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Arlcwer seven quesf ions.

l. (a) Provebymathematicalinduction,orotherwise,that32'-lisdivisibleby8forallpositiveintegersn.
t5l

(b) Given that {r(r+l)}2-{(r=l)r}2 = 4r3 find the sum of the series

lr+23+33+...+n3.

Deduce the sum of the series

lt -2t +3\ -43 +... +(2n + 1)3.

(c) Solve

x2+xy1y2:29
x2-xyay2 : l).

2. (a) Show, without using tables, that

tanl2f : Jz-1. t3l

(b) Show that cos30:4cos30-3cos0and hence, or otherwise, find all values of0 between 0" and
360" satisfying

4cos30: cos20. [2,5]

(c) Write down the first three terms of tbc binomial expansion for (1 + 2y|. Show that if y is greater than 2
then (1 +2yY +0 -2y)' is greater than l6n2 -l6n+2. t5l

Turn over

t3l

t3l

t4l

I



2

3. (c) The matrices A and ts are given by

lt 2 4\ 12 l-2\
^:\i -i 'J' ': \) -i ?)

Find the inverse of ,{. Hence find the matrix C such that

ct: n. t3,31

Show that BB,:9l,where I is the 3x3 identity matrix. Given two matrices D, E such that E: B|DB,

express D in terms of B, B' and E. l2'3f

(b) Given that the equation 
ax2 + bx * c : 0

has roots a arrd fr, find an expression for 
/(,,n1\*/n'*l) t4j\- '"/'\" ' fl)

4. (a) Write down and simplify the 2 x 2 matrix representing a reflection in the line y : J3*. t3l

(b) Find the 2x2 matrix representing the transformation that transforms the point (-/,,0) to the point

(0,k) and the point (-k,k) to (k,3ft), where k # 0. Find all the points that remain fixed under the transformation.

Wt'r"t typ" oftransformation is represented by the matrix? 13,2,2)

(c) Show by means of a sketch, or otherwise, that x-1-sinx:0 has only one root and that it lies

between 0 and z.
Given an approximate value for the root, explain how an iterative method could be used to obtain a

better approximation. (No calculation required.) L2,3)

5. (a) The points (0,l), (2,6), (6,0) are denoted by A, B, and C respectirell. Show that the equation of

AC is
6Y: -x+6

and that the line through B perpendicular to ,{C is given by

l:6x-6'
'lhis second line cuts ACin E. Given that F is the point (#,1i) show that FE is parallelto AB. BE produced

meets the x-axis at D. Show that the area of triangle ADC is 2j square units. t8l

(b) Show that the equation to the tangent to the curve x)' : a2 at the point T(at,alt) is given by

tzY: -x+Zat'
Tangents at point T and the point S(as,a/s) intersect at the point R. Given that R lies on the line I: x and

s+r? 0, show that sr: l. 13,4)

6. (a) Show that the circle having the line joining the points (1, 1) and (2,4) as diameter is given by the

equation 
xz +y2 -3x-5y+6 : o. t3l

Findtheequationsatisfiedbymiftheline!:mxisatangenttothiscircle'lly:^,x'andy:tttzx
are the tangents, find values for (mr*mr) and mrmrand hence find the angle between these tangents. [3' 3]

(b) Show that the equation to the tangent to the curve y : x3 at the point (c,c3) is

y :3c2x-2c'. [2]

A tangent to the curve intercepts the Ox arrd Oy axes at P and Q respectively. Given that the triangle

OPQhas ".." $, find the possible forms of the equations to the tangent. [4]

lP6l
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7. (a) Show that ifl(x): g then/'(x): O 
C?gf '

*r:.J(*)

f* x2 " -/3
J,7r, -;50': rz - ?'

(c) Find jriffi*

l2l

Find the local maxima or minima of the functionf and show that it has no points of inflection. Sketch
the graph ofl t6,31

(b) Given that the function g is defined by

find the maximum possible domain of g.

8. (a) Differentiate log"(tan(3x+5)), 0 < 3x+5 < nl2.

