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Answer all questions in Section A and four questions from Section B.

SecuoN A

Answer,sll questions in this section.

I. 'Use the approximations sinx = x; tanx = x; cosx = l-*r'to find the smallest positive root
of the equation

sinx*cosx*tanx: 1'5

giving your answer to 2 decimal places. t3l

2. The function/is defined by

with domain x > - l. Find its range. ' 
f(x): *

Obtain an expression for/-r(x), where/-r denotes the inverse function ofl Write down the

domain of|-t. t4l

3. Using the substitution x : 3 * sin 0, show that
rl2

a
I(4 - x)(x - 2) d-x : cosro do.

Hence evaluate the integral. 14)
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A, B and C are three points on a straight path inclined at an angle 0 to the horizontal. CD is

a vertical flagpole of height h, AB : x,DAC: d ind DBC : f. By equatingexpressions for BD obtained
by using the sine rule in triangles ABD and BCD, or otherwise, show that

xsinssindh: 
- 

-'^ [5jsin(f - c)cos 0

5. Given the identity

I

(x+2)(7x+3)
find the values of the constants A and B.

Hence, or otherwise, express

(x+2)2(2x+3)2

in partial fractions. t5l

6. The points A, Bhave coordinates (1,-2) and (4,2) respectively and P is the point (x,y). Show
that

APz: x2+y2-2x*4y*5
and derive a similar expression for BP2. Given that P moves in such a way that AP :28P, show that
the locus of P is a circle.

Calculate the radius and the coordinates of the centre of this circle. t6]

7. (a) The variables x, y are related by the equation

x3Y2 :16.
When x :4 'and y : -+, show that

d-v 3

dr:G
(b) The variables x, y and t are related by the equations

x : sin3r

.Y : cos3l'

AB::
x*2' 2x*3

I

t3l

Show that
dv- - -cott.dx t3l



8. Write down the coefhcient c, ol .'c'in the b,inomial expansion oiil -{-a"x)" and show that

ct+t a(n-.r)
c, r* I

G iven that the ratio of the coefficient o[ xs to that of .ra is I : I and that the ratio of the coefficient

of x20 to that o[xre is 5:1, find the values of c and n.

For what values of x is the binomial expansion valid? t7]

Secrtox B

Ans*'er four questions from this section.

9. (a) Given that

where r > 0, show that
a cos 0 + bsin 0 = rcos(0-a)

,: rlETF
and obtain an expression for tan a in terms of a and b.

The angle x satisfies the equation

sin(x-$z) : sin x-sinle'
Show that

' .rEcosx+sin': t'
and hence find all possible values of x lying between -z and r- t8]

(b) Show that
cos30:4cos30-3cos0.

The variable x satisfies the eQuationr3 
_ 3x + 1 : 0.

By putting x :2cos0 and using the above result, show that

cos 30 : -+.
Write down the three values of 0 between 0 and n which satisfy this equation and hence calculate,

correct to 2 decimal places, the three roots of the above cubic equation in x. U)

10. C is the curve with equation y -- e'.

(i) Find the equation of the normal at the point (r, e] to C and show that the normal at the

point (0,1) has equation
x+y: l. t3l

(ii) Show that the equation of the tangent at the point (r,er) to C is

Given that this tangent passes through ,n"'p"*lOii;j;t" thal satisfies

e-': l-it. t4]
Show graphically that this equation has 2 roots. State the value of the smaller root and show

that the larger root lies between 2'82 and 2'83. Deduce the gradients of the two tangents frorn P to C
and show that the acute angle between them is approximately 42"" t8]



ll. (a) Show that the sum of the arirhmctic serics

log. a * log, ar *log, ar2 +... + log. arn - l

is equal to \nlog"(a2r'-r). In the case a :2, r : 3, use this result togethcr with trial and error to find
the minimurn value of n such that the sum exceeds 20. t6](b) By expanding the lefr-hand sides of the inequalities

and ll;:l i B

show that
I r-- Il ''* l-,
ll+x'l='

for all values of r and state the two values o[ x lor which equality holds.
By using the formula for the sum to infinity of a geometric series, show that

I/ 2r \' I+.r2
L\t+7) : (r_iP
r=0

for all values of x except the two values stated above.
Deduce, by putting x : tan 0, that

i rin'20 : (cos 0-sin 0)-2.
r=O

For what values ol0 does this result not hold?

t3l

t6l

12. (a) Find the two complex roots of the equation

and express them in the form rei,. ' 
z'+ z + t : 0

Show that:

(i) each roor is the square ol the other,
(ii) the cube oleach root is equal to unity.

(b) By first eliminating zr, or otherw,ise, solre the simultaneous equations
l3-il:r -i:. : 1.1-:i
(l+i):, *22.:8r l0i

t6l

glvrng your answers in the lorm.r+i1,. 
i6]

Plot tlre four points which represent the complex numbers zr, zr,2-t-iand 5+4i on an Arganddiagram and show that the four points are the vertices of a rhombus. t3]

13. The points A, B, C have position vectors i, j, k relative to an origin O, where i, j, k lorm a
setof mutuallyperpendicularunitvectors.Thepoints P,QlieonAB,BCrespectivelyandaresuchthat

,4P BQ )
PB QC t__i

where0<i.<1.

(i) Write down the position vectors of P and Q and deduce a vector expression ior pe in
terms ol i, j, k and 2. Show that

tPel : !r6e11
and hence find the minimum and maximum lengths of pe ad.,. varies. t5]

(ii) The angles between PQ and OA, PQ and OB and PQ and OC are denored by o, 0, y
respectively. obtain expressions for cosa, cosp, cosy in terms ol i, and show that

cosa+cosB+cos7:0. t5]
(iii) Given that ,,. : J, find the position vector ol the point ol intersection of Ae and Cp.

t5l



14. Using the standard rules for differentiation and assuming the derivatives of sin 0 and cos 9,

show that

i3l

A
d.

1

I
x

All measurements are in metres.

