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Answer aU questions in Section A and low questions .from Section B

A calculutor may be used except where it is expressly forbidden.

, SrcrroN A

Answer aill questions in lhis section

l. The roots of the quadratic equation

o*'+bx*c--0
are e and 2a. By considering the sum and the product of the roots, show that Zbz :9ac. t4l

2. Write down the binomial expansion of (l + Zx)n inascending powers of x as far as the x3 term.

Given that the coefficient of x3 is twice the coefficient of x2 and that both coefficients are positive,

Iind the value of n. t4l

3. The equations ol two circles are

.r'+.r,'*4x-2y-4:o
and ,t+)''*2x-lol,*25:o

Clalculate

(i) the radii ol'the two circles,

(ii) the distance between the centres of the two circles.

Deduce that the circles do not intersect.

_-*\
(_P3j

t6l

Turn over.



4. Show that

Hence show that

5. rf

(;.') | - tan?
0tan+1

tan

and write down a similar expression for tan (; - ,) ?t*

/- \
tan[1+gi-tan

\4/

I
flx) : -,'-r'

(;-') :2tan20

r*0,

t5l

l5l

show that

['i9_JU): -2x-h
h x2{.r + /r1r

Deduce an expression for/'(x), the derivative of/(x).

6. Using the substitutiony: x2 - 1. or otherwise, evaluate the integral

' ,,./r= * ,\o*l:J, \rt - l/
Dt
\V tsl

7. The first term of a geometric series is equal to l2 and the sum of the first three terms

to 21.

(i) Find the two possible values of the common ratio.

(ii) Calculate the sum to infinity of the series having the positive common ratio.

is equal

tsl

8. The reai, non zero constants a and b satisfy the equation

(a+ib)3:1.

By considering the real and imaginary parts. show that

a(a2 - 3b2): I

and b2 : 3a2.

Solve these simultaneous equations for a and 6, and hence write down the two complex roots of the

equation

z3 : I. t6l



SeclroN B

Answer fow questions from this section

9.

l) P\orPa

The figure shows two perpendicular axes OX and O )'. Also shown are two circles C, and C, which
touch each other and which both lie in the first quadrant (i.e. above OX and ro rh€ right of OY).

C, has radius 4 and touches OY at i', C-,has radius 3 and touches OX at E, The line AB,joining
the centres of C, and C2, rreets OX at Fand BliO:0.

(i) Find expressions lor OD and OE in terms of 0 and show that

DE2 : 74 + 42sin d * 56cos 0.

Hence express DE2 in the form

74 + r cos (d - a)

where the values of r and q are to be found. t6]
(ii) By considenng the extreme positions in which

(a) both circles touch OX

and (b) both circles touch O Y,

show that, correct to I decimal place,

8.2"<0<98.2'. t4l

(iti) Find the greatest and least possible lengths of DE and state the corresponding values of 0.

t5l

li XU

Turn over.
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10. Show that the equation of the normal to the parabola Jz : 4x at the point PQ)z, 2p) is

y + px:2p * p3. t3l

Given that p * 0 and that the normal at P cuts the -r-axis at the point B(b,0), obtain an expression
for p2 in terms of b. Deduce that b > 2. I3l

The normal at P meets the normal al Q (q),2q) al the point R. Show that the coordinates of R are

(2 + p2 + pq + q2, - pq(p + q)). t3l

Given that pq:2, show that these coordinates can be written in the form (r2, 2r) where r is a
function of p. What does this result tell you about the point R? t3]

The normal at R meets the paraboia again at the point S(s2, 2s). Find s in terms of r. t3]

11

A

D

The figure shows a cuboid in which BC : I m. AB : 2m and AE: 3 m.

Calculate the angles between

(i) the plane CDEF and the plane CDHG.

(ii) the line EC and the plane CDHG.

(iii) the lines EC and EF"

(iv) the lines EC and DF.

Calculate the smallest angie of the triangle DEG. and hence calculate

(v) the perpendicular distance lrom E to DG.

(vi) the area of the triangle DEG. t7l

G

C

(

t8l



t2. -l'he function / is defined by

/('):e''*r
rvith donrain ,r < 0.

(r) Find expressions lbr

(a) .l'(-r), the derivative ol'/(.r),

(b) t'- 
r(-.-), where / I denotes the inverse function ol'.1.

Skcrch thc graphs ol'/and.f-' on thc sarnc axis anci state the clomain ol'.1 t6l

(ii) Show graphically that the equation
t7 rle -5*-x2

has a single negartivc root and show that its value lies between -0 8 and -0'7
(iiit 'l'he l'unction g is tletined on the domain x > I and

log('r): s''

t4l

Obtain an expression lor g(r) in terms o1'.r. State, with a reason, whether or not the function g"./'
can be fornied. t5l

13. The function./ is defined by

a*bx
;rT.l(x) = (x2 + t).

Show that

12)

Given lurther that the graph of./ has a turning point at (3, -l), show that a:5 and b - -3.
Hencc lind the coordinates ol the other turning point.

Express l(-r) in partiat lractions and show that , '

t"t.rt: ' ,- -1.'/ 1'r' (x - l)r (r + l)r
[-lence

(i) identify the two turning points as maxima or minima,

(ii) given that the graph of./'has a single point of inflection, find its x coordinate.

t8l

12)

t3l

TURN OVER.
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14. (1) The points P and Qhave position vectors p and q respectively with respect to an origin O.

The point R lies on PQ and has position vector )p + pq. By considering the vectors PQ and PR, or
otherwise. show that ) + p : 1.

Show further that il R lies between P and Q, then both ). and p lie between 0 and 1. t6l

(ii) The vertices A, B, C, D of a parallelogram ABCD tiave position vectors a, b, c, d
respectively.

