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In the boxes, draw what comes next in the following patterns.
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Discuss the following questions with a partner.

sequence!?

symbols appearing in each picture!?
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In each question, what did you have to do to draw the next picture in the

What would be required to create the 10th picture in each pattern?
In each question, what was the number pattern involving the individual
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Number Patterns

Look carefully at each of the following number patterns, considering how the
patterns continue. Fill in the blanks with the missing numbers to extend each
pattern both ways. Underneath each pattern, explain in words how to continue
the pattern.

@ _B L 14, 17, 20, 23, 26 29
Add three

b) 694  6F 5 63, 6, 599 5F 55
Sub bract two

3% 4b 55 64, 73, 82, 4l 100
AM nine

d FR 66 54 42, 30, 18, & -6
Swbbroct welve

e —F 2 12, 22, 32, 4, 5L 62

Add Len

@ _lo5 90 75 60, 45 30, _15 o
Subbrack fifteen

@ 36 20 24 -18-12,-6 _O 6
Add six

h =160 ~135 _ji0,-85-60, -35, ~10 )5
Add Ewenby Five

QM -3 2 27, 34, 41, 48, 5.5 6.2
A d 2er0 point seven

() _© ©=25 05 0751, 125 1.5 1.95
Add zevo poink bwo frve

0 1% 1z 22313l Hg Sy
Aaufour e,-qhths or A\\L{'
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() | 2 4, 8, 16 32, b4 128
Minttiply by bwo

m) [boo 80_0 400, 200, 100, 50, 25 12.9
DW\AQ "3 kwo

m 3 L 12, 24 48 9 192 3%4
Mul%bkwo

0) _32 1b 8, 4 2, |, 0.5 0.25
Divide b\q kwo

(p) 0-25 I 4 16, 64 256 102% 4096
Muitiply by fonr

@ KI8T 729 243 81, 27, 9, 3 |
Divide by [Aree

n ©9 1.3 36 72, 144,288 SFb 115.2
Muitiply v Ewo

9 J

Triangle Numbers and Square Numbers

O O | O O @ 00 000 0000
OO0 00 | 00 o0 000 0000
OO0 000 000 0000
0000 0000

Write down the first ten triangle numbers.

| 3 6 1o 15 21 28 36 45 S5

Write down the first ten square numbers.

I 4 9 16 25 36 49 64 3! (oo

What is the connection between two consecutive triangle numbers and square
numbers?

Pf%u:wo cons@ubve 61 a\:‘k rumbers Lo oblain as’ume nwmber,
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Odd one out

Circle the number that doesn’t belong to each of the following patterns.

(a) 7 14 21 28 42 49

(b) 63 @ 45 36 27 18 9

©) | 4 9 s 36 49
(d) 12 24 36 48 60 72

(o) 512 256 @ 64 32 16 8
(f) 1.6 2 2.4 2.8 @ 3.6 4

(2) 0.056  0.56 5.6 56 560 5600 (560000
1 1 3
h 0.1 - ‘@ 0.4 - 2 0.7
") 5 2 5

Investigation
Here is a set of instructions for generating a number pattern.

(@) For the first number of the pattern, think of any 4-digit number where the
digits are not all identical. For example, 4,283, 6,816 and 3,025 would be fine,
but not 452 (only 3 digits) or 7,777 (all digits are identical).

(b) Re-arrange the digits of your number to make the largest possible 4-digit
number, and the smallest possible 4-digit number. For example, considering
4,283, the largest possible 4-digit number is 8,432, and the smallest 2,348.

(c) Subtract the smallest possible 4-digit number from the largest possible 4-digit
number. For example, 8,432 — 2,348 = 6,084.

(d) Repeat the above process with the new number. (If the new number has less
than 4 digits, add zeroes at the start to create a 4-digit number. For example, if
we start with 3,233, the first subtraction sum would be 3,332 — 2,333 = 999.
Then, we would need to treat the 999 as 0,999, and the second subtraction sum
would be 9,990 — 0,999 = 8,991.)

Investigate the patterns produced by the above set of instructions.
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Patterns with Prime Numbers

Here are the prime numbers between | and 100.

