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Probability Distributions 

The expected value of a constant is the 

constant: 𝐸(𝑎) = 𝑎 

The variance of 𝑋 is: 

𝑉𝑎𝑟(𝑋) = 𝜎2 = 𝐸(𝑋2) − [𝐸(𝑋)]2 

The standard deviation of 𝑋 is: 

𝜎 = √𝑉𝑎𝑟(𝑋) 

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴)𝑃(𝐵) for 

independent 𝐴 and 𝐵. 

Combinations of Random 

Variables 

Use the results: 

𝐸(𝑎𝑋 + 𝑏) = 𝑎𝐸(𝑋) + 𝑏 

𝑉𝑎𝑟(𝑎𝑋 + 𝑏) = 𝑎2𝑉𝑎𝑟(𝑋) 

𝐸(𝑎𝑋 + 𝑏𝑌) = 𝑎𝐸(𝑋) + 𝑏𝐸(𝑌) 

For independent 𝑋 and 𝑌, use the 

results: 

𝐸(𝑋𝑌) = 𝐸(𝑋)𝐸(𝑌) 

𝑉𝑎𝑟(𝑎𝑋 + 𝑏𝑌) 

= 𝑎2𝑉𝑎𝑟(𝑋) + 𝑏2𝑉𝑎𝑟(𝑌) 

Discrete Probability Distributions 

Finding the mean and variance using:  

(a) 𝐸(𝑋) = 𝜇 = ∑ 𝑥𝑖𝑝𝑖  

(b) 𝑉𝑎𝑟(𝑋) = 𝜎2 = ∑ 𝑥𝑖
2𝑝𝑖 − 𝜇2 

where 𝑝𝑖 = 𝑃(𝑋 = 𝑥𝑖). 

For a function 𝑔(𝑋): 

𝐸(𝑔(𝑋)) = ∑ 𝑔(𝑥𝑖)𝑝𝑖 

Use the result: ∑ 𝑃(𝑋 = 𝑥)𝑥 = 1 

Changing probabilities from < to ≤ e.g. 

𝑃(𝑌 < 2) = 𝑃(𝑌 ≤ 1) 

Changing ≤ to ≥ and back: 

 

 

Continuous Probability 

Distributions 

Finding the mean and variance using 

the probability density function 

(pdf) 𝑓(𝑥) of 𝑋:  

(a) 𝐸(𝑋) = 𝜇 = ∫ 𝑥𝑓(𝑥) 𝑑𝑥 

(b) 𝑉𝑎𝑟(𝑋) = 𝜎2 = ∫ 𝑥2𝑓(𝑥) 𝑑𝑥 − 𝜇2 

For a function 𝑔(𝑋): 

𝐸(𝑔(𝑋)) = ∫ 𝑔(𝑥)𝑓(𝑥) 𝑑𝑥 

Use the result: 

∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 = 1 where 𝑎 ≤ 𝑥 ≤ 𝑏 and 

𝑓(𝑥) = 0 for 𝑥 < 𝑎 and 𝑥 > 𝑏 

Calculating probabilities: 

𝑃(𝑐 < 𝑋 < 𝑑) = ∫ 𝑓(𝑥) 𝑑𝑥
𝑑

𝑐

 

Cumulative distribution function:  

𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) 

Changing probabilities from < to ≤ e.g. 

𝑃(𝑌 < 2) = 𝑃(𝑌 ≤ 2) 

Changing ≤ to ≥ and back: 

 

 

Converting between probability 

density and cumulative distribution 

functions. 

𝑓(𝑥) =
𝑑𝐹(𝑥)

𝑑𝑥
 and 

𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

−∞

 

Finding the median: 𝐹(𝑚) = 0.5 

The Poisson Distribution 

Suppose 𝑋 ~ Po(𝜆) is the number of 

events occurring per 1 unit of 

time/space, then if 𝑌 is the number of 

these events occurring per 𝑡 units of 

time/space, then:  𝑌 ~ Po(𝜆𝑡) 

𝑃(𝑋 = 𝑥) = 𝑒−𝜆 𝜆𝑥

𝑥!
. 