Show that

d:a*c*b. l2l

The point E lies on AC and AE: EC : I : 3. The line DE meets AB in,F. Show that

AF:FB:l:2
and calculate the ralio DE: EF. Lll

15. (a) Using integration by parts, show that
nl

[-r' ton^ x dr : 9ton- 2 -1J, 3 "' 9 14)

(D) Sketch, for 0 ( x 4 2n, the curve

' Y: cosx'

Hence sketch on different axes, for 0 { x ( 2zr, the curves

(i) y : sec,
(ii) i, : sec -x - cos x. t3]

Write down an integral equal to the area of the region R enclosed by the curve I : sec ,r - cos -r.

the r axis and the line x : 1. H.n". find the area ol R.
4

If R is rotated about the -x-axis through four right angles. find the volume generated

t3l

1n terms ol z.

t5l

.---1i{!
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,ltt.;tltr all tlut'stions irt Seclion A utrd four f rom Set'tion B.

A t'ulculutor n{t)' be used ex(ept w'here it is expressl.t,J'orbidden

l-,Lg:9'8ms -)

SEcrron A

Answer all questions in this seclion.

l. A body moves along a straight line. At time I its velocity l satishes the differential equation

du . -2t
-++r-e

Use the integrating l'actor method to find the general solution of'this equation. t4]

2. A locomotive working at the rate o1240 kW pulls a train of total mass 56 000 kg (including the
locomotive) up a straight track inclined to the horizontal at an angle of sin -' (rf). When the speed is

5 m s-1, the acceleration is j m s-'. Find the total resistance at this speed. t4l

3. The foot of a uniform ladder of length / m and mass M kg rests on rough horizontal ground and
the top of the ladder rests against a smooth vertical wall. The laddcr is inclined at 30" to the horizontal
and the ground is sufficiently rough to prevent slipping. Find the frictional force and hence the
magnitude of the total lorce exerted by the ground on the ladder. t4l

Turn over.



4. A particle P of mass 2 kg is attached to the end of a iight inextensible string OP of length 1.5 m.
The end O is flxed and P describes a horizontal circle with unilorm angular speed o radians/second,
with OP inclined at an angle of 60' to the vertical. Show that

(i) the tension in the string is 49 N,

1ii) rr.r :, liVi t5l

5. Two particles A and B are of mass 3M kg and 2M kg respectively. They are connected by a light
inextensible string passing over a smooth puiley. Particle I rests vertically below the pulley on a
horizontal plane. Particle .B is lifted so that the string is slack. and then allowed to fall from rest. The
string becomes taut when particle B has fallen through a distance of 2'5 m.

Find the speed of particle B

(i) immediately before the string becomes.taut,

(ii) immediatetry after the string becomes taut.

Find the impulsive tension in the string when it becomes taut. t5]

6. A body B of mass 2 kg moves such that its position vector at time / seconds is

I : (sin rt * al)i * (cos nt * ut)j,

where a is a constant and distances are measured in metres. Write down the veiocity and acceleration
vectors of B at time I seconds. Given that at I : I the force acting on B is perpendicular to r. show that
a : l. Find the kinetic energy of the body when r : f . t5l

7. A particle of mass 2 kg is hung verticall-v on a light elastic string and is foun,l to stretch it by

0'3m. Find the value of ] *n.r.,\N and /m are the modulus of'elasticity and natural length of the
I

string respectively.

The particle is pulled down a further distance i m. Write down the decrease of potential ene.rgy ol

the particle. Show that the total pr-.1:ntia1 energl'oithe particle and strrng is increased U, '09t-ira
l

tsl

8. ABCDEFisaregularhexagonai laminaof side2mwithcentreatO.Forcesof 1N.2N.3N.
4N. 5 N and 5 N act along the directions AB^ CB. CD, ED. EF and Il respectively.

(i) Show that the magnitude of the sum of the moments of the forces about O is 9. J X*.
(ii) Find the components of the resuitant force along and perpendicular to OC.

(iii) Find where the iine ol action of the single force equivalent to the force svstem cuts the
line COF. t8l



Suc'noN B

Ansx,er four queslions.f ront this set'tion.

9. (rr) A particle ol'mass 2 kg is actecl upon by a variable fbrce which rnakes it move in simple

hannonic ntotion about 0 on the straight line Ox. Given that the maximum speed attained is 0'5rn t; 
*t

and the rnaxintum accelcration is 0 I m s l, fi,-,r.l the periott of the nrotion. Show that the arnplitude o[
the motion is 2 5 m.

The particle passcs through 0 at trme / : 0.

(i) Wrrte clorvn the displacement ot'the particle tiom 0 at timc l. Hence tind the velocity and

Ircccleratit'rn at tirne /.

(ii) Find thc Iorce acting on the particle at time l. Show that the tbrce generates a power o1'

-0.05 sin (().41) watts cluritrg the motion ancl find the values of I for which the power is a maximum.

t8l

(b) A particle P ol rnass M kg is attached to two light elastic springs S, and S, each of natural
length I m, and ol'moduli ,\, N and ), N respectively. The springs, together with the particle, are placed

on a smot)th flat table with the ends olthe springs attached to two fixed points l, and lr,2 metres

apart, AtPA. being a straight line.

s'r ,s2 ,

AtPAI

The system rs disturbed slightly fiorn equilibrium in the line I ,PA, and then allowed to move

l)'eely. Shorv that the particle P perlorms sirnple harmonic motion. Show also that the period of the

morion rnay be written r, $, where ?n, is the period when ,Sr only is attached to P, and ?", is the
.,/ri + r,

periocl rvhen S, only is attached to P. t7]

10. A body is projected at time t:0 from a point O with speed I/in adirection inclincdiot an

angle d to the horizontal. Write down expressions for the horizontal and vertical components x and.y of
its displacement from O at time L

(i) Show that the mnge R on a horizontal plane through the point of projection and the tirne

ol'llight ?" satis[y

gT' :2R tan 0.