In the figure above, ABCD represents the cross-section o[ a rainwater channel. BC and AD are

horizonral and the total length of AB, BC and cD is 4. Given that BF : CE : l, BC: x and

DAB : ADC : a, show that
x*2coseca:4

and dedtrce that t2 tn. t4l

Show iurther that Ihe cross-sectional area Y is given by

)'':4+cotl-2cosece.
Hence show that the maximum value ol I occurs rvhen z : jr and find this maximum value

correct to 2 decimal Places. i6]

Show that ir ABCD is bent into the shape ol a semi-circle, an even larger cross-sectional area

can be obtained. t2l

15. (a) Given that
f(x):3+2x-x2

(i) find the set of values of x for which/(x) > 0'

(ii) express/(x) in the form

f(x): a-{x-b)2
where a, b are constants whose values must be found'

(b) Given that

t4l

s(x) : :
J3+2x-x'

find
(i) the set of values ol x for which 9(x) exists'

(ii) the minimum value olg(x). 12)

Express as an integral tire area of the region enclosed between the graph of g, the x-axis and

the ordinates at x:0 and x:2. Using the substitution z : x- l, or otherwise, show that this

area is {2. t4l

This region is rotated through four right-angles about the x-axis. Find the volume generated'

tsl

d

ffcot0): -cosec'p

F

d

ffcosec 
0) : - cosec 0 cot 0

E

and

D
d.

\

I
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Answer all questions in Section A and tour from Section B.

[g:9'8ms-2]

SecrroN A

Answer all questions in r&is section.

l. A particle moves along the x-axis such that its displacement at time r satisfies the equation

9I* " : 1e-rdr -'

Given that the particle passes through the point x : 1 at r : 0, find x in terms of r. t4]

2. Forces of 5N,20N act along the sides ,48 and BC respectively of a square of side I m. Find
the forces acting along the sides AD, DC and the direction C.4 which together with the given forces
will produce equilibrium. t4l

3. A particle P is attachcd by a light inelastic string of length a to a fixed point l. The parricie
is moving'with constant speed in a horizontal circle whose centre O is vertically below ,4. Duiing the
motion the string makes an angle of 60" ',vith the downward vertical through l. Prove that the

angular speed of P about O k 11. t4lr/a



4. The position vector of a particle at time r is given by

r : (a cos @t)i* (a sin,ror)j + brk,

where a,b and a; are constants. Find the velocity and acceleration vectors. Show that the speed of the
particle is constant and that the magnitude o[ the particle's acceleration is always non-zero.

Comment briefly on these results. [4, l]

5. The end.4 of a light elastic string AB of natural length 1'2 m is fixed. When a particle of mass

2.4 kg is attached to the string at B and hangs freely under gravity, the extension of the string is

0'09 m. Find the modulus of elasticity of the string.

The particle is now pulled down vertically a further 0'i2 m and released from rest. By energy
considerations, or otherwise, find the greatest height reached above the point of release in the subsequent
motion. t5l

6. A particle of mass m is moving with speed u along a straight line on a smooth horizontal plane.
It strikes a particle of mass 2nr which is at rest before the collision. After the collision, the first particle
travels in the same direction as before but its speed is now {u.

Calculate:

(a) the speed of the second particle after the collision,

(b) the coefficient of restitution,
(c) the fraction of the initial kinetic energy lost due to the collision. t5l

7. Two particles of masses m and 3m are attached to the ends .4 and B respectively of a light
inelastic string. The string passes over a smooth peg C fixed at the top of a rough plane inclined at
an angle tan-1(t) to the horizontal. The,portion AC of the string lies along the line of greatest slope

of the plane and the portion CB hangs vertically. The system is released from rest. Given that the
coefficient of friction between the particle and the plane is |, find

(i) the acceleration of the system,

(ii) the tension in the string. t6l

8.

e+y

7a

A particle P of mass n rests on a smooth horizontal surface. Two light horizontal springs .4P
andPB areattachedtoP, AandBbeingfixedpoints,andAPB beingastraightline.AB isof length
2a.Both springs are of natural length c and modulus ka. The system is released from rest at t :0 with
AP : 7al6 and PB : 5a16. Given that at time t, ,4P is of length o *y, derive the equation of motion of

P. Hence show that the motion is simple harmonic of period ,"J#.
Find y in terms of r. til

P
BA



12. (a) A particle is projected under gravity from a point o with speed u at an angle a to the

horizontal. write oo*n 
"*p."rsions 

for the horizontal and vertical displacements x and y of the particle
12)from o 

lt itI"J;, throws a ball from the foot of a plane inctined at an angle p to the horizontal,

and later the ball ialls on to the plane. The motion of the ball takes place in the vertical plane containing

the line of greatest slope of the plane. The initial velocity of the ball has magnitude u and is inclined

at an angle d (d > p) to the horizontal'

(i) By using the results given in (a), show that the ball meets the inclined plane after a

time
2u sin(a - P)

gcos p

[Hint: the equation of the line of greatest slope of the plane is y : x tan p.]

(ii) Find the range on the inclined plane'

(iii) Given that the ball strikes the plane at right angles, show that

tand: cotp+Ztanp. tsl

13. A particle of mass rn hangs by a light inelastic string of length a from a fixed point O. The

part icle is given'an initial horizontal velocity of magnitude u. Find the speed of the particle and the

tenslon in the string when the string makes an angle g with the downward vertical through O. Given

that the particle makes complete revolutions about O , show that u > ,Egr.
The particle is now held at a horizontal distance of la frorn O and then allowed to iall vertically

Show that immediately after the string becomes taut the speed of the particle is 2gall25 and find

the impu lsive tension in the string. In the subsequent motlon, the string catches against a small peg

at a depth lr (< c) below O. Show that the particle will make complete revolutions about the peg if

h 2 503a1625 [6, 5, 4-i

14. AC is a fixed rough straight horizontal wire ollength greater than 4a' A straight uniform rod

Ap ol mass 4,[/ and lengti 2a is smoothly jointed to the wire at ,4 The end P ol the rod is attached

by means of a light inelaltic thread PB ol iength 2a lo a bead B of mass M which can slide on the wire'

(c) The system is in equilibrium with fra rquul to B. By taking moments about.4 for the

rod.4p, or otherwise, show that the tension in the string is Mg/sin0. Find the frictional lorce at B and

,6ow tnat tt ) lcot0, where p is the coefficient of friction between the bead and the wire' t5]

(b) With fig:0, suppose p: {cot0 and that a horizontal force S applied at P in the

plane ApB keeps the system in equilibriu*. lf g is on the point of slipping towards,4, shorv that the

tension in the string is Mg/(3 sin g) and find the value of S' i7l

(c) when iin : 0, , : I cot I and no horizontal iorce is applied at P. what is the minimum

value of the mass of B required to ensure equilibrium? t3]

I5. prove that the centre of mass ol a unilorm solid cone of height & and base radius b is at a

height of |h above its base.