[𝑥! = 𝑥 × (𝑥 − 1) × (𝑥 − 2) × ⋯ × 3 ×

2 × 1.] 

Conditions 

(a) The events take place randomly and 

are independent of each other.  

(b) The events happen one at a time.  

(c) On average, the events occur at a 

constant rate. 

Mean: 𝐸(𝑋) = 𝜆 

Variance: 𝑉𝑎𝑟(𝑋) = 𝜆 

The sum of independent Poisson 

random variables also has a Poisson 

distribution. 

If 𝑋𝑖  ~ Po(𝜆𝑖) for 𝑖 = 1, … , 𝑛 then 

∑ 𝑋𝑖
𝑛
1 ~ Po(∑ 𝜆𝑖

𝑛
1 ) 

The Binomial Distribution 

𝑋 ~ B(𝑛, 𝑝). 

𝑛 = number of trials. 

𝑝 = probability of success. 

𝑞 = 1 − 𝑝. 

𝑃(𝑋 = 𝑥) = (𝑛
𝑟

)𝑝𝑟(1 − 𝑝)𝑛−𝑟. 

Conditions 

(a) Two possible outcomes in each trial. 

(b) A fixed number of trials. 

(c) Independent trials. 

(d) Identical trials (𝑝 is the same for 

each trial). 

Mean: 𝐸(𝑋) = 𝑛𝑝 

Variance: 𝑉𝑎𝑟(𝑋) = 𝑛𝑝(1 − 𝑝) 

Poisson Approximation to the 

Binomial  

If 𝑋 ~ B(𝑛, 𝑝) with large 𝑛 (say > 50) 

and small 𝑝 (say < 0.1) then we can 

approximate: 

𝑋 ~ Po(𝑛𝑝) 

Exponential Distribution 

𝑋 ~ Exp(𝜆) if  

 

𝑓(𝑥) = {𝜆𝑒−𝜆𝑥

0
       

if 𝑥 > 0,
otherwise.

 

Mean: 𝐸(𝑋) =
1

𝜆
 

Variance: 𝑉𝑎𝑟(𝑋) =
1

𝜆2 

 

Cumulative distribution function:  

𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) = 1 − 𝑒−𝜆𝑥 

 

Results: 

If the number of events in 𝑡 units of 

time, 𝑋, has a Poisson distribution with 

mean 𝜆𝑡, then the waiting times 

between the events, 𝑇, are 

exponentially distributed with 

parameter 𝜆. 

𝑋 ~ Po(𝜆𝑡) ⟺ 𝑇~ Exp(𝜆) 

Least Squares Regression 

The least squares regression line/model 

of 𝑌 on 𝑋: 

𝑦 = 𝑎 + 𝑏𝑥 

where 𝑎 = 𝑦̅ − 𝑏𝑥̅ and 𝑏 =
𝑆𝑥𝑦

𝑆𝑥𝑥
  

Interpret 𝑎 and 𝑏 in context. 

Interpolation: estimating between data 

points. 

Extrapolation: estimating outside data 

points. 

Pearson’s Product Moment 

Correlation Coefficient 

Denoted 𝑟. 

Measures linear association between 

two Normally distributed continuous 

random variables. 

For a sample of 𝑛 pairs (𝑥𝑖 , 𝑦𝑖): 

𝑟 =
𝑆𝑥𝑦

√𝑆𝑥𝑥𝑆𝑦𝑦
 , 𝑆𝑥𝑦 = ∑ 𝑥𝑖𝑦𝑖 −

∑ 𝑥𝑖 ∑ 𝑦𝑖

𝑛
 

Interpret the value of 𝑟. 

Spearman’s Rank Correlation 

Coefficient 

Denoted 𝑟𝑠 

Measures the monotonic 

relationship between two variables. 

For a sample of 𝑛 pairs (𝑥𝑖 , 𝑦𝑖): 

 

𝑟𝑠 = 1 −
6 ∑ 𝑑𝑖

2
𝑖

𝑛(𝑛2 − 1)
 

where 𝑑𝑖 is the difference between 

the ranks of the 𝑖th pair. 

Interpret the value of 𝑟𝑠 . 

Deciding when 𝑟 and 𝑟𝑠 are 

appropriate. 