Show that the time ol- flight corresponding to a maximum range ol 392 nr is 8 9 s, correct to one

decinial place. Find the specd ol'prolection and the maximum height attained. correct to one decimal
pluce. [0]

(ii) Show rhat ,r and _y satisfy 
.. gx2 )l'- \tand- 

U:sec-9.

.4 is a point on the plane at a distance of 196 m from O. lt is required to hit a target directly above .4

at a height of'98m. Given that V : J'4W find the corresponding values of 0. t5]

Turn over,



ll. ACB isthedrameterolauniformsemicircularlaminaolradius amandcentreC.showthat

the centre olmass of the lamina is at a distance of !* from A('8.
1)n

i4l

(iii) Assuming that . . :. find the speed of-B after its {irst collision with the wall. The kinetic- 19

energy lost as a result of the first collision between A and B is t times the kinetic energy lost due to the

The semicircle having CB as diameter is removed from the lamina.

(i) Show that the centre ol mass of the lamina remaining is at a distance 
"f #m from lCB.

tsl

(ii) The remaining lamina is suspended freely fiom ,1 and lies in a vertical p1ane. Show that

ACB makes an angle ,rr- (]-1) with rhe vertical.\ r 5- / 'Irtr \ sr I'rudr' 
t6l\-""./

12. (a) A body of rnass 4 kg is moving along the O,x axis. The motion rs sub1ect ro a resisting lorce
of (28rr + 24r) N, where r,m s I is the veiocity of the bod-v and .r m is its displacement lrom O. Show
that the displacement x satisfies

ad'.r d r

di * 7 * + 6.r : 0. uhere I denores timc

Giventhat,r:4.t:lwhent:0,find-xintermsofl.Shou'thatthebodrpassesthrcughOat
time I log. (f) s. tSl

(b) A manufacturer estimates that the rate at which the valiie ol machinery at time r depreciates
is proportional to the value of the machinery at tha[ time. \\'nte dor,, n a differential equation lor p, the
value of the machinery at time l. Find the general soiution of this equarion.

A machine which costs f8000 new is only w'orth f4000 in 3 _u-ears time. Find the value of the
machine after 8 years, correct to the nearest pound. tl)

13. Two identical small smooth spheres ,4 and 3. each ol mass ,U kg. are connected by a light
inextensible string AB of length 1m. Tney are placed on a sntooth horizontal table with ,,{B just taut.
The line A B is aI right angles to tLr 1ii;ine of a vertrcai ri all. B being the sphere nearer to the wall and
distant l0m from it. .4 is prcrjecteel towards B with speed lms '. Th. coellicient ol restitution for
collisions between the spheres, and for collisions betr,leen tir.: spheres and the wall is e(e > 0).

(i) Show that the speetls of ,4 and B alter their first collision are (l - e)ms-l and
(l + e)*,-'respectively 

131

(ii) Show that if the string does not become taut belcre B collides with the wall then . . -L
l9
t5l

collision of B with the wall. Show that the value of k lies between -161 ,nd l
200 ltl



14. At / : 0. a small boat is at the origin of a Cartesian coordinate system and a ship is at the point
with position vector l0i. where distances are measured in nautical miles. The constant velocity of the
boat is (Zcos 0i + l/ sin 0j) knots (nautical milesrhour), where It- and 0 are constants and trz > 0. The
constant velocity of the ship is (-6i + 8j) knots. Write down the position vectors of the boat and ship
after t hours. tll

(i) The boat intercepts the ship after I hours. Write down two equations relating V, 0 and T.
Find the least value of I,'at which the boat can travel and still intercept the ship. State the corresponding
value of 0 and the time taken. t5]

(ii) The boat is 6 nautical miles from the ship after 2 hours. Show that in this case

8sino-cose-l't+56.
2V

Hence show thar v2 - ZleS Iz + 56 < 0. [5,4]

15.

A double inclined plane is in the form of a uedge fixed on the ground with its base horizontal and
smooth laces inclined at an angle z to the horizontal. A particle I of mass I kg on one face is connected
by a light inextensible string passing over a smooth pulle1,at the top of the wedge to a particle B of mass
2 kg on the other face.

Given that a : tan -' 1{,), n.,a

(i) the reactions of the wedge on A and B,

(ii) the common acceleration of the particles and the tension in the string. t8]

Given that the mass of the wedge is 10 kg, draw a diagram showing the forces on the wedge. Show

that the vertical thrust of the ground on the wedge i, Tr._ 7s" l7l

2
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, Sr.c'rrt,rx A

.1tr.:tr't'r all qut.st ions itt t hi,s .\eL' tion.

l. The t$'() events .{ and I are such thut

P(,1): o I, P(B) : o'4, and P(.418) : o l.

ti) Statc, u'ith vour reason, w'hcther L)r not,{ and B are independent

(ii) t"ind thc ralLre' ol'P(,1u8) and P(81.1t.