A uniform solid cone C, has height 3c and base radius 2c. A smaller cone C2 olheighl2a and

base radius c is contained symmetrically insi'le Cr' The bases of C, and C, have a common centre and

the axis of C, is part ol the axis ol C,. If C, is removed from C,, show that the centre of mass of the

solid remaining is at a distance of llal5 from the vertex of C''

The remaining solid is suspended from a string which is attached to a point on the outer curved

surface at a distance of ly/f l, from the vertex of C1. Civen that the axis of symmetry is inclined at

an angle a to the vertical, find tan a. [4' 5' 6]

t5l
t3l

I
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Answer all questiorts in section A and four from section B.

Mathematical and Statistical tables are provided.

A calculator ma)' be used except where it is expressty forbidtlen

SECTION A

Answer all questions in this section.

1' Given that P(A) : 0 '4 and P(A U B) : 0 '7 , determine the value of p(B) in each of rhe cases when
(i) I and B are mutually exclusive,
(ii) I and B are independent. 

t31

3.

2' 
" 

The continuous random variables X and f are independent, with X having the uniform distribution
over the interval from 2 to 6, and with l'having the uniform distributioriover the interval fiom 3
to 9. Assuming the results given in the information booklet for the mean and the variance of a uniform
distribution, evaluare E{Xy1 and Var(3X - i) A)

Suppose that 2% of all animals.of a certain species har e a particular disease. A test can be applied
to an animal to determine whether or not it has the disease. When applied to an animal which has
fe {is9ase, the test will give a poqitir e response (indicating th. pr.r.nc" of the disease) with probability
0'96. When applied to an animal rihich does not have the disease, the test will give a positive ,".ponr"
with probability 0.01

(i) Calculate the probability that when the test is applied to a randomly chosen animal, it
u ill give a positive rcsponse.

(ii) Given that a positive response is obtained on an animal calculate, to two decimal places,
the probability rhar rhe animal has the disease. t6l



4. The continuous random variable X has the probability density function /, where

,f(r) : *(.r - 2). for 2 (x (4,

"f(x) 
: 0, otherwise'

By first expanding (X - c),, or otherwise, find two values ol c such that E[(X - c)'] : I
t6l

5. The random variables X,, Xr, and X. are independent. Their means are y,2y, and 3p, respcctively'

and each has unit variance. Show that each ol the statistics

I I -. I I

r, : frx, + X2 + X.)and T, : )rX, + 1x, + ,Xtl

is an unbiased estimator of pr. Determine which of f, and I, is the better unbiased estimator of pr.

i6l

Calculators are not to be used in this question.

The random variable X has the binomial distribution B(n, p). Use the tables provided and, when

necessary, a distributional approximation, to calculate P(X2np) to three decirnal places in ea-ch of

the cases when (i) n : )0, P :0'3: (ii)n :20, p: 0'8; (iii)n : l0' p : g'25

(iv)n- ZOO,P =0'015. t,)

7 The random variable X is normally distributed with unknown nlean g cm and unknown standard

deviation o cm.

(i) A random sample of six observations of X had the values (in cni)

13.2. 16'6, t5'7, t6' 1, 14'3, l5'9,

respectively. Calculate 90% confidence limits for p'

(ii) Assuming that o : 1.6 calculate, to four decimal places, the probability that the mean

of u .union-, sample of 16 observations of X *'ill be within I cm of the value of pr'

t8l

SECTION B

Artsv+'er four questiorts from this section'

Of the ten cards in a pack, five are numbered 1, three are numbered 2, and the remaining two cards

are numbered 3. Three cards are selected at random without replacement from the pack' Calculate

the probabilities that

(i) all three selected cards have the sanle nuntber' t2l

(ii) the numbers on the three selected cards are 1' 2 and 3 (in any order)' t2l

(iii) the largest (or equal largest) of the numbers cn the selected cards is 2' t4l

Let X denote the sum of the numbers on the three selected cards'

tsl(iv) Find the probability distribution of X'

(v) Deduce the most probable value of the sum of the nunlbers on the seven cards remaining
t2)in the pack.

6

8



A tennis team takes part in a competition in which it plays lour matches at home and four matches
aw-ay. Independently for each match played the probability that the team will win a home match is0'8 and the probability that it will win an away match is 0.3.

(i) Calculate the probability that the team's first home win will be the third home match itplays. el
(ii) Calculate, to four decimal places, the probability that in the competition the team will

end up having won exactly two of its home matches and exactly two of its away matches.
t3l

(iii) Calculate, to four decimal places, the probability that in the competition the team will
win 3 more honte matches than away matches- t3l

(iv) Let Idenote the total number of matches (home and away) that rhe team will win in the
colnpetition. Find the mean and the variance of L Hence, or otherwise, show that I is
not binomially distributed. 0j

10. The continuous random variable X has the probability ciensity function /, where

/(,):;, for0(x{2.

,f(r) : j... to, 2 (.r ( 4,

"f(-r) 
: 0, otherwise

(i) Obtain expressions for F(.r), where F is the cumulative distribution function of X. t3l
(ii) Evaluate

(a) P(t < x<3),
(b) P(x > I lx < 3). [4]

(iii) Lct g dcnore the probability density luncrion of y : lx - :1. Show that

Ig(.i) : ,. for l( r (3.
Find g(r) lor all other valucs of l for s hich g(-\') is non-zero. Hence, or otherr,,,ise. evaluateE(lx - 3l). 

tSl

11. The t"vo discrete random variables X anci I have the joint probability disrriburion displayed in thefollorving table.

9

0
,r

I 2

1

,f 2

J

0 0.05 0

0.2 0 0.15

0 0.6 0

(i) Show that X and I are nor independent.

(ii) Evaluare E(XY\.

(iii) D.erivertre jointprobabilitl,clistribution of u: y + xandw: y - X. Show that
!. ^i9. 

w are independenr. Express y - 3x in rerms of u and lz ano hence .r^rr","Var(I - 3)i). 
[8]

tll
t6l



12. X ar.rd i'are independent ranciom variabies having Poisson distributions with means 2 and 4, respecti"/el-rv.

Find, to four decimal places in each case, the probabilities that a random observation of Xand a rando*:t

observation ol Y wili be such that

(i) each has the value 2, L2j

(ii) at least one of them has a value of 2 or rnore, I3l

(iii) one of thern has the value 2 and the other has a value less than 2. t4l

Evaluate

(iv) E(2x); t3l

(v1 E{Zx - v). I3l

13. The time, in hours, required to roast a chicken of weight u, kg is a normally distributed random variable

having mean (0'4w + 2'2) and standard deviation 0'05w.