I 2 3 4 5 6 7 | 8 9 |10

(121314 15|16 17| 18| 19| 20

21 |22 |23 |24 | 25|26 |27 |28 | 29 | 30

31 | 32 | 33 | 34 | 35|36 |37 |38 |39 | 40

4] | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 49 | 50

51 | 52 | 53 | 54 | 55 | 56 | 57 | 58 | 59 | 60

6l | 62 | 63 | 64 | 65 | 66 | 67 | 68 | 69 | 70

71 72 | 73 | 74 |75 | 76 |77 | 78 | 79 | 80

81 |8 |8 |84 | 8 | 8 | 8 | 8 | 8 | 90

91 192 | 93 | 94 | 95 | 96 | 97 | 98 | 99 | 100

What do you notice! What do you wonder?

Mathematicians believe that there is no pattern in how prime numbers appear
on the number line.

There is a prize of $1,000,000 to prove that prime
numbers have no pattern when placed on the
number line. (This problem is one of the seven
millennium problems.) The lack of pattern with
prime numbers, and the fact that it is difficult to o
decide whether a large number is prime or not, is CARDHOLOER NAME «
the reason why the internet is secure.

1234 5678 9012 3456

Y /adolygumathemateg Page 8
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Calon Lan

The following diagram shows a blank clock face with the minutes labelled up to

60. 60
e 9 0 ¢ o
55 " ~ 5
2 N
50 ° ° 10
@ 9
45 @ ®I5
40"e '020
‘\'4 0°25
35 ¢ [V ° “ ° [/ ®
30

Use a ruler to connect each minute to its double. For example, you will need to
connect 4 to 8, and 45 to 90 (which means connecting to 30 after travelling
around the clock once). Perhaps the following table will help?

| 1234|567 |89 [10]11][12]13[14]15]16]|17]18]19]20
214168 ]10[12]14]16]18]20122[24|26|28|30]32|34|36|38]40

21122123124 |25(26|27 28|29 30 31[32[33[34/35/36|37/3839|40
42144146148 50|52 |54/56/58]60] 2| 4|6 |8]10]12]14/16]|18]20

41 |42 |43 |44 |45|46 |47 |48 |49 |50 |51 |52 |53 |54 |55 |56 |57 585960
22 12412628 (30/3234|36/38|40|42|44 |46 /4850|5254 |56|58]60

What happens when you multiply each minute by 3? By 4? By 5?7

@mathemateg Page 9
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The Fibonacci Sequence

For the Fibonacci sequence, we need to add the previous two numbers to give
the next number in the sequence.

To begin, complete the first column in the following table to show how the
sequence continues.

Fibonacci Sequence Dividing two consecutive numbers
I
I | =1 =1
|+ 1 =2 2+1=2
| +2=3 3+2=15
2+3=5 5+ 3=1.6666666....
3+5=8 8+5=1.6
5+8=13 13 +8=1.625
8+ 13 =2I 21 +13=1.61538...
13 +21 =34 34 + 21 =1.61904...
21 +34=55 55+ 34=1.61764..
34 + 55 =289 89 + 55=1.61818...
55+ 89 = 144 144 +~ 89 = 1.61797...
89 + 144 = 233 233 + 144 = 1.61805...
144 + 233 = 377 377 + 233 = 1.61802...
233 + 377 =610 610 + 377 = 1.61803...

Next, use a calculator to divide two consecutive numbers in the sequence.
You should see that your numbers settle down to become close to a special
number known as the golden ratio. Use the internet to investigate this
number, writing down what you find below.

___________________________________________________________________________
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The Fibonacci Spiral

e ™
~ N
) N\,
y.d N\
/I
v /' 3% 13
// \
21 %2
/ /T N\
[ \
[ /
| /
5x5 /
//

The above diagram shows part of the Fibonacci spiral. Use a compass or a piece
of string to extend the spiral, connecting opposite corners in different coloured

squares.

Colour of the square Compass point is Pencil starts
placed
Green Top right Top left
Red Top left Bottom left
Orange Bottom left Bottom right
Yellow Bottom right Top right

Investigation

e What is the connection between the Fibonacci sequence

and flower petals?

e Look at the scales on the surface of a pineapple (as shown
in blue on the right). Count the number of scales whilst
moving from top to bottom along one of the pineapple’s

diagonals. What do you notice!?

e Who was Fibonacci?