2. In caclt trial rrt'a ntudorn e.rperiment, the probabrlity that thc cvcnt .-l w'ill occur is 0'6. ln eight
indepcndent trials ol'the erpcrinrent calculate, correct to tbur decinial places. the probabilities that

(r) .{ u'ill occur iu e ractly tire of thc trials, t2l

tir) ..1 w'ilt occur in cractly tirc ot-the trials, these tnals berng consecutivc. i2l

3. Four cards are nurnbered 2,2.4 and 6, respectively. Two olthese cards are chosen at random
n,itlrtrtrt rcplacemcnt. [.ct ]'denote the larger ol the numbers on the two chosen cards. (Take Y : 2 il
thc lw'o choscn cards arc both nurnbcred 2.) Dctennine the sampling tlistribution ot'Yand hence find
thc cxpcctcd value ol' l'. t5l

{. -l'lre lcngth ol'crrch sitlc ot'u cube is .\'cnr. w'herc .Y is a continuous randonr variable having
prohirbilitt' rlcnsity I'unction I given br

lfrl =1, tirrt-<x<2,

(r):() . otherwisc.

l'iirrl thc rtrcltn atttl the vtrriattcc of tttc vrllttt'ttcs ol'the cubcs. t5l

SA,l 'furn over.

tll
t ]t
L'l



5. Suppose that the heights of adult males are normally distributed with mean l74.5cm and
standard deviation l0 cm.

(i) Calculate, correct to three decimal places, the probability that the height of a randomly
chosen adult male will be greater than 175 cm. l2l

(ii) Use a distributional approximation to calculate the proLrabilitr that at least 40 of 80
randomly chosen adult males will have heights greater than l75cm; give your answer correct to three
decimal places. 14)

6. A planted tuber produces 0, l. or 2 shoots with probabilities 0 2. 0 3 and 0.5, respectively.
Independently for each shoot produced. the probability that it wili flower is 0.4. I-et X denote the
number ol shoots lrom a planted tuber that r,,'i11 flower.

(i) Show that P(X: 0) : 0'56 and that P(X : l) : 0 36. t5l
(ii) Find the mean and the standard deviation of X. t3l

7. Independently on each day, the number ol times that a machine wili require attention has the
Poisson distribution with mean l'2. Find. correct to three decimal places, the probabilities that

(i) on any day, the machine will require attention exactly three times, tl]
(ii) on two successive days. the machine will require attention twice on one of the days and

once on the other day. t3l
The cost of running the machine on a day when it requires attention X times is f(12 + rcX1.

(iii) Find the expected daily cost ol running the machine. t4l

Srcnox B

Ansn'er four questions.from this section.

8. The continuous random variable X, which is restricted to values in the interval from 2 to 4.
inclusive, has cumulative distribution function F given by

f('):o"+bx'for2(x(4'
(i) Giving a clear indication olyour method, show that a : j and b: - i. t3l
(ii) Find the value of c such that P(X > c) : 0.88. t3l
(iii) Find the cumulative distribution function of I' : X(X - 2). t5l
(iv) Let N denote the integer obtained by rounding an observed value of X to its nearest

integer value. Find the probability distribution of N and, hence, evaluate E[N]. l4l



9. A box labelled I contains three white balls and five black balls. Three balls arc drawn at
rantlorn without replacement flrom the box and placed in an empty box labelled B.

(i) Find the probability distribution of the number of white balls drawn liom box l. t5l

Onc bull is now drawn at randonr fronr tltc fire balls remainrng in box .4, and one bail is cirawn ai
randonr lronr the three in box B.

(ii) Calculate the probability that ihe ball drawn from B is w'hite. t3]

(iii) Given that the balldrarvn Irom I and thc Lraildrawn lrom B are the same colour, calculate
the probability that the three balls transl'erred iiom A ta B consisted o1' one whrte ball and two black
ba lls. Lll

10. Whcn an ob1t:ct is weigliecl repeatedly using a ccrtain type ol'balancc, the observed masses are

norrnally distributed with mean equal to the true mass ol- the ob.lect.

(r) Llsrngaparticularbalanceoftheabovetype,itiskrrownthatthestandarddeviationofthe
otrscrved masses is 0'5 rng.

(a) Ilanobjecto['truemass5'0mgisweighedfourtimesonthebalancccaliulate,correct
[o three dccirnal places, the prolrability that the nrean of the lour observed weights will be greater than
5'l mg. i3l

(b) Find the least number ol'trmes that an object should be weighed on this balance tbr the
width ol-thc 9()'7o confidence interval for the object's true mass to be less than 0.5 mg. t3]

(c) An object was weighed l0 tirnes on the balance and the mean ol'the observed masses

rvus 6'8 nrg. Another object was weighed'15 times on the balance and the mean of the observed masses

was -1 6 nrg. Calculate 95ozt confidence limrts lbr the difference between the true masses ol the two
ohSects. t4l

(ii) Usinganotherbalanceoftheabovetype,thestandarddeviationoftheobservedmassesis
not known. Nine weighings of an object on this balance gave the observed values (in mg):

'7.1, 7'5, 7.5, 1 .4, '7-4, 7.6, 7.5, 7.5, 1.'7 ,

respectively. Calculate 95% confldence limits tbr the true mass of the object. t5l



ll. It is known that 5oh of all women have a certain disease. The flrst stage in diagnosing the
disease is based on a reading obtained from a blood test. For women having the disease. the blood test
reading is normally distributed with mean l6'4 and standard deviation 6. For women not having the
disease. the reading is normally distributed with rnean 7'4 and standard deviation 3. A woman whose
blood test reading is l4 or more is required to undergo lurther investigation.