(i) Find, to three decimai places, the probability that at least 3| hours will be required to

. roast a chicken weighing 2 kg. t2)

(ii) Find the weight in kg, to three decimal places, of a chicken lor which there is a probability
ol 0'95 that it will require less than ul hours to roast it. t3l

, (iii) Find. ro rhree decimal places, the probability that a chicken weighing 4 kg will require
at least half an hour longer to roast than a chicken weighing 2 kg. t3l

Three chickens. two weiehing 2 kg and one weighing 4 kg, are to be roasted successively in randorn

order. Find. to three decimal places, the probabilities that

(iv) the flrst chicken roasted wiii require at least 3| hours,

(v) the total time required to roast ali three chickens wiltr be less than 9] hours. n]

14. Measurements of the heart rate of a person are subject to independent random errors that are normally

distributed with mean zero and standard deviation 0'5 beats per minute. it is also known that when

apersonisgivenrgrainsofacertaindrug,where0(r(5,theperson'sheartrate,ybeatsper
minute, is such that y = a * fix, where a and B may vary from one person to another. The following
tatlie shpws the measured heart rates ofa particular person after being given various doses ofthe drug.

Dosage of drug (x grains) 12345

Heart rate (y beats per min.) 52 63 75 89 r0l

(i) Determine the least squares estimates of a and B for this person. 14)

(ii) Calculate a 9O% conhdence interval for this person's heart rate when no drug is
administered. t4l

(iii) The same experiment was conducted independently on another person using the same

dosages of the drug (as given in the above table). From the results of this experiment
the least squares estimate of the value of p for this second person was found to be l0'9.
Calculate 95% confidence limits for fir-$r, where Br and B. are the respective values

of p for the first person and the second person. 17)
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Anst+,er all cluestiorts in Section A antl four fronr Section B.

A calculator may be used exce pt u'here it is expres.s/y,forhidden

SecrroN A

Artswer all questions in tltis section.

I. Show that lr'- 1l dx : 2.

2. The rotation R ol the plane about the fired point P transforms the point (x,y) to the point
(*',y') according to the equation

/-r'\ tr' -+ 6\/--\ /) , 't/t\(r'l:(i f -:lli)\r/ \o o t/\r/
Find the coordinates of P and the angle of rotation. t4]

3. Write down the first three terms in the Taylor series expansion of thc lunction given by
/(*) : sin x about the value , : In.

Hence evaluate sin 3l' correct to three decimal places. t4]

4. Given that 2-i is a root of the equation

nnd the other roots and rhe varues "r,nJ,;il"illJJ;:. , t5l

5. Find the sum S, ol the first n terms ol the serics

t3l

2

I
o

111__L_-.1__r
1.3'2.4 3.5 '

I+_' rtln * 2)

Write down the limit ol ,S, as rr - cc t5l



6. Find the coordinates of the foot of the perpendicular from the point P(3, 5, 0) to the plane with
equation x+2y-z : l.

Hence, or otherrvise, find the length of the perpendicular from P to the plane. t5]

d
7. Show that +(2-'): -et2- 'whcre a:log"2-

dx

Deduce that 
r a(l +z'^)
l2-'cosxdx: , ,-;
J L-tu
0

t7l

8. The function log. is defined bY

(x > o).

(a) Use this definition to show that

(i) log"l:0,
t

(ii) log.l : -log.a (a > l)
a

(b) By considering the area under the curve ,:Lfrom x: I to x: b,with b > 1, show that,x
t

I -i.losb < b- 1.

SecrloN B

Answer four questions from this section.

9. Find the stationary points of the function/given by

f(x):-]--l ^x-7 x-2
and skctch its graph.

State the range olf tgl
Show, by reference to your graph, that the equation * : f (.x) has only one real root.

By rearranging x:/(x), show that this root is also a root of

x3-3x?*5x--2:0.
By using the Newton-Raphson method, with a starting value ro : |, find the value of this root correct
to two decimal places. t6l

log" ,: i1o,Jt
I

L7)



10. The functions/, andf, are defined by

fr$,): J4, for x < o;

fr(x) : - J;, for x 2 O; .fr(*) : 0,

I
|r(x): - ,,x-

forx * 0;

for x: 0.

(i) Sketch the graphs of/, and /2 on separate diagrams.
(ii) Prove that f, is an odd function.

(iii) The function/is defined for all non-zero real values by

f(*) :.f ,(x) for x < 0,

f(x):fr(x) forx>0.
Sketch the graphs of/and f of in separate diagrams.

(iv) State why the inverse function/-1 exists and sketch its graph.
Write down the formula for f - 1(x) and show that

I

/ ^(x) : 
-.J (.r)

11. The matrix equation ,4x : b represents a system of simultaneous equations where

t3l
l2l

14l

t6l

A_

(i) Show that the system has solutions only when 3p *2q*r:0. Solve the equations when
p: l, q - -1, r : - I and interpret your answer geometrically. t6]

(ii) Calculate A2 and A1 and verily that A3:2A2-,4. Without calculating Ao,deduce that
Aa :3A2 -2A. Suggest and prove a formula for An in terms of l2 and ;1 rvhere ,r is an integer (rr ) 3).

tel

12. The point P moves such that its distance lrom thc fixed point /(3,0) is equal to its distance
from the fixed line / with equation x : -3. Shorv that the locus of P is the curve C rvith equation
12 :12x. ?)