(b) Given y:xtan-rx, show that
d'y 2

a7:1r;;ry
(c) The circular cross-section of a wooden log is of radius r. A beam of the same length as the log, with

rectangular cross-section ABCD is cut from the log, where ,48 : x and BC : l. Find the maximum value of xy3.

t8l

9. (a) Given a function/(x) : #* g 2 2)find an expression for/-r(x) and verify that (/-r o/)(x) : y.

[3,4]
(b) Sketch the curve y(x): -x2+4x, between the origin O and the point.4, where x :4. The line y: 3

cuts the curve in points B and C. Find the area of OBCA. lZ,6l

10. (a) Use integration by parts to find

Jxlog"xdx.

(D) Using the substitution .x : sin 0, or otherwise, show that

t4l

t3l

t4l

t4l

t5l

t6l
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Ansver seven queotions.

[9: 9'8 m s-r.]

1. (a) Verify that c, : - I - 3i is a root of the equation

z2tiz$6ll-t) : 0.

By considering the coefficietb of z in the equetion, or otherwiso, find the second root c9.

Find tho modulus and argument of p rrhere

l_l-l
F- ,r' or'

(D) (i) Show that the locus of points in the Argand plane eatisfying the equation

zzt$fi)zt(I-i)z: r
is a circle.

(ii) tr'ind tho complex numbers correxpondi-ng to the points where the locus

z2{7-l4zzf48 : o

croBses the imaginary axie.

(iii) Show that the locus
222{2*-zZ$15 :0

doee not crosg the real axis.

2. (o) f-5nd the goneral solution of the difiereutial equation

P+W: q*in1,1s,
dn' --"

where o, t, and. rn a,re constante.

If a : l, k - 2 aud. m : l, find the particular solution which has value I when c : 0.

[l* *,n" d, : # lk ai,.m,-m*.,rrl]

(D) Find the general solution of the difierbntirl equation

:,fl+f :t.

t5l

t2l

t2l

t2l

Sketch the particular eolution p&ssing through the point ([, ]). [6,4]

Ttrrn over.
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-" 3. An-aeroplane, which flies 
-ul .!g9d uin still air, traveis between landing sites L andB, B being

a distance d fiom ,4 in a direction N c" W. In." fr"4 blowing with speed rr'in the-direction N B" W 1O < "[the.journey from .,4 to B takes time I, (ignoring take off and lanCing times) and the return journey, ti.
Shos-t,hat

flz - (fi -usz)t!{ 2dwt" eos@- A'tr

and find the eorresponding expression for # in terms of tr. t?l
By eliminating the cosine terms, deduce that

1t2-w2: Dtll.z

where err and o, are the ground speeds over the initial and return journeys respectively. t4]
If u-- 200 km b-1, w:20 km [-1, cr:60" and d: 30o, find the direction along which the plane

should hbad on the journey from .r{ to B. ^ 
t4l

_ 4. A projectile is fued from a point O with speed cr at an angle cr to the horizontal. Show that o
and y, its horizontal and vertical displacements from O, are related by

a: rtan..-e'T"*' i4l2oz

I{ence or otherwise show that p, the angle between the tangent at point (r, y) onthe trajectory
and the horizontal, is given by

tanP: Lano-ffseczo- 
IAI

Find the_two possible values of c when the projectile's horizontal range is 3a2f5g, and the ratio
of the times of flight for the corresponding trajectories [5, g]

5. (a) Points A,-8, and P have position vectors a, b and }af (l-.I)b respectively with respect to
some origin. hove that P lies on the line ,48 end that, if 0 < .tr < 1, it dividesit internally in tfe ratio
(i-)):.tr.

Points z{, -B an4 C have position v3c!or9-a, b and c respoctively with respect to some origin.
Point D divides BC in the ratio 2:3, point .D divides CA n the ratio 3: I and point 7 divides ,4.B inlhe
ratio 1:2. Find the position vectors of points ? and G where G divides CI in the ratio g:2.

Show that AD and.BZ pass through G and find the ratios in which G divides them. [8, 2, 5]

(b) A particle moves so that its position vector at time J is r : ,i+(t+rr[. tr'ind. v and a, its
velocity and acceleration vectors respectively. Find also the speed of the particie at time f : I and

12,I,27a unit, vector normal to its trajectory at time I : 2.