Testing the Significance of 

Correlation Coefficients 

𝜌: Population correlation coefficient 

𝑟/𝑟𝑠 : Sample correlation coefficient 

𝐻0: 𝜌 = 0 𝐻0: 𝜌 = 0 𝐻0: 𝜌 = 0 

𝐻1: 𝜌 < 0 𝐻1: 𝜌 > 0 𝐻1: 𝜌 ≠ 0 

One-tailed One-tailed Two-tailed 

Compare the test statistic 𝑟/𝑟𝑠 with 

the critical value, 𝑟𝑐𝑟𝑖𝑡 from tables. 

Conclude (in context): 

|𝑟| ≥ 𝑟crit: Evidence to reject 𝐻𝑜 in 

favour of 𝐻1.  

∴ Significant ... relationship. 

|𝑟| < 𝑟crit: Insufficient evidence to 

reject 𝐻𝑜 in favour of 𝐻1.  

∴ No significant ... relationship 

Chi-squared Goodness of Fit Test 

𝐻0: Data does follow specified 

distribution 

𝐻1: Data does not follow specified 

distribution 

𝑛: Number of categories (include every 

possibility). 

𝑂𝑖: Observed frequency of 𝑖th category. 

𝐸𝑖: Expected frequency of 𝑖th category, 

assuming 𝐻0 is true. 

Calculate expected frequencies for 

Binomial, Poisson and Discrete 

Uniform distributions. 

If 𝐸𝑖 < 5 then pool categories. 

Calculate the chi-squared test statistic 

𝑋 = ∑
(𝑂𝑖 − 𝐸𝑖)2

𝐸𝑖

𝑛

𝑖=1

 

Degrees of 

Freedom (𝜈) 

= # of categories 

after pooling 

−1 

 

Compare the test statistic 𝑋 with the 

critical value, 𝑋crit from tables. 

Conclude (in context): 

𝑋 ≥ 𝑋crit: Evidence to reject 𝐻𝑜 in 

favour of 𝐻1.  

∴ Specified distribution is not a good fit. 

𝑋 < 𝑋crit: Insufficient evidence to reject 

𝐻𝑜 in favour of 𝐻1.  

∴ Specified distribution is a good fit. 

Chi-squared No Assosciation Test  

𝐻0: Variables are independent  

𝐻1:  Variables are not independent 

𝑂𝑖,𝑗: observed frequency of 𝑖th row and 

𝑗th column categories. 

𝐸𝑖,𝑗: Expected frequency of 𝑖th row and 

𝑗th column categories, assuming 𝐻0 is 

true. 

𝐸𝑖,𝑗 =
𝑖𝑡ℎ row total × 𝑗𝑡ℎ column total

𝑠ample size
 

If 𝐸𝑖,𝑗 < 5 then pool ‘logical’ categories. 

Calculate the chi-squared test statistic 

𝑋 = ∑
(𝑂𝑖,𝑗 − 𝐸𝑖,𝑗)2

𝐸𝑖,𝑗

 

𝑖=1,𝑗=1

 

𝜈 = (𝑐 − 1) × (𝑟 − 1) (after pooling) 

Compare the test statistic 𝑋 with the 

critical value, 𝑋𝑐𝑟𝑖𝑡 from tables. 

Conclude (in context): 

𝑋 ≥ 𝑋crit: Evidence to reject 𝐻𝑜 in 

favour of 𝐻1.  

∴ Variables are not independent 

𝑋 < 𝑋crit: Insufficient evidence to reject 

𝐻𝑜 in favour of 𝐻1.  

∴ Variables are independent 

𝑃(𝑌 ≤ 3) = 1 − 𝑃(𝑌 > 3) 

 = 1 − 𝑃(𝑌 ≥ 4) 

𝑃(𝑌 ≤ 2) = 1 − 𝑃(𝑌 > 2) 

 = 1 − 𝑃(𝑌 ≥ 2) 

𝑑

𝑑𝑥
(𝑒𝑘𝑥) = 𝑘𝑒𝑘𝑥  ∫ 𝑒𝑘𝑥𝑑𝑥 =

𝑒𝑘𝑥

𝑘
 (+𝑐)  
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