The point Q moves such that its distance from / is twice its distance from A. Show that the
locus of Q is the curve K with equation

(-x - ))' v'
Id -1- 

lz- t'

Sketch the'curves C and K on the same diagram. t5]
Find the equations of the two lines /, and l, which pass through the origin O and are tangents

to the curve K. The line /, intersects the curre C at O and P,. The iine /, intersects the curve C at O
and Pr. Show that the curve K is inscribed in the triangle Oprp2. t5]

The point R moves such that its distance lrom i is halt its distance from A. trind and sketch
the locus ol R. tjl

0
2

-4

I
4

-11

0
I

-2 (i)and b-



13. Derive the Maclaurin series expansion of e',

Show that lim xe-':0.
x{@

By making the substitution x : ev, or otherwise, find

t4l

n1l

rT(Y) 12)

Find and classify the turning point of the function/defined by

log. x
J\x):

Sketch the graph of/and state its range. t5l
Use your graph to find all solutions ol the equation n- : m", where m and n are unequal positive

integers. Explain why there is no other solution. t4]

U. (a) Find the four fourth roots of 8(1+iv6) in the form a*ib, giving the values ol n and b
correct to two decimal places. t5]

(b) Sketch in the Argand diagram the circle C and the line L defined by the respective cquations

lz-(1 + 21)l: ^16,
lz-(1 +2i)l : lz-(5+4i)l

Show that L is a tangent to C and find the complex number representing the point of contact. t5]

Find the complex number corresponding to that point z on L lor which lzl is least. i5]

15. (i) Given that/(r) : l-coth r, show thatf'(t\: coth2f. l2l
fr,J

(ii) Show that coth(sinh- I r) : -J ' 
't' 

12)
t

(iii) A region D of the xy-plane is bounded by the curve with equation xI: 1, the x-axis and
the lines x: 1, x:2. A solid S is formed by rotating D about the x-axis through an angle ol 2z
radians. Show that the curved surface area A ol S can be u'ritten as

A:2n
2

[q,.
I

Using the substitution x2 : sinh l, or otherwise, show that

_fr
4

rn: "ltog,{@+J17)U1-\\
_t
/'t Iv'l'+
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SecrroN A

Pure i\Iathematics

No more than four questions should be answered from this section.

l. Show that, if x + 0,

xa +6x3 - 5x2 + 6x * 1 =r'[(,.:)' * u(,.})-r]
Hence or otherwise, solve completely the quartic equation

xo+6x3-5x2+6x*l:0.
Now consider the quartic equation

xa+6x3-r,(x:+6.r-1:0
where k is a real constant. Given that this equation has four distinct real roots, show that either

k<-14 or 10<k<11.

2. (i) Given that

t :-f ,-o, sin bx dx
o

and
*lbl: !
0

e -"'cos bx dx

where a, b are positive constants, use integration by parts to show that
bl : | *"-(ulbl-11

and bJ : al.
Hence obtain expressions for 1 and J in terms of a and b.

(ii) Sketch the graph ol the function

f(x): e-"lsinbxl for x ) 0.

Show that for positive integral rn,
(a+ l)rib

I "rt4dx - e-{-rctb\l

and hence show that the total u..u .n",lJid between the curve and the x-axis is

@hffi

tel

tsl

u0l



3. Show that the equation of the tangent at the point P$r2,]r31 to the curve Cr'having equation

9Y' :8x3 is
6y-6tx*[3:0. [7i

Find the co-ordinates of the point Q where this tangent cuts the curve again. Hence find the

co-ordinates of the two points R and s on c, at which the normal is also a tangent to cr'

prove that the equation of the locus C, of the point of intersection of perpendicular tangents

to C, is
36Y2 :6x- I

Verify that C, and C, touch at the points R and S' t8l

4. OABC is a quadrilateral and A" B" C',are points on oA, oB, oc respectively. BC meets B',C',

at p, CA meets C,A'at Q and ,48 meets A'B' at R. Taking O as origin and denoting the position

vectors of A, B, c, A" B',:c'by r, b" c, da, frb,y" respectively, use vector methods to show that PQR

is a straight line.

(It may be assumed that the values of the constants d, fi,1are all different-) [15]

5. (a) In a triangle ABC, the angles B and C are equal. Show that the maximum value of

cos .4 * cos g is $ and hnd, to 2 decimal places, the stationary values of

(i) sin.,4 + sin B

(ii) tan A+t^nB.
Indicate in each case whether your stationary values are nnaxima or minima. t9]

(b) A curve is defined parametrically by the equations

x: cos0'+0sin0
I: sin0-6cosO

for 0 ( 0 44n.Obtain expressions for d-y/dx and d2yldx2 in terms of 0 and sketch the curve. Indicate

the co-ordinates of all staiionary points and show that there are no points of inflection' i6]

SecrtoN B

Mechanics

No more than faur questions should be answered from this section.

6. A particle is suspended from a fixed point I by a light inelastic string ol length a' Find the

speed with which it *rst be projected horizontall;-' lrom its lowest point in order that it should pass

through .4. [15]

7. Two particies I and B oi equal mass /x 1ie touching one another in a smooth horizontal circular

groove ol radius a. ,4 is projected a*ay lrom B wrth speed },z' Given e is the coefficient of restitution'

find the speeds of the particles alter i, 2, 3 colltsions' i:f
on the basis of the above deriYed results, suggest (but do not prove) expressions giving the

speeds oi the particles after n collisions, checking that your erpressions give correct answers for n : 0'

1,2 and 3. t4l

Using your postulated expressions,

(i) calculate the speeds of the particles after lhe (n+ 1)th collision and comment briefly on

your results,

(ii) calculate the time that elapses before the nth collision takes place,

(iii) calculate the energy lost after n collisions and comment on your result as n

indefinitely.

lncreases

i8l



8. (a) A uniform rod of length 2a rests against a fixed rough cylinder whose 
"iir ir horizontal.

The rod is perpendicular to the axis of the cylinder and inclined at an angle 0 to the horizontal, and
is held in this position by a horizontal string attached at the highest point of the rod. The string is
also perpendicular to'the axis of the cylinder. The coefficient of friction between the rod and the cylinler
is lr.

. Given that p : tan A and ,t < 0, show that the length x of the rod above the point of contact
with the cylinder must be such that

acosO -. acos0

""ricos(0*,l)(x( 
.cos(O-f). tgl

(b) { motor cycle which is too long to go on a weighing machine is weighed by placing first
one wheel and then the other wheel on the scales. The platform of the scales is above the level of the
surrounding ground.

During the weighings, the lower wheel is in contact with the ground, being clamped so that the
motor cycle remains upright. The platform of the scales is horizontal at all times.

The distance between the centres A" B of the wheels (which are of equal diameter) is c, and, h
is the heighlof the centre of mass of the motor cycle above lB when the motor cycle is on level ground.
The inclination of AB to the horizontal when either wheel is on the platform is 0. Show that the sum

of the two weighings is less than the actual weight W byY!6ng. t6lc

9. The position vector relative to a fixed origin O ol a particle P at any time r is
r: rcOS (ll.ti+r sino-rtj,

where ro is a constant and r is a function of time. Show that the speed u of the particle is given by

,' : ($)' +r2,,2. tzJ

P moves so that
(1) OP increases with time, and
(ii) r is always equal to B times the speed of p, where f is a constant.