6. Using standard notation, write down the difierential equation for simple harmonic motion and.
derive the relation

02: a2(o2_r2). t3]
A particle is moving in a straight line rv-ith simple harmonic motion, O being its centre of osciliation.

\Vhen the particle is 12 cm from O its speed is l0 cm s-1, and when 5 cm from O its speed is 24 cm s-1.
Tind its amplitude and the period of oscillation. t6]

If A and B are points on opposite sides of O such that OA : 12 cm and OB : 5 cm, find the time
taken by the particle to travel atJ"tty from .4 to B. t6l

7. A banked corner of a racing track can be regarded as &n arc of a circle of radius r and the lateral
gr-adient_c of the bank is such that a car travelling at speed z has no tendency to side-slip. X'ind the
relation between d, r a,rl.d. lt. tE]

Show that the coefrcient of friction necessa,ry to prevent side-slip at a speed a ) $r must be
at least,

(u2-n2) sin c cos c)flo2 sinrcf u' cos2c). [l0]
rP196
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8. In the accompanying diagram, l, represents a srnooth, fixed plane inclined at, an angle 0 to the
horizontal and I, a fixed horizontal plane, F is a smooth pulley and the m&.sses m1, nxz are connected by an
inextensible string passing over the pulley" The system is released from rest with the string taut, rrz, in
contact with L and zn, hanging freely. ff m, starbs to move up the plane, state the relation betu'een
rz, and mrfor this to happen and fi.nd the acceleration of the system and tlie tension in the string. [5]

P

m2

mt

9. A ladder of length 2l rests with one end against a rough vertical waU and the other end on rough
horizontal ground. The centre of gravity of the ladder is above its centre and a distance i away from it,
and the coefficient of friction at each point of contact is g.. Show that the ladder is on the point of slipping
when it makes an angle c with the horizontal, where

tan cr: #*iE!\-r '\ -- / flO]
A man is climbing a unilorm ladder 8 m long x'irich has one end restiag against a rough yertical

wall and the other on equally rough ground. The ladder is incLiled at 60" to the horizontal, the man
weighs three times as much as the ladder and g. : 0 4. Horr far c.an t,he man climb before the ladder
is on the point of slipping ? t5l

10. A non-uniform straight rod is such that the mass of an element, of length Er distant r from one
end is proportional to rir. Show that its centre of mass is at a point of trisection. Use this result to find
the centre of mass of a uniform plane triangular lamina by dividing it into thin strips parallel to one side
and replacing each strip by a suitable point, mass. [3, 4]

Show that the centre of mass of such a triangular lamina is the same as that of three equal point
masses situated one at each vertex" t3]

The lengths of the parallel sides of a uniform plane trapezium are in the ratio 5: 6. Deduce that
its centre of mass divides the line joining the mid-points of the parallel sides in the ratio I?:16. t5]

Lt

0

Suppose that mr: 6 kg, mz: 5 kg, 0 :30o and that when m, has descended 3 m it strikes
,2. Find

(i) how far mrtravels along l, after mrstikeslr,
(ii) the time that rz, remains in contact with /s,

(iii) the speed with which the system starts to move after the string becomes taut again,
(iv) the impulsive tension in the string. [10]
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An $Der eev et qucst'ion*.

Ma,ffurdiral and. Bhrbtical tables are pro$ded.

A oolwlator rwy be used etcept where ii ia eeptreesly forbitd,en.

1. A box contains twelve balls numbered from I to 12. The balls numberod I to 5 are red, those
numbered 6 to I are white , and the remaining three balls are blue. Three balls are to be drawn at random
without replacement from the box. Let ,4 denote the event that each number drawn will be even, B
the event that no blue ball will be drawn, and C the event that one ball of ea.ch eplour will be drawn.
Calculate (i) P(A), (ii)P(A), (in) P(C), (iv) P(A n C), (v) P(B u C), (yi) P(/{ u A). [15]

2. Ann and Bethan play a series of two-stage games. In the first stage of each game two fair dice
are tbrorrzr together; in the second etage one oI' the girls draws a card at, ra,ndom from a pack of ten
cards numbered I to 10. Ann draws the card at t,he second stage when the sum of the scores on the two
dico is 6 or lese ; otherwise Bethan draws the card. Whoever draws t'he card wins the game if the number
on the drawa ca,rd is I or 2; otherwise the other girl wins the game. The two girls play,a series of l0
game8.