(i) Calculate, correct to four decimal places. the proportion of those women having the
disease who will have to undergo further investigation as a result of the blood test. t2)

(ii) Calculate, correct to lour decimal places, the proportlon of those women not having the
disease who will have to undergo further investigation as a result ol the blood test. 12)

(iii) Calculate. correct to three decimai places, the proportion of all women who will be
required to undergo further investigation as a result of the blood test. I3l

(iv) If two women who have the disease are blood tested, show that the probability that their
readings will differ by at most 2 is 0.186 correct to rhree decimai places. L4)

(v) Il one woman who has the drsease and one woman who does not have the disease are
blood tested calculate, correct to three decimal places. the probability that their readings will differ by at
most 2" Vl

12. The random variables X and )'are independent. with X having mean g. and varianc e o7, and, y
having mean g. and variance olrt. where A is a positive constant.Let i denote the mean of a random
sample of l0 observations of X. and let f denote the mean of a random sample of 15 observations of I/.
Show that

and

are both unbiased estimators of p. t3]

Find expressions for the variances of f, and I,, and show that the variance of f, is less than or
equal to the variance of 7",. 

t6]

Find, in terms of ft. the value c for which

T:aX+(1 -QY
has smallest possible variance. t6l

2I + 3ky-r
't - 2 + 3k

2*+3t
/l 

- 
=-----5
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13. The discrete random variables X and )'are independent with probability distributions as

shown in the following tables.

Distribution of X Distribution of Y

x
P(X: x)

t2
0.4 06

I'
P(Y : y)

123
0.3 0.4 0.3

(i) Evaluate ,(r.)

LetU:XYandW:2X-Y.
(ii) Show that EIUWI: EIU)EIW.
(iii) Evaluate P(U :2, W :0).
(iv) Determine whether or not U and W are independent

l3l

t6l

121

L4l

14. It is known that the true response, ,y, in a certain ciiemlcai process is linearly related to the
operating temperature x'C. F{owever, experimental determinations of y are subject to random errors, sG

that when the process is run at temperature -r,oC the observed respcnse is given by

l;:d*px,*e,,
where a * pxi is the true response and e, i's the error. The following table gives the responses that were
observed in nine runs, ttr.ree at each of the temperatures 20'C, 30'C, and 40"C.

Temperature (x,)

20 30 40

Observed

responses

Iui)

35

JJ

34

31

'1,/.

3l

28

27

29

(i) Calculate the ieast squares estimates of a and p.

(You may assume that the sum of the products, L*ry, of the 9 pairs of observed values
(xi, y) is equal to 8220.) t5l

(ii) The errors, €i2 a'te independent and normally distributed with mean zero and standard
deviation 2'5. Calculate 95oh confidence intervals for

(a) the value of p, t3l

' (b) the true value of y when x : 40. t4l
(iii) Explain why the confidence interval you calculated in (iiXb) is preferable to the one that

could be obtained from the three observed responses when x : 40. t-3]



MATHEMATICS A 4

Further Pure Mathematics

.c.[r. THuRsonv, 23 June 1988

(3'Hours)

Answer rll questions in Seclion A and four questions from Seclion B

A calculator may be used except where it is expressly forbidden.

SscrroN A

Answer aill questions in this section.

l. The quadratic equations

*'+*-l:o
and

*'-**d=0
have a common root. Show that

2. The function./is defined by
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t4l

tsl

x* !1.

By obtaining a quadratic equation in x, find the range off

J(x):l+x+-x2l-x'

Turn over.



3. The transformation T of the plane transforms the point {x, y) to the point (x', y') given by

l)(i)
o

I
0

I
0

0

where a, b are constants. Determine the set of fixed points

(i) in the case a * b :0,
(ii)inthecasea*b*0.

Given that a * ll : 0, explain as simpiy as possibie the effect of I followed by f.

4. Show that

p4

I '/*'* 9 dx : lo
Jo

9+-
2

log" 3

t5l

t6l

tsl

tsl

5. The sum of the first n terms of a series is equal to 3n2

Show that

(i) the zth term, {0, is given by Tn: 3{2n - l),
n

(ii) I T,' : 3n 14n2 - l.

6. Sketch the curves _I, : x*' for :r > 0 and n : \, tand ] on the same axes.

By considering appropriate areas, show that for a > l,

1_:-t"1, - l)<1og.a <2(ia-l).
\/ a

7. Use the method of induction to show that ,i' - 4n * 3 is divisible by 4 for ail positive integral

values of n. t5l

8. The function/is defined t-rn the domain (-:c, + r) by

,(r):1r'+4.r*31.
Sketch the graph of I Write down expressions for the derivative /'(.t) for vaiues of .r for

which/(x) # 0. tsl



SECTION B

Answer four questions from this section.

9. The function/is defined by

8x2+ I

"/(x): ft _ l)
Expressfx) in the form

lV):A+!+ c
' x x-l

where A, B, C are constants to be determined

Locate and classify the stationary values of/and sketch the graph of/
Determine, with the aid of your graph,

(i) lSr), where S, is the interval [2, 3],

(ii) ./'-'1.S;, *he.e S, is the interval [4, 8].

10. (a) The non-singular square matrix A satisfies the equation

A':I .,.(l)
where r is a positive integer greater than I and I is the identity rnatrix.

Show that

(i)A-r-Ur-r
(ii) (A-')': L

In the case

find the smallest value of r satisfying equation (l) and hence write down the matrix A-1.

(D) The variables x, !, z satisfy the equations

x*2Y* z:k
2x* y+42:6
-x-5y*kz:3

where k is a constant. Using reduction to echelon form, solve these equations for
(i)k#1,
(ii) k: l.

Interpret your results geometrically in each case.

^:(i i i)

t4l

t6l

t5l

t6l

tel

Turn over.



ll. (a) Show by applying the Newton-Raphson method to the equation

xt-a:0
that the positive mth root of the positive number a may be found using the iterative process

(* - l)xi' + arr+r : __;;;=1_

Hence calculate /G "or.""t 
to 2 decimal piaces.

(6) Show that the equation

I - -xa: tanx - sinx

has a root lying between 0'8 and 0'9.

Rewrite the equation in the form

-x: F(x)

and use the iterative sequence

xr*, : F(xr)

to find the value of the root c,rrrect to 2 decimal places.