Given that B: 
t'lo 

and r: a when [:0, show that r: ae(ocota),. t6]0)

Show further that the direction of the acceleration of P is always inclined at an angle 2a with
the direction of OP. U)

10. (a) The spread of a non-fatal disease through a constant large population of M people can be
studied theoretically as follows. The rate at which people currently freilttry are being infected is 0.01
times the product of the number of people who are healthy and the proportion P of the total population
who are infected. The rate of recovery of infected people is 0'009 times the number of people who are
infected. Noting that the number of people infected at time t is MP, show that the process can be
approximated by the differential equation

dP
ar 

: o'oot(l- loP)P

explaining any necessary assumptions. t3]
Find P in terms of r given that P : 0'01 when r : 0. Estimate the proportion infected when f

is very large. t6l
(b) Given that y : l, *rit. I in ,".rn, of , und *.'udxdx

Hence, or otherwise, find the general solution of
dy

ar+Y - xy'' t6]



t

SEcrroru C

Probability and Statistics

No ntore than four questions should be answered from this section"

11. A cubical die has two faces numbered l, two faces numberecl 2, and twc faces numbered 3. It
is known that when this die is rolled, a score of I and a score of 2 are equaliy probable; denote this
common probability by p.

(i) The die is rolled twice. Let ,4 denote the event that the same score is obtained in the two
rolls, and let B denote the event that the sum of the two scores is 5 or more. Find the value of p for
which A and B are independent" t5l

(ii) Write down an expression for the probability that in l0 rolls of the die, a score of I will
be obtained twice, a score of 2 will be obtained three times, and a score of 3 will be obtained five times.
Find the value of p for which this probability is a maximurn. t4l

(iii) Let X denote the number oI times a score of ] will be obtained in m rolls of the die. Write
down an unbiased estimator i of p in terms of X and n and determine an expression for the standard
error of p. For the case when n: 100 and X:62, calculate approximateg0/" confidence limits for p.

t6j

12" A box contains n calculators of which 3 are faulty. A technician is asked to locate and repair
the 3 faulty calculators. The technician chooses one calculator at randorn from the box, tests it and,
if it is faulty, repairs it. He then sets this calculator to one side and chooses another calculator at
random from the (n-l) calculators remaining in the box, tests it and, if it is faulty, repairs it, and
sets it to one side" The technician continues in this way until he has loeated and repaired all 3 faultr,
calculators.

(i) Let X denote the number of calculators that the technician will have to test in order to
Iocate all 3 faulty ones. Show that

P(X ( r): r(r- 1)(r-2) r:3,4,5,"..
n(n- r)in-2)'

Hence, or otherwise, find an expression for P(X : r). i6]
(ii) It takes the technician 4 minutes to remove a caiculator from the box and to test it, and

a further 15 minutes to repair a calculator that is faulty. Let Y denote the tota! time in minutes taken
by the technician to complete the task of locating and repairing all 3 faulty calculators. Show that

E(n: 3(n+ 16),

and find the most probable value of Y.

[You rnay assume that

L ,' :ln(n+l)(2n+l), I .': f,n2(n+L)z.)r= I r= I Ie]



13. (a) An exainination paper consists of 60 true/false questions. Of the 60 questions, 20 are very
difficult, 30 are of moderate difficulty, and l0 are easy. Suppose that a student's probabilities of correctly
answering a question that is very difficult, of moderate difficulty, and easy are 0.4, 0.5, and 0.d,
respectively. Assuming that the total number of questions answered correctly is approximately normally
distributed, calculate the probability that a student will answer 35 or more questions correctly. t8]

(b) The number of emissions in a minute from a radioactive source has a Poisson distribution.
Given that the probability of no emission within a period of one minute is 0.8, find the mean number
,i., of emissions per minute.

During a one-minute period when there was at least one emission, show that the probability
that there were exactly k emissions (k ) l)is equal to 41\lkl Hence, or otherwise, calculate, correct to
three decimal places, the mean number of emissions in periods of one minute in each of which there
is at least one emission. U)

14. The operational liletime X hours of a certain component used in an electronic system is
distributed with probability density function/where

f(*) :1fie -'ltoo for x > 0
f(xj :0 for x ( 0.

(a) Obtain an expression for P(X < x) for x > 0. Hence, or otherwise, find the probability
density function of Y : e-xttao. t6l

(b) The component is replaced as soon as it fails or when it has operated in the system for
200 hours, whichever occurs first"

(i) Given that the component has already operated for 100 hours, calculate, correct to
three decimal places, the probability that,the component will not have to be replaced within the next
100 hours. t3l

(ii) Denoting the time in hours that a component is used in the system by I, evaluate
E(T) to three decimal places. t6l

15. (c) As a reward for a good year's work, a teacher decides to give each of her 25 pupils an
apple or an orange, each pupil being allowed to choose either. The teacher proposes to Uuy r apples
and r oranges for this purpose. Suppose that each pupil, independently of the other pupils, is equally
likely to choose an apple or an orange. Using a normal approximation to a binomial distribution, fini
the smallest value of r if the individual choices of all 25 pupils are to be met with probability 0.95 at least.

(b) Let .f, denote the mean of a random sample of n observations from a normal di.t.ibrtitJ:
having mean (p+,1) and variance o2,and let Tdenote the mean of an independent random sample of
2n observations from a normal distribution having mean(2p-l) and variance o2. Find the values of
the constants a and b for T: aX *bY to be an unbiased estimator of 1, and determine the standard
error of this estimator in terms of o and n.

Givdnthatn:10,o2:0'05,X:20'8,andF:16'4,determine95/.confidencelimitsfori.
t8l
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SecrloN A

Mechanics

No more than four questions should be answered from this section.

1. A particle is suspended from a fixed point ,4 by a light inelastic string of length a. Find the

speed with which it muit be projected horizontally from its iowest point in order that it should pass

tirrough ,4. [15]

2. Two particles A and,B of equal mass rn lie touching one another in a smooth horizontal circular

groove of radius a. Ais projected away from B with speed I'. Given e is the coefficient of restitution,

find the speeds of the paiticies alter 1, 2, 3 collisions. t3l

Ori the basis ol the aboye derived results, suggest (but do not prove) expressions giving the

speeds ol the particles alter n collisions, checking that your expressions give correct answers for n : 0,

1,2 and 3. t4l

Using your postulated expressions,

(i) calculate the speeds of the particies after the (n* 1)th collision and comment briefly on

your results.