(i) Show that ArLn's probability of winning the first game is 0'55. t5]

(ii) Giren that Aln uirrs the fust game find the conditional probability that she &ew tho
card. t3l

Uee tables to find the probabilities that the eeries will end with

(iii) each girl winning five games, t4]

(iv) Ann winning more games than Bethan. t3]

Turn over.
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3. (a) The random variable X hes a Poisson distribution and is such that P(X --= 2) : 1P(X : +).
Find, correct to tliree tlecimal places, the values of (i) P(X : 0), (ii) P(X < 4). t6l

(D) Thc rurnber of clii,r.:-rt'ters tlrat arc mistyped by a copvtvpist in any assignrnent, has a Poisson
fistribution, the arerage nnrnber of mistyped characters per page being 0-8. In arr assignment of 80
pages calculate, to three decimal places,

(i) the probability that the first page will contain exactly two mis{,ped characters,

(ii) the probability that the first mistyped character will appear on the third page,

(iii) an approximate value for the probability that the total number of mistyped characters in
the 80 pages will be at most 50. tgl

4. The maximum length to which a string of natura.l length a metres can be stretched before it
enaps is a(\ lX2) metres, where X is a continuous random variable whose probability density function

f@):ax,0.25<z(0.75,
-f(z) : o, otlier*ise'

(i) Calculate the probability that a string can be stretched to l| times its natural leagth
without snapping. "iul

_ _ (ii) Find the value of E(Xz) and hence find p, the mean maximum stretched length of strings ofnaturallengthlmetre. - -t4]
(iii) Find the probabilitv d_ensity function of Y : l+X2, the maximum stret,ched Iength cf a

string of natural Iength I metre, and use it to verify the value of p you obtained i" (ii). - 
t?]

5. The lengths, in centirnetres, of manufactured rods have a continuous distibu1ion with
probabfity density function

I@) :k(7-r), l.e ( z < 2.1,

f(t) : o, otherwise,

where /c is a constant. A medial rod is defined to be one whose length liee in the range from 1.96 cm to
2.04 cm.

(i) Find the value of [. t2)
(ii) Shorv that, there is a probability of 0'4 that a randomJy chosen rod wili be a medial rod.

t2)
(iii) If four rods are chosen at random find the probability that exactly three of them wiU be

medial rods. t?l
(i") If 96 rods are chosen at random firrd an approximate value for the probabiJity that at

lesst 50 of them will b€ medial rods. t5l
(v) A person requires 20 medial rode for a specific purlloBe. F'ind the smallest, number of roda

the person ehould order for the expected number of medial rods among those order€d to be at least 20.

l4l



.1

a

6" A boy is to have thT€ allfmpis at perforrning a certain task. The probability rhat, he will suc-
ceed on his first at,tempt is |, whiie on each subsequent attempt the probaiility that he uill succeed is
f-if his precedi_ng attempt was successfutr, and { if his preceding attempi was not iuccessful. Let X denote
the number of successes by- t-he-boy in_his three attempts, and iet F denote the number of t,he atternpi,
on which he is first suceessful; define I to be zero rf the hoy fails on atrl three attempts.

(i) Display the joint proba.bility distribution of X and I in a two-way tatrle. tgl
(ii) Having completed his three attempts, the boy ie awarded & Bcore of 2 rf X > Y, e se11re of

1 if X : I, and a, Bcore of 0 if X < Y. Find the mean and the standard d.eviation of the boy's ecore.

t7l

7. Tbe lifetimes of electric light bulbs of brands ,4 and I are independent and normaily distributed.
For brand ,4 bulbe the mean and the standard deviation of the lifetimes are 1010 houm and 5 hours, re-
spectively, while for brand.B bulbs the corresponding values are 1020 houre and l0 ho,-rrs, respectively.

(i) Calculate the probability that a brand I bulb will have a lifetime in excess of 1020 hourg.

trl
(ii) Calculate the probability that a brand 1 bulb will have a longer lifetime than a brand

.B bulb. - 
t4l

A fel sonts.ine 8 bulbs of brand r{ and 2 bulbs of brand B.