Illustrate graphically the convergence of the sequence.

t6l

lel

12. The points A, B, C, D, Ehave coordinates {2,2,3), (1, i, l), (1,2,6), (5,4,4) and (-2,1,5)
respectively. Show that the lines BC anQ AE do not intersect. t4l

Write down the direction ratios of AB and, A{ and deduce the acute angle between these two lines.

A line I has direction ratios p : q : r. Write down the conditions for I to be perpendicuiar to bottr
AB and AC and deduce direction ratios of the normal to the plane ABC. Hence obtain the equation of
the plane ABC and show that D lies in this piane. t7)

Write down the equations of the perpendicular from E to the plane ABC. Hence find the
coordinates of the foot of the perpendicular from E to the plane and deduce the length of the
perpendicular. t4l

13. Given that (2 + 3i) is a root of the equation

,o - 6r'* 23;r - 34: + 26 : o

find the other three roots. i4l

Plot the four roots on an Argand diagram.

Given that a circle with centre on the real axis passes through the four plotted points, flnd its
equation in the form 

r z - ar : B. t5l4t 
- 

^J

The four roots are denoted by zp 22, 23, z4where

Im(z,) > Im(2,) > Im(zr) > Im(zo).

Given that

7-ZI-22
23- z+

calculate, correct to 3 significant flgures,

(i) are(4,

fii) ne (ez). t6l



14. (i) Let the Maclaurin series of tan x be

tanx : a1x * or*' + or*t + ...
where a1, a3, asare constants. Deduce the series expansion of sec2x as far as the ro t..m

(a) by differentiation,

(b) using the relationship sec2x : I + tan2x.

Hence by comparing the two series, show that at : l, at: \ and ar: rt. t5]
(ii) Assuming the series for tan x, obtain the Maclaurin series of x cot x as far as the terrn in xa.

Write down the value of

ly, , cot -r. 
t4l

(iii) The Maclaurin series of tan-lx is denoted by

tan-lx : bfi * brx3 + brxs + ...
where by, b3, btare constants. By considering the tangents of both sides and using the series for tan x,
obtain numerical values for bp b, and br. t5]

Deduce the Maclaurin series of cot-lx for x 2 0. tl]

15. The point P(x, -r) moves in such a way that its distance from the poini (2a, 0) is equal to its
distance from the y-axis. Show that the equation of the locus C of F is

verify thar rhe point r(a coshzr. ,, ,,-ln,l;:J:, J:r all r l4l
Show that

(:i)
2

1+ -)r

x-a t2)

That part of C lying between the points V(a,0) and f is rotated through four right angles about the
x-axis. Find in terms of / the area of the c'urrved surface generated. l4l

Show further using the substitution x : a cos\\22, or otherwise, that the length of arc of C between
V and f is equal to

aQ + )sinh 2r). t5I



IMPORTANT NOTE
Please note that the Mathematics S paper is not included separately. It contains three

sections, Section A which is identical to Section A of the Pure Mathematics S paper, Section B
which is is identical to Section A of the Applied Mathematics S paper and Section C which is is
identical to Section B of the Applied Mathematics S paper. Candidates are required to answer not
more than four questions from Section A and not more than four questions from either Section B
or not more than four questions from Section C.
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A n.swe r seven q we s t ia ns "

No more than fiour questions nruy be answ,eredJrarn either section.

A cukulata{ may be u.yed except x,here it is expres.tl"y forbiclden"

SrcnoN A

Fure Mathematics

No more thun four questions should be ansytered.f'ronr thi.s section

l. (r.r) Civen that. lor 0 < 0 <:.
1

,r: sec0 - tan0

show that

(i)0<-r<1,

(ii) tan jo : L: '
[ + .-r-

and obtain an expression lor I tn ,.rnu of .r' only
d0

(6) The points A, Blie on the circumference of a circle of unit radius and the chord lBcuts the
circle into two parts whose areas are in the ratio 2: L

Calculate the length lB correct to 2 decimal places. tgl

2. The curve C' has equatioh.t,2 : 4u.u. P(up2,Zup)isa poilt on C, and the normalat P meets C,

again at Q. The tangents at P and Q meet at R. Show that R has coordinu,., ( -up2 -rr, -+).
\ p/

Thc locus of R as p varies is the curve (',. t"ind the cartesian equation of Cr.

Show that the normal to Cr at R cuts C, in two further points il p2 > 2. tl5l



3. The function { is defined on the domain x ) 0 and {(0) : 0. The cierivative {,(x) is positive Ibr
"r ) 0. Sketch the graph of d and indicate the areas represented by the integrals

f ,,,, o, and 
I'rr 'c,,) dr et, h > o)

where { -l denotes the inverse function of {.
Hence show that

ab{

and state the condition for equality to hold.

By taking d(-lr) : log" (l * _r), show rhat for a > l, b > 0.

a(b+l)(a1og.a+eb
and state the relationship between a, b for equality,.

tsl

ll0l

a. @) The function/'defined on the domarn r ) 0 is given by

/("r) :e'-'r'.
Find the coordinates of the two turning points on the graph of.l'and hence sketch this graph.

Deduce. v'ithout using tables or a c.alculoror. u,hich is the larger of e" and r". t7l
(b)

f, r,o., . i:d '0,) ay

Mediurn 1

Speed Z,

X

Medium 2
Speed Z,

The figure shows a light ray travelling along the path ACB through two media separated by the
straight line XY. The speeds of light in the two media are V, and V.,.If rdenotes the time taken for the
light ray to traverse this path. show that

T:usecx-isec€
Vt V2

and r,: utanu * btanB.

