertices of a triangle to the
opposite sides are concurrent. t5l

a. @) If c: ob1o,, > 0), then 6 is called the logarithm of c to base a (written log,c). Using this
definition, show that

(i) log"(bc) : logi * logoc

(ii) lo9,6 : l
log6a

(iii) log"D : logoc x log"D. 
t6l

(b) The function/is defined on the domain x > I by

l(x) :1og2x * 8log,2 * 2log,4.

(iv) Find the two roots of the equatio n !(x) - 7.

(v) Show that the minimum value offlx) is zJnand calculate the value of x which gives this
minimum.

tel

Turn over.
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5. (a) Show that, for la I < l,

f' d-r 
^,-rrtt-Zo**o"-

Evaluate the integral for lc | > l.
(D) Use the substitution ! : * - x to evaluate the integral

f'x sin3x dx
l-

Js 4 - cos2x

181

17l
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SecuoN B

Further Pure Mathematics

No more than low questtans should be answeredfrom this section

6. (a) It is given thatflx) is a polynomial of degree n, where n 2 2. The arithmetic mean of the z
roots of the equation/(x) : 0 is denoted by m.lf f(')(x) denotes the rth derivative of/(x), show
thatforl(r(il-l,thearithmeticmeanofthe(n-r)rootsoftheequation/(')(r):0it
also equal to rn. t6I

(b) The quartic equation

o*o+bx}+c*2+dx+e:a
has two roots whose sum is zero. Show that

bcd-adz:eb2.
The following is such an equation.

xa+2x3*x2-6x-12:0.
Find all its roots.

7. A stochastic matrix is a square matrix with the following properties:

(a) AII elements of the matrix are non-negative.

(b\ The sum of the elements iu each.row is unity.

The3 x 3matricesP,Qarestochastic,where p: (p)andQ : (qU).GiventhatR: PQand
R : (riJ, show ttrat

t 3 /3 \
I rri: L pri( L q,rl.

i=l j:l \t:t /

Deduce that R is stochastic.

In the particular case

I4l

show by induction that, for positive integral n,

tel

.:[i 
i il

P": * + l (+)'t
lll
lll
111 l

2

-1
-l

-l
2

-l
-l
-l

2l
Deduce that P" is stochastic for positive integral z. tgl

The above expression for P" is also valid for negative integral n. Use this result to investigate
whether or not Pn is stochastic for negative integral z, t3l
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(a) Two points A, B are taken on C such that ,qAn is a right-angle, where O is the origin.
(i) Show that AB passes through a fixed point on the x-axis.

(ii) Show that the locus of the mid-point of AB has equation

Y2 :2a(x - 4a).

t8I

(b) Show that there are at most three normals from a general point Q to C. Find the equation of
the locus of Q if two of these normals are perpendicular. Ul

9. Given that

r^ sin'0 cosn0 d0 (m, n ) 0)

show that

(i) I,n, n : ln. 
^

n

cn l2

I
Jg

(ii) I-., : (+),.,, -z (ror n > 2).
\m+nl

Hence show that rf m, n are both positive odd integers,

tsl

t6l

t4l

Given that p, q are positive integers, deduce that

('*)'

,(*y),

n0

f" {v (t -el){dy -@ - 
l)lql 

.

J-- (p + q)t

(?)
I nm,

90r 8
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10. Assuming that

"i':coSg+isin0
derive expressions for cos 0, sin 0 in terms of complex exponential fuactions and hence show that,
for real 0,

(a) cos i0 : cosh 0

(b) coshi0 : cos 0

(c) sini0 : i sinh 0

(A sinh i0 : i sin 0.

t3l
(i) Show that for real x e (- 1, 1) and rcal 0,

i ,'cos ro : 1-xcos0
+.-_-

| + x'-2xcos9r:0

(ii) Show that

and deduce a similar result for

i sinh--{(2r + 1)0} : cosh (cosh d) sinh (sinh g)

,?o Qr + l)l

t4l

t8l

$ sin {(2r + l)0}

,!o 2r*t1l '

You may assume the Mclaurin series for sinhx, i.e.

sinhx: i #l
,=o(2r + l)! I

t

9018

f



WELSH JOINT EDUCATION COMMITTEE

General Certificate of Education

Advanced Level

Special Paper

CYD.BWYLLGOR ADDYSG CYMRU

Tystysgrif Addysg Gyffredinol

Safon Uwch

Papur Arbennig

APPLIED MATHEMATICS

A.M. MoNDAY,25 June 1990

(3 Hours)

Ansty'e r seven que s tions.