(iii) If one bu-lb is drawD at random from the box, calculate the probability that its lifetime will
exceed 1020 houre. tb]

(iv) Calculate the probabi-lity that the mean of the iifetimes of the t0 bulbs in the box will
t5lexcecd i0l0 hours.

I' A random variable_X can take only the values l, 2 and 3, the respective probabilities of these
rralues being d, 0, and l-20, where 0 < 0 <+. Det€rmine the mean and thJvarian& of X in terms of d.

t3l
In a random eample of n values of X, let .f, denote the mean ofthe eample va,lues, and let -l? denote

the number of 3s amolg the sample yalrles.^ Show-that h:L-{XIB) and^p, :l{l'-(Rlnt} are both
unt,itrsed eetimators of 6" Determine which of p, and p, has the smaUer standird errjr. r r r't

9. {.a} I[&en an .-bj**t is weighed on a, ehemical balance the re.adinge obtained are subject to ran-
dom emore whir:h are known t'o be independent and normally distributed'with mean ,ero ,.rd standard
deviatier* L urg. A ceria,iu <.'Ljec[ is to be weighed g times cn sr.rch a ba]ancd and the mean of the $ rer.d-
irlgs is to be e*,iculat€d"- Find the probability that the mean of the g rea.clings will be within 0.8 rng o{
the true weight of the objeet "l5l

lil ' ,.;iher weighir:g device is undergoing tests to determine itts accuracy. A certain obtect of
known tri-:. weight 50 mg wax :veighed l0 times oi-r this desice and the readinga ir"i mg were

49, 51, 49, 52, 49, 50, 52, 5t,49, 48.

(i) Calculate an unbiaed estimate of the variance of the enors in readinga u.sing this device.
t4l

iii) Calculate 95 per cent confdence limits for the me&n error in readings using this deyice.
t6l

10. An investigation of a possible Iinear relationship between two variables e and y was conductcd
with r having five prespecified values, the corresponding values of y being observed. 'Ihe results ob-
tained are given il the followiug table:

s:6 l0 t5 20 26

9 :55 62 50 48 46

You may assume that )r2 :1375 and that Zry :3A?0.
Given that, the true relationship between t, ar,d y is y : d+Po, determine the least-squares esti-

mates of cr and B. t4l
Suppose that the observed values of y are subject to independent random errore that &re nor-

mally distributed with & me&rr of zero and a standard deviation of 0.6. Calculate 90 por cent confidence
Iimits for

(i) the true valuo of y when r : 20, t6]
(ii) the differenco between the true valuos of y when u :6 snd r :25, reepoctivoly. t6]
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Answer seYen questioru.

Not more than futr questions may be attempted from any section.

A calculator may be used except where it is expressly.forbidden.

SEsrroN A

l. (a) A sequence such as 
a, ar, arz, arr,. . ., af_t,. . .

is said to be a geometric progression (G.P.) of common ratio r.

A sequence such as q., a*d, d*2d, a*3d, . . .,d+(n- 1)d, . . .

is said to be an arithmetic progression (A.P.) of common difference d.

The 5th,8th and 9th terms of a particular geometric progression are in arithmetic progression. Given that
the common ratio is neither 0 nor 1, show that the sum of the first three terms of the G.P. is equal to the 4th term.

t5l
(b) The roots of the equation x2+bx+c:0 are a and f, and the roots of the equation x2 +2bx+k: O

are 7 and d. Find the equarion whose roots u.!*(,i*fi-.y a'b y 11:
(c) Given that log.(x2yr): 7 and log.(x4ly2):6, find x and y. t3l

2. (a) Expres s 2cos(d+rfi)sinl1 as the difference of two sines and hence, or otherwise, show that

*'(,*T)"(+),
cos r + cos(c + f) +... + cos(a + np) : [2, s]

(D) Write down the matrix M representing M, the anticlockwise rotation of the planc through an angle

a, and the matrix N representing N, the reflection of the plane in the tine y = x tanqr,