(ii) calculate the time that elapses before ttre nth collision takes place,

(iii) calculate the energy lost after n collisions and comment on your result as n increases

indefinitely. t8l

3. (a) A uniform rod of length 2a rests against a fixed rough cylinder whose axis is horizontal.

The rod is perpendicular to the axis of the cylinder and inclined at an angle 0 to the horizontal, and

is held in tiris position by a horizontal string attached at the highest point of the rod. The string is

"lro 
p".p"ndicular to the axis of the cylinder. The coefficient of friction between the rod and the cylinder

is p.

Given that p : tan i and I < 0, show that the length x of the rod above the point of contact

with the cylinder must be such that

lloY"orlP+t)<r<1iry.os(g-,1)' tel

(b) A motor cycle which is too long to go on a weighing machine is weighed by placing first

one wheel and then the other wheel on the scales. The platform of the scales is above the level of the

surrounding ground.

During the weighings, the lower wheel is in contact with the ground, being clamped so that the

motor cycle remains upright. The platform of the scales is horizontal at all times.

The distancc between the centres A, B of the wheels (which are of equal diameter) is c' and ft

is the height of the centre of mass of the motor cycle above ,48 when the motor:y:I._tt on level ground.

The inclination of AB to the horizontai when either wheel is on the platform is 0. Show that the sum

of the two weighings is less than the actual weight W byryltrlnl' t6l



4. The position vector relative to a fixed origin O of a particle P at any time r is

r: rcoscofi*rsina;fj,

where ro is a constant and r is a function of time. Show that the speed p of the particle is given by

,, : (9)' +rz.,2. lz)\drl
P moves so that

(1) OP increases with time, and

(ii) r is always equal to p times the speed of P, where p is a constant.

Given that f - 
slnd 

and r: c when f :0, show that r: ae(@cotdtt. t6]
(D

Show further that the direction of the acceleration of P is always inclined at an angle 2a with
the direction of OP. U)

5. (a) The spread of a non-fatal disease through a constant large population of M people can be

studied theoretically as follows. The rate at which people currently healthy are being infected is 0'01

times the product of the number of people who are healthy and the proportion P of the total population
who are ihfected. The rate of recovery of infected people is 0'009 times the number of people who are

infected. Noting that the number of people infected at time t is MP, show that the process can be

approximated by the differential equation

1l:ooor(1-1oP)P
dr

explaining any necessary assumptions. t3]
Find P in terms of r given that P : 0'01 when t : 0. Estimate the proportion infected when r

is very large. t6l

(b) Given that y : 1, *rit" fl in ,.r*, of u una jf.
Hence, or otherwise, find the general solution of

d]' )

il*r' - xyz. I-6.)

SecrIoN B

Probability and Statistics

No more than four questions should be answered from this section.

d. A cubical die has two laces numbered 1, two faces numbered 2, and trr'o laces numbered 3. It
is known that when this die is rolled, a score ol I and a score of 2 are equally' probabie; denote this

common probability by p.

(i) The die is rolled twice. Let ,4 denote the event that the same score is obtained in the two

rolls, and let B denote the event that the sun: ol the two scotes is 5 or more. Find the value of p lor

*hich A and B are independent. t5l
(ii) Write down an expression for the probability that in 10 rolls of the die, a score oi 1 will

be obtained twice. a score of 2 will be obtained three times, and a score of 3 will be obtained five times.

Find the value oip lor which this probability is a maximum t4l
(iii) Let X denote the number of times a score ol 3 will be obtained in n rolls of the die. Write

down an unbiased estimator p of p in terms of X anci n and determine an expression for the standard

error of l. For the case when n: 100 and X :62, calculate approximate9AT" confidence limits for p.

t6l

T. A box contains n calculators of which 3 are faulty. A technician is asked to locate and repair

the 3 iaulty calculators. The technician chooses one calculator at random from the box, tests it and,

if it is fauity, repairs it. He then sets this calculator to one side and chooses another calculator at

random kom the (n-l) calculators remaining in the box, tests it and, if it is faulty, repairs it, and

sets it to one side. The technician continues in this way until he has located and repaired all 3 faulty

calculators.



(i) Let X denote the number of calculators that the technician will have to test in order to

locate all 3 faulty ones. Show that

p(X ( r): r(r - 1)(r -Z) r : 3,4,5,...
n(n-l)(n-Z)

Hence, or otherwise, find an expression for P(X : r). t6]

(ii) It takes the technician 4 minutes to remove a calculator from the box and to test it, and

a further 15 minutes to repair a calculator that is faulty. Let Ydenote the total time in minutes taken

by the technician to complete the task of locating and repairing all 3 faulty calculators. Show that

E(Y):3(n*16)'
and find the most probable value o[ Y.

[You may assume that
n

L ,' : [n(n+ l)(2n+ 1), I ,' : inz(n+l)z.) tel

8. (a) An examination paper consists of 60 true/false questions. Of the 60 questions, 20 are very

difficult,30 are of moderate difficulty, and 10 are easy. Suppose that a student's probabilities of correctly

answering a question that is very difficult, of moderate difficulty, and easy are 0'4, 0'5, and 0'8,

respectiv;ly. Assuming that the total number of questions answered correctly is approximately normally

disiributed, calculate the probability that a student will answer 35 or more questions correctly. t8]

(b) The number of emissions in a minute from a radioactive source has a Poisson distribution.

Given that the probability of no emission within a period of one minute is 0'8, find the mean number,

,1, of emissions per minute.

During a one-minute period when there was at least one emission, show that the probability

that there were exactl-.r- k emissions (L > 1) is equal lo 4).klkl Hence, or otherwise, calculate, correct to

three decimai places, the mean numh,er of emissions in periods of one minute in each ol which there

is at least one emission i7]

9. The operationai lifetime X hours ol a certain component used in an electronic system is

distributed with probability density function/where

,f(r) : afuP-'r'oo for x > 0
f(x):0 for x ( 0'

(a) Obtain an expression for P(X ( x) for x > 0" Hence, or otherwise, finC the probability

density function of Y : "-1ltoo. 
t6]

(b) The component is replaced as soon as it faiis or when it has operated in the system for

200 hor:rs, whichever occurs first.