No more than four questions ntav be ansx,ered from either section

A calcttlator may be used except yvhere it is expressty forbidden.

SecrroN A
' Mechanics

No more tltan four questions should be answered Jrom this section

[8:9'8ms-2]

1. Relative to axes Ox and O1' points P, Q, R have coordinates (2a, a), (3a, -4a), (6a. 0) respectively.
A system of forces S has moments 64aF, llaF, 12aF, in the anti-clockwise sense, about P, Q and. R
respectiveiy, where .F is a constant.

(a) Find the x- and -I,'- components of the force acting at O, which, together with a couple, is
equivalent to S. Find also the magnitude of the couple. tg]

(b) Find the magnitude of the lorces acting along the lines PO, OR, QR which, together, are
equivalent to S. Ul

2. At time t:0 four r\et Mp M2, M3, Mo are at the points (a,a), (-a,a), (-a, -a), (a, -a)
respectively. The men set offat the same instant with a constant speed a so that, at any subsequent
time, the direction of motion of man Mris towards man M, * t, with man Mo moving towards man
Mr. Given that the coordinates of M, are (x, y) express the coordinates of M, in terms of x arrd y
and hence show that

dy y-x
[2,3]

S

t8l

12)

w9019 Turn over.
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By making the substitution y : t)xt ot otherwise, find the relationship between x and y.

Find, in terms of a, the magnitude of the velocity of M, relative to Mr..
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3. Two small perfectly elastic smooth spheres Sr and .S, of equal radii. but of masses nz, ar,.d m,
respectively, are moving directly towards each other on a smooth horizontal plane with speeds rz

and u respectively. Show that, after collision, the speed of S, will not exceed 2u * u and that the
sphere S, will be brought to rest by the collision provided that 2mrt : (mr - mz)u. 15,2)

The two spheres are now set in motion in a straight line. each with constant speed u, towards a

smooth perfectly eiastic vertical wall, with ,S, being ahead of S,. The wall is perpendicular to the
direction of motion of the two spheres. After colliding with the wall the sphere S, collides with the
sphere Sr, whose direction of motion is reversed and whose speed after collision is [/. Show
thatU <3u. tll
Given further that the masses of the spheres are such that the sphere S, is brought to rest by its
coilision with ^S, find, by energy considerations, or otherwise, U in terms of r'. t3]

In this latter case 52 then collides directly with a perfectly elastic sphere S, of the same radius, but of
different mass, and moving towards it with speed u. In this latter collision S, is brought to rest. Find
the speed of S, immediately after this collision. t4I

4. At time t : 0 a ship ,4 is at the point O and is moving northwards with constant speed a. At the
same time a second ship .B is at a point a distance a directly east of O al;'d is moving with a constant
velocity. At time Tl4, a shell fired from ship A at time / : 0 passes directly over ship .8. The
velocities of the ships are such that, if they did not change course, they would collide when , : 7.
Given unit vectors i and j, due east and due north respectively, flnd the horizontal component of the
velocity of the shell relative to ship.l. t5l

Suppose instead that the constant speed of ship I is 3tt and,that the ships are closest together when
t : Tl2. Find z in terrns of a and T. FOl

5. A particle is projected from a fixed point with speed u at an angle a above the horizontal, and its
subsequent horizontal and vertical displacements from the point of projection are denoted by x and
y respectively. Show that

g*'"e'ot:xtand-T. l2l

A particle P is attached to one end of a light inextensible string of length a, the other end of which is
attached to a fixed point O. Initially the particle is in equilibrium, suspended from O, at the point B
and it is then projected with a horizontal speed a. The particle initially moves in a circle but at a
particular point of its path the string becomes slack and the particle then moves in a parabolic path
which passes through B. Find the angle between the string and the upward vertical when the string
becomes slack and also determine r.r. [8,2]

Find the maximum height that the particle reaches above B after the string tightens. t3l
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SscrroN B