Thc action of the transformation N followed by M results in a rcflcction about the line y : x; whilst the
transformation M followed by N results in a reflection of the plane in the y axis. Find a and, p. 12,6)

L
2

srn
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3. (a) Show that the equation of the circle which touches the x-axis at the point (4,0) and cuts the positive
y-axis in two points A and B, whcre ,48 : 6, is

x2+y2 -8x-l0y+16:0.
A second circle is given by 4x2-64x+4y2-72y+579:0. Show that the two circles lie entircly outside

each other. 14,4l
(b) Show that no real values of x and I can be found to satisfy the simultaneous equations

7
3cos0: x+1,

x

2sin 0 : Zr-L.r [7]

4. (o) Find the stationary values of tit' 
, for va[ues of x between 0 and n, distinguishing Lretween

(l +sinrxP
them. Deduce the stationary values for all values of x" t9]

(b) Show that if a < 0, b < 0 the equation

x3-ox2-b: o
has only one real root. t6]

d / n+rirr"\ I
5' (a) Show'h"'a'(./r-.irrr):,-r* i5l

(b) Show by induction that

*fr, e,) : lx2 +2nx * n(n - !)l e,
d-x''

for all positive integers n.

(c) The function 9 is defined by

The rule for the function ir is

t6l

h(x) : 14Y:'
Civen that goft exists, find the maxirnum possible domain of fi. Cive the range of goh. t4l

s(i: JQ-x), (x ( 3).

6- (a) Evalua," i(=,. 
j dx bv substituting x : cos2l,or otherwise. l7l

(b) Sketch the graphs of y: ! ,ra !: tanx between x :0 and t: f. ffr" area enclosed by these

graphs is rotated about the Ox-axis through four right angles. Find the volume generated. 12,6)

SECTIoN B

7. (a) Find the slope s of the straight lines through the origin whose equations satisfy the differential equation

9: -(r)' rjldx \r/
Find the general solution ofthe equation and show that, foreach finite non-zero value ofthe arbitrary constant,

it rcpresents a pair of non-intersecting curves, one o[ which passcs through the origin. What is the slope of the

general solution at the origin?

Sketch the graph of the particular solution one of whosc branches passes through the point x : l, y : l.
tel

lPr97



3

(b) If the complex numbers z, w and u lie on tlre same line in the Argand plane, prove that

t3l

& A bowt has thc shape of the surface formed by rotating the parabola y : x2l2a about its axis' Show that
the line of greatest stope of the tangent plane at a point qf the bowl distance r from thc axis makes an angle

fu-tan-tr/a with the axis. t2)
The bowl is rough, and rotates with constant angular velocity ar about its axis, which is vertical. A particle

rests in relative equilibriurn on the inside of the bowl at a distance r from the axis. Prove that the coefficient of
friction between the particle and the bowl is at least

- r*ls - oo.'l' tl3l

9. One end of a light elastic string of natural length a and modulus of elasticity lmg, is attached to a fixed

point O and the other end to a particle of mass m. The particle, initially at rest at O, is allowed to fall. Find the

greatest extension of the string during the motion and show that the particle will reach O again after a time

(z+2-tan-t2)(2ald+. 13, t2)

10. The maximum speed of a car is I/ and the resistance to its motion varies as the square of its speed. If
its engine works at a constant maxirnum rate, the car attains the speed lV after travelling a distance a from
rest. If its engine exerts a constant maximum tractive force, the car attains the speed lV after travelling a distance

b from rest. Prove that

a:b:2log.(9):3log.(t). U5l

11. A thin beam z{8, of tength 2a arrd weight }7, is hung from a fixed point O by equal light strings O,{,
OB. The centre of gravity of the beam is at a distance b from the mid point of lB. When a weight w(> (b/a)W)
is hung from ;{ the beam is in cquitibrium with z{ Iowest and the beam inclined at an angle g to the horizontal.
When the same weight is hung from B the inclination is rp (> 0) with B lowest. Show that

tan0 aw-bWt^\ _' ' tang aw+bw
(b) the beam will be in equilibrium in the horizontal position if a weight

sin(e-0)
t{, 

-

sin(e + 0)

is hung from /. [9, 6]

SECrroN C

12. Show that for any threc events ,,{, B, and C,

P(Antr): P(A)-P{AaB),
P(An B'aC): P(A) -P(A n B)-P(A n C)+ P(A n B aC).