(i) Given that the componerrt has already operated for lOJ hours, calculate, correct to

three decimal places, the probability that the component wili not have to be replaced within the next

100 hours. t3l
(ii) Denoting the time in hcurs that a component is used in the system by T, evaluate

E(T) ta three decimai piacts. t6l

10. (a) As a reward for a gooC veai's uork, a teacher ciecides to give each of her 25 pupils an

appie or an orange, each pupii being ailorred to choose either. -l'he teacher proposes to buy r apples

und. o.unges foithis purpose. Suppose that each pupi1. rndependently of the other pupils, is equally

likely to choose an apple or an orange. Using a normal approximation to a binomial distribution, find

the smallest value of r if the in<jividuaichoices olal125 pupils are to bemet with probability 0'95 at least.

t7l

(b) Let X denote the mean of a random sample of n observations from a normal distribution

having mean (p-i-1.) and variance oz,and let I denote the mean of an independent random sample of

2n observations from a normal distribution haiing mean (2pr-1.) and variance o2. Find the values of

the constants a and b for T: aX+bIto be an unbiased estimator of /', and determine the standard

error of tliis estimator in terms of o and n'

Given that n: ,iA, o2 :0.05, X : 20 6, and I : 16'4. determine 95li confidence limits for l'.
t8l
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Answer seven quesf ions.

No more than four questions nny be answered from either section.

A calculator nruy be used except where it is expressly forbidden.

SecloN A

Pune MaruEMATrcs

No more than four questtor.ts should be answered from this sectio,.

I. Show that, if x * 0,

xa+6x3-5x2 +6.r* r : *rf ( r*l)'*.(r*l\-rl.

"' 

-o L\^ -;/ 
'1-u\^ I *)- ' )'

Hence or otherwise, solve completely the quartic equation
xa+6x3 -5x2 +6x* I : 0.

Now consider the quartic equation

xa+613 +kx2 +6x* 1 :0
where k is a real constant. Given that this equation has lour distinct real roots, show that either

k<-14 or l0<i:<ll.

2" (i) Given that
slbl: I
o

e-"sin bx dx

and
tlbJ: I
0

e -* cos bx dx

where a,b are positive constants, use integration by parts to show that
bl: i+e-(talb\-aJ

and bJ : aL

Hence obtain expressions lor I and J in terms of a and b.
(ii) Sketch the graph of rhe function

.l(x): e-"'lsinbxl lor x)0.
Show that for positive integral rn,

(a + I )a/b

I f(*)6* - 
"-(ntotb)1mzlb

and hence show that the total area enclosed betw,een the curve and the x_axis is

u (, + e- (notb\)

t5l

u0l



3. Show that the equation of the tangent at the point P$r2,{r3) to the curve C, having equation

9Y' : 8x' is
6Y-6tx+r3:0.

Find the co-ordinates of the point Q where this tangent cuts the curve again. Hence find the

co-ordinates of the two points R and S on C, at which the normal is also a tangent to C,. U)
Prove that the equation of the locus C, of the point of intersection of perpendicular tangents

to C, is
36yz :6x- 1'

Verily that C, and C, touch at the points R and S. t8]

4. OABC is a quadrilateral and A', B', C' are points on OA, OB, OC respectively. BC meets B'C'

at p, CA meets C'A' at Q and.4B meets A'B' at R. Taking O as origin and denoting the position

vectors of A, B, C, A', B', C'by a, b, c, da, pb,7c respectively, use vector methods to show that PQR

is a straight line.

(It may be assumed that the values olthe constants a, B,y are all different') tl5]

5. (a) In a triangle ABC, lhe angles B and C are equal. Show that the maximum value of

cos.4 * cos B is $ and find, to 2 decimal places, the stationary values of

(i) sin.4 +sin B
(ii) tan A+tanB.

Indicate in each case whether your stationary values are maxima or minima. t9]

(b) A curve is defined parametrically by the equations

x: cos6+0sin0
I: sin 0-0cos0

for 0 ( 0 { 47-. Obtain expressions for d.y/d-x and d2yldxz in terms of 0 and sketch the curve. Indicate

the co-ordinates of all staiionary' polnts and show that there are no points of inflection' t6]

SesnoN B

FuRrsrx Pune MITHEMATICS

No more than fout questions should be answered from this section.

6. The roots of the equation

zo+4a23*6b22+{cz+d:0
where a, b, c, d are real, are represented by four points on an Argand diagram. Given that the four

points are the vertices ol a squire, prove that b : a1 and c : 43. U5]

7. (i) Show that cos 30 -- 1c3 -3c, r+here c: cos0, and express cos60 as a polynomial in c of

degree 6. Hence show that the equation

32x3-48x2 f18x-1:0
has roots ""r'(#) for r : 1,3,5. t6l

(ii) Show that
cos(n * l)0 : zcos n9 cos 0 -cos(n- 1)0.

Deduce that cosng is a polynominal in c of degree n. Conjecture and prove a formula for the coefficient

of c, in the polynominal. State for which positive integers n can sinn0 be expressed as a polynominal in

sin o. t9l



8. ,4 is a.2x2 matrix with real coefficients such that A7: A.
Find all the solutions of this equation. tl0l
Prove that any 2xZ matrix satisfying the equation A2 : A also satisfies the equati on A3 - A.

By finding a suitable counter-example, show that the converse statement is false. t5]

9. Sketch the curve y2: x(x-I)2, whose parametric equations are x: t2, y: t3-t. t3]
(i) The points with parameters /1, t2, t3 a,tr- collinear. Show that

t2t!+t3tt+ttt2 - -1. t3]
(ii) Deduce that the tangent at the point with parameter , meets the curve again at the point

P with parameter
(t +12)

2t
Determine the locus of P as , varies. t6]

(iii) Show that the tangents at the points with parameters rr and t2,01* rr), meet on the
curve ifand only if trtr:1. t3]

10. The function/is defined over the interval [0,1].
Find the equation y: p(x) of the tangent to the graph of/at the point (t,-f(t)) where re(0,1).

12)
Evaluate, in terms of r, the integral

A(t):io1r;or. t3l
Given that f"(x) * 0 for any value of x, find the value of r for which l(r) is stationary. Show

that this point is a maximum it f "(x) > 0 for x e [0, l] and is a minimum if/,,(xj < 0 for x e [0, t].
t5l

For/(x) : e", show thatf"(x) > 0 for xe[0,1], and deduce that

J e'' d.x > e 
1"+. 

t5]