Given that the path of the light ray minimises f, show that

sin r V\

sin B V)

[Any stationary value found may be assumed to be a minimum]

a

Y

b

B

c

l8l



5. Let

1,,
I Ot)t--_-.
J,, lu * b cos 0)n

(i) Using the substitution , : ton'20, show that for b > a ) 0,

It : ,.r"lE'J*)
Obtain an expression lbr /, in tcn.ns o1 c, and b in the case d > b > 0

(ii) Show that

tel

t6l

l6l

d I sinti I ,r I

-l-l-=- 
---L

d0[a+hcosrgl h tu+ hcosg)

(h' - o') I

(u*bcos0)2

Hence obtain expressions lbr ,1, in the two cases

(u) b> c>0,
(b) a> b>0.

Srcrrou B

Further Pure Mathematics

No more rhan fous questions should be answered Jrom this section

6. Given that u, - Di u, - 1, show that

The .follow'ing Taylor series expansion may be assumed where necessur)'

(.x - .r)2
,(-r) : J\a) + (x - a) J'lu) + --;:f"(c) + ...

L ', 
: u, - l'o

n

Let

i': S.(n).

Putting D1: ir (i + l)'and considering the binomial expansion o[a,, show that

;,,'(,, + r)' : (i)r,. ,(,,) 1(;)t,, ,(rr) | (;)t,.- 5(,r) *

State the last term on the right-hand side, distinguishing between the cases

(a) r even, (6) r odd.

Use this result to obtain an expression lor 55(rr) in terms of n.

n

I

tel

I

f,) - )
J D' -- tt-



7. (a) The members of a Schooi Computer Society buiid a smali computer in which the arithrnetic
unit can perform only the operations add, subtract and multipiy; it cannot divide" They decide to
program the computer to divide a by b (b > 0) by multiplying rz by the reciprocal (6 '1 of b. Th.y
consider the possibility of using an iterative sequence involving only the avaiiable operations to find
b- t.

Use the Newton-Raphson method to derive the following iterative sequence for b r, where -xn is a

suitably chosen initial approximation:

xn + I : r,,(2 - bxr)

Find the range of values ofl,xo for which the sequence converges to & -' [Z]

(b) Consider the equation

asinh "r * b cosh-r: c

where a,b,c arepositivequantities. Findthecondition ona,b, cforthisequationtohave
(i) no real roots,

(ii) I real root,

(iii) 2 real roots. i8l

8. The characteristic polynomial of the square matrix A is defined as

lU) : det (A - )I)

The eigenvalues of A are the values'of ,tr for whichfl)) :0.
(i) Find in its simplest form, the characteristic polynomial of the matrix

A_

Hence flnd all the eigenvalues of A. t6l
(ii) Verify that

A3 :4A2 + A

and use induction to prove that any polynomial in A of degree exceeding two can be expressed as a
quadratic in A. t5l

(iii) Express

Aa+A3+A2+A+I
as a quadratic in A. t4I

I
I
2

0

I
1

1

2

J



9. Show, by considering an appropriate Taylor series, thai

lh th - ctl]

I ftxt dx I (b - a'tJ(i' r * ,"kr
Jd

for suitably small b - a. where c : t2ta + h1.

By putting a : 0 and, b: 1 . find an approximation to the integral
/.

", " : d,l.I- |

Jn cosx + tan Y

giving your answer correct to 2 decimal piaces.

Show that the exact value of 1is

14)

t5l

t6l

tsl

[10]

+
2

10. (a) If z, and z2 are two complex llumbers, show using an Argand diagram that

l--rt-l:21(lzr-z2l
and lrrl*lrzl)l--r-::l

State the condition for equality in each case.

(b) The complex number z * i satisfies the equation

i'-lit:i
and

IZ
W ::-

l- z

Show that

(i) w is real,

(ii) the points representinE\|, z and i on the Argand diagram are collinear

Illustrate (i) and (ii) on an Argand diagram.

1oB.
I

-v)
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A nsyver seven que s I itxts.

No nlore thun four quesliorr.s nruy be unsvtered.from eilher set,tiurt

A culc'ulutor moy be used exL'ept w,here it is e.xpressl.y .lorbidden.

l. A particle P of mass r,? is attached to two elastic strings each of natural length a and modulus
3 rng. The first string A P has its other end A attached to a fixed point. The other string PB has its other
end attached to a fixed point B which is vertically below A and at a distance 3c from it. Show that when
the system is disturbed ttom equilibrium, with both strings remaining taut and vertical, the resulting

S

ttroticrn is simple harmonic of period 2"8

The system rests in equilibrium when the mass is given a velocity of magnitude u in the direction

P,4. Show that the string Pl remains taul if ,' < Y . ff u2 : T:9, find the height of the point above36e
B where the particle first comes to rest. tl5]

2. A block of mass I kg rests in equilibrium on a rough horizontal plane under the action of four
horizontal forces3iN,(i- j)N, -(4i+ 4j)Nand(Pcosui* Psinaj)N.Thecoefficientof friction
betwecn the block and plane is 0.5.

(i) Find the range of possible values of P when 
"o. 

o : 1.

(ii) Given that the block is on the point of moving, find the least value of P when a may be
varied in the interval 0 < a < 90'. tl5l

Turn over.

Sec'noN A

' Mechanics

No mttre thun four questions should be answered /iom this trr.littn.

[8:9'8ms-2]



3. A particle of mass rz is projected under gravity with a velocity whose horizontal and vertical

components are il and y. It moves in a medium which exerts a resistance rnk times the velocity.