Deduce that the probability that exactly one of the events l, 8, C, will occur is

PtA)+P{B)+P{C)-2{P(A^B)+P(AnC)+P(BnC)}+3P(AnBaC). t6l
A fair die has two of its faces coloured red, two coloured blue and two ioloured white. The die is to be

tossed four times and the colour of the upperrnost face on each toss is to be noted. Let ,{ denote the event that
no toss will result in a red uppefinost fac*, B the event that no toss will result in a blue uppermost face, and C
the event that no toss will result in a white uppermost face. Find the probability that exactly one of the events

A, B, C, will occur in the four tosses. Deduce the probability that in repcated tosscs of the die all three colours

will have appcared uppcrmost for the first time on thc fifth toss. t9]

I p 197 Turn over.
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13. Manufacturcd wirc is cut into pieces whose lengths, in metres, are distributed with probability density
function.;[defined by

-f{x):2x, 0<xcl'

'f(x):0 ' otherwisc

Two pieces of wirc are chosen at random. Lct Y denote the length in metres of the longer of the two pieces.

(i) Show that for any y between 0 and l,
P(Y ( y): ya,

and hence, or otherwise, find the probability density function of Y. t4]
(ii) Find the expccted length of the longer of the two pieces of wire. tll
(iii) Find the expected length of rhe shorter of the 

-two.pieces o[ wire. t3]
The longer piece of wire is bent to form a square.

(iv) Find the probability that the square has an area in excess of 0.01 m2. i3l
(v) Find the probability density function of the area of rhe square. t4l

14. A factory uses two machines A and B for mass-producing a certain type of article. The lengths of the
articles produced on ,{ ari normally distributed with mean 50 cm and standard deviation I cm, while the lengths
of the articles produced on B are normally distributed with mean 5O5 cm and standard deviation l.l cm. For
a specific purpose the articli:s have to be used in pairs; a pairing of two articles is satisfactory for the purpose
only if their lengths do not differ by more than 2 cm. The present policy is to pair off articles from the same
machine, two-thirds of the total number of pairings required consisting of pairs of articles chosen randomly from
those produced on ,4, and the other one-third consisting of pairs of articles chosen randomly from those produced
on B. Calculate, to three significant figures, the overall proportion o[ satisfactory pairings from this policy. [9]

One possible alternative policy is for each pairing to consist of one article chosen at random from
those produced on z4 and one chosen at random from those produced on B. Determine whether or not this
alternative policy will lead to a larger overall proportion of satislacrory pairings. t6]

15. A coin has probability p of showing head when tossed. In n independent tosses of the coin let X denote
the number of heads that will be obtained.

(i) Given that X : r, find in terms of r and n, the conditional probability that both the first and the
last of the n toss€s showed head. t3]

(ii) Show that Z: {X(n-X)}i{n(n-l)} is an unbiased estimator of pq, where q: t-p. t5l
A second coin has probability q: l-p of showing head when it is tossed. In n independent tosses of this

coin let )' denote the number of heads that will be obtained.

(iii) Find, in terms of n and p, the mcan and the variance of W : X + Y, the combined number of heads
in the 2n tosses. t3l

(iv) For the case when p : S:+, show that P6 = n= P6+Y: n). t4l

16. The random variable X has a Poisson distribution with mean p. Show that, for any positive integer n,

(i) lrP(X:r):pP(x (n-l), t3lt=l

(ii) i r2plx : r) : tfp(x 4n-2)+yp(X ( n-l). t4l

A newsagent receives 20 copics of a daily newspapcr to sell each day. The daily demand for this ne\r,spaper
from the newsagent may be assumed to have a Poisson distribution with mean 20. l*t Y denote the number of
copies sold on a particular day by this newsagent. Using tables and the results given above, or otherwise, find
the mean and the variance of f. t6]

The newsagent makes a profit of 5 pence on each copy sold and loses I pcnny on each unsoid copy. Find,
correct to the nearest pcnny, the newsagent's expccted daily profit from the sale of this newspapct. f2)

tPl97