Probability and Statistics

No more tlmn four qttestions sltould be ansv,ered from this section

6. In a certain country 55% of the adults are female. 25oh ol the adults are senior citizens, and 40% of
the adult lemales are senior citizens. Three adults are chosen at random from the adults in the
country. Caiculate the probability that they will include at least one female and at least one senior
citizen. 17)

In the same country there are only two political parties, the Reds and the Semidemocrats. The
country is divided into 500 constituencies each having 40 000 voters. At an election each party
nominates one candidate per constituency. Assuming that in each constituency every eligible
person will vote and that, independently, each person rviil vote for the Red candidate with
probability 0'501, calculate the probabiiity that the Rerls will win at least 400 of the constituencies.

t8l

7. The number of traf;fic accidents occurring in a month along a particular stretch ol motorway may
be assumed to have a Poisson distribution ivith mean pr.. Independently for each such accident the
probability that no person is killed is p.

(i) In a month when there \r'ere n accidents r.r'rite down an expression for the probability that no
person was kilied in r of the accidents. Hence, or otherwise, show that in a month the number
of accidents in which no person is kil1ed has a Poisson distribution with mean py.. U)

(ii) In a month when there *.r. ,i accrdents in which no person was killecl find an expression for
the probability that there rvere n accidents in that month. Hence find the expected number of
accidents in a month when there were r accidents in which no person was killed. t8]

8. (a'l

(b)

Spherical ball bearings are produced on two machines, ,4 and B. The bearings produced on
machine A have diameters that are normally distributed with mean 27 mm and standard
deviation 2mm, while those produced on machine B have diameters that are normally
distributed with mean 3lmm and standard deviation 2.5mm. In any one shift, machine,4
produces twice as many ball bearings as machine B. All the bearings produced in a shift are
then sorted by size into three batches, one consisting of bearings whose diameters are less than
27'5mm, one consisting of bearings whose diameters are greater than 34.0mm, and the
remaining batch consisting of bearings whose diameters are in the interval from 27.5 mm to
34'0 mm. Show that the batch of bearings having diameters in the interval from 27-5 mm to
34'0 mm consists of almost equal numbers of bearings produced on the two machines. Ul

The continuous random variable X is uniformly distributed over a finite interval which
includes the value zero, and is such that its mean and standard deviation have equal values.
Show that the probability that the product of four randomly observed values of X will be
negative is equal to f . t8l

90r9 Turn over.
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9. A rod of length 2 units is cut at a randomly chosen point, so that the distance. X, of the cutting
point from one end of the rod is uniformly distributed over the interval (0. 2). Let )z denote the
ratio of the length of the shorter piece to the longer piece.

(i) Find the expected value of )2. t5l
(ii) Show that for 0 < )' < 1,

Pt(f <y)n(0 <X< t)l :.L,l+v
and find the corresponding result for P[(f < r) n (1 < X < 2)). i4]

Hence, or otherwise, determine the cumulative distribution function of I'. Evaluate the probability
that the median of three independently observed values of I will be less than l. t6l

10. An engineer knows that the two variables x and y are linearly related in the form -y : z * px,
where a and B are unknown. The engineer also knows that it is possible to conduct experiments
with x having prespecified values, the resuiting measured values of y being subject to independent
random errors that are normally distributed with mean zero and standard deviation o. In order to
estimate the relationship the engineer plans to conduct five experiments with x having the values
1,2,3,4,5, respectively, and to measure the corresponding values of y. Denoting the values oly
that will be obtained by Yr, Y2, Y3, Ya, and Ir, respectively, the engineer (being unaware of the
method of least squares) reasons that a suitable estimator of the relationship is of the form

where , : 3 is the mean or the , ;i;.rl;:k;l;n or the measured y-values. and B is an
appropriately chosen estimator of B. The engineer reasons that B can be sensibly estimated by any
one of the differences ()', - Ir), (Y:- Yz),(Yq - r3), or (r5 - Yi State why each olrhese is a
sensible estimator of B.

After the engineer decided to take the estimator of B to be the average of the
above

that its variance is 25'h more than that of

The interested in estimating the true value of y when x : 2.

engineer's true value of y as a linear combination o[ )',, Y2, Y3, Y4, and I, and
hence find the variance of the estimator. t5]

Given that o : l'2 and that the engineer's calculated estimate of the relationship is

| : 25'44 + 2'32 (x - 3),

determine 95% confidence limits for the true value of ;'when x:2. l4l

9019
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