Show that

(i) the resulting force on the particle is constant in direction,

(ii) when the horizontal displacement of the particle is x, the magnitude of the force acting on
,/ ,_--\

it is i t - "' ) times the initial value of the force,
\ "/

(iii) the greatest height of the particle above its point of projection occurs when its horizontal

displacement is , 
ilf 

tl5l' kv*g

4. A uniform hoop of mass M, threaded by two smail smooth rings each ol mass rr. is standing in a

vertical plane on a horizontai table. trnitially the system is at rest u'ith the rings held at the top of the

hoop. The rings are released so that they fall down opposite sides of the hoop. Show that if * >3!.
4

the hoop will leave the table, anC lind the positicn of the ring-r 31 the instant *'hen this occurs. [15]

5. A straight non-uniform rod AD is of length a.The rod consists of three straight uniform parts

AB, BC and CD,each of length { and of masses M, kM and lM respectively. The constants k and / are
J

each greater than 1. The rod is in equilibrium with its ends on the inside surface of a smooth fixed

spherical bowl of radius a, D being lower than A. The inclination 0 of DA to the horizontal is given by

). i1 42Ms
tan 0 : -v " . Given further that the reaction at A is -=, find the values of k and l.27 J247 usl

Srcrlo-r-- B

Probability and Statistics

No more than four questions shoulci be tut:i,,.eretl li'om thi.; .sectiort

6. (a) John and Jane each throw two fair cubical dice, each die having its six faces numbered l. 2.

3, 4, 5 and 6 respectively. Calculate the probability that they will obtain the same pair of numbers.

t5l

(b) A lady has lost one of her ear-rings. She knows that the ear-ring must have siipped off her

ear either in the bedroom or in the lounge. She assesses that the probabilities of the missin-u ear-ring

being in the bedroom and the lounge are 0'6 and 0'4, respectively. The lady has her husband and tucr

children to help in the search for the missing ear-ring. She decided to search the bedroom and tells her

husband and two children to search the lounge. Assume that. independently lor each person searching

the room in which the missing ear-ring is, the probability is 0'7 that the person will not find the eiir-ring.

(i) Calculate the probability that the missing ear-ring will be lound. t1l

(ii) Determine how the four persons should have been allocated to the t$'o rooms iu t-rrder

that the probability of finding the missing ear-ring is rnaximised. t6l



7. (o) A building contrirctor ernploys rr labourers. The prohability that a labourer will turn up [or
work on any clay is p, inclependently for each labourer. On a particular day when a job is cluc to he

completed. the contractor knows that i[r of the n lahourers lurn irp then the prohability o[completing

the joh tlurt clay is cr. uhere rt < , < 1'
n

(i) Name the distrihu(ion ol'X. the number ol lahourers lhat will turn up lor work on that
clay. Write down. in terms of rr and p. expressions lor I[.\l arrci Elr't] 121

(ii) Firrd.intermsof<'.nandp,theprobahilitythatthejobwill hecornpletedtlratdiry'. t2l
(iii) Given that the.iob was completed that day, [incl the expectecl number of labourers that

turned up. t4l

(h) X and lareinde;rendentrandomvariables,eachhavingthePoissondistributionwithmean
p. Shcnv thal Z : l' + )' has the Poisson distribution rvitlt mean 2p.

[You nray assume the result

T f') -2"r
/-t \r /r:o tll

Suppose that I'and l'are the numbers of two types of bacteria that may be present in a sample of
liquid. Given that there is at least one bacterium present in a sample. show that the probability of all the

hacreria present being ol one rvpe i. (lfu t4l

8. For a randomly chosen .jar containing honey. let .\' denote the mass in grams ol the jar itself
(including the lid). I'the ntass in grams ol honey in the 1ar. and f the comhined mass in grams oI the
honey anel the iar. Which trvo o[these three random variables mav reasonably be assumed indeperrdent?

ttl
Given that X is norrnallv distributed with mean 2-50 and standard deviation 2'5. and that 7'is

normally distributed with mean 700 and standard deviation 6 -5. what is the distrihution oi I'? t3]

Calculate, correct to three decimal places. the probability that the total mass of the hone-v

contained in five filled.jars is less than 64o/o of the total combined mass ol the five filled jars. t7]

The filled jars are dispatched to shops in containers ol25.iars each. Given that the cornbined mass

in grams of a container and its contents is normally distributed with mean l8 000 and standarul
deviation 40. what is the distribution of the masses of the ernpt)'cartons? t4]

9. A machine is set to dispense 250mI of liquid into bottles. The actual amount dispensed per

bottle is Xml. where l'is normally distributed with mean 250 and standard deviation l, so that
U : X - 250 has the standard normal distribution whose prohabilrty density function { is given hy

,[lttl- I e "2. -r <p<^/
t/t2')

(i) Find. correct to three decimal places. the expected value of' lX -'2501, the absolute
difference between X anrl 250. t6l

(ii) Only bottles containing 250 ml or more are accepted . Let Y ml denole the liquid content ol
an accepted hottle. Show that the cumulative distribution [unction, G. ol ]'is such that

G(,r') : 2o(l - 250) - l. for.r' > 250,

w'here @ is the cumulative distrrbution lunction of the standard nonnal distrihution. Hence. or
otheru'ise. calculate, correct to two decimal places, the mean liquid content of accepted bottles. tgl

Turn over



10. The discrete random variable X has the distribution:

P(X : l) : 0'8 - a. I',{X - 2',} : 0'2 -- v", P(X -- 3) :2t.
(i) Determine the interval of possible values fbr e. 12)

(ii) Find an unbiased estimator of a in terms ol X, the mean ol a randorn sample of n

observations of X. By means of an exampie with n 7 2, or otherwise, show that this estimator could give

an estimate of z which is outside the interval of possible values for s. t6]

In a random sample of tr00 observations oi,Y. the calculated value of iwas 1 5. Explaining your
method carefuliy, calculate approxirnate g5oh confidence limits ior z. t1)