@mathemateg
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Exercise

The following number sequences are related to the Fibonacci sequence.
Find the next two numbers in each sequence.

@) 1,23,58 13 2] , 3F () 2,2, 4,6, 10, 16, 26 , +2
(©1,3,4,7,11,18 29 , Y7 (d)5,2,7,9, 16,25, %1, 66

11 1 .1 .l_ '
()0503,08 11,193, 49, #9 (12115254 _ bz (03
(g)|’|’|’3’5’9’|7’3' ’5% (h)|’0’|’2’3’6’||9za ’34

Did you know?

There is a connection between the Fibonacci sequence and
measurements in miles and kilometres. 5 miles is
approximately 8 km; 8 miles is approximately |3 km;

| 3 miles is approximately 21 km, and so on. (Why?)

s o
Challenge! /1\

Choose any 3 consecutive numbers from the Fibonacci sequence.

Multiply the middle number by itself.

!

—

Now multiply the first number by the third number.

Try this several times using different starting points. w

What do you notice about your answers?

of | between the bwy

Puzzle

What would be the best prize in a competition: winning £1,000,000 today, or

winning Ip today, 2p tomarrow, 4p the day afteg and so on, for 30 days?
prize on 3» 30 cS &—

p-nzes ovevﬂ\{ao 356
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Frayer Model

Definition Facts

Sequence

Examples Nonexamples

@mathemateg Page 13
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T oy T T
Is the order in which things are done important? If the order is not important,

then we say that the things are commutative. If the order is important, then
we say that the things are noncommutative.

Example

Siwan intends to mix yellow and blue  Arwyn gets up in the morning and
paint to make green paint. finishes dressing by putting on a pair of
- socks and shoes.

Wearing the socks first and then
putting on the shoes would give a
different result to wearing the shoes
first and then putting on the socks. So,
this process is noncommutative.

Putting the yellow paint in the empty
bucket first and mixing in the blue paint
would give the same result as putting
the blue paint in the empty bucket first
and mixing in the yellow paint. So, this
process is commutative.

Exercise
Are the following situations commutative or noncommutative!?

Adding salt and vinegar to a plate of  Studying for a spelling test and taking
freshly made chips. the spelling test.

!

|
Cormn La\gsve_ N w\co«\mw\'.al:\.fe__

You® /adolygumathemateg Page 14
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Shaking a bottle of water and opening it. Shaking a bottle of pop and opening it.

< Q}

Noncormmultabhwe  Commulabive Cly A
lost each

Moving 2 steps right and movmg

Moving 2 steps right and moving 2

steps up when moving from A to B. steps up when moving from A to B.
A A

Comeibolive. N gncommmbnkive_

Adding two numbers together.

Subtracting two numbers from each
other.

2 79

Commmwkakive Noncommutakave.

Can you think of more examples of commutativity or noncommutativity?

¥ @mathemateg Page 15
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Addition is commutative, whilst subtraction is noncommutative.

Example

The Mathematics Department

6+4 = 4+6

6-4 # 4-6

Exercise

Write = or # in the middle.

8+3 = 3+8 8-3 3-8
3+8 = 8+3 3-8 8-3
7-5 # 5-7 7+5 5+7
9+4 = 4+9 9-4 4-9
25+35 = 35+25 34-0.6 0.6 —34
7+0 = 0+7 7-0 0-7
-1 i GrE c 5
Take care with these next ones!
4+5 # 5+6 9-3 3+3
3+4+5 = 5+4+3 10 -3 3-4
—2+4 = 4+-2 -2-4 4--2
5+2-3 = 2+5-3 5+2-3 5+3-2

You® /adolygumathemateg
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Subtraction as addition: using the additive inverse

Let us consider the subtraction sum 5 — 2. We can think of this sum as starting
with five yellow counters

00000

and then subtracting two counters to leave three counters.

000

Here is a different way of thinking about the sum. Instead of subtracting two, we
can add the additive inverse of two, namely —2. So, instead of writing 5 — 2,
we write 5 + —2. We can think of this sum as starting with five yellow counters

00000

and then adding two red counters (to represent —2).

00000
0

There are two zero pairs here, leaving us with three yellow counters as before.

000

Why do we want to use this new way of writing down the sum? Well, the first
sum is noncommutative, as 5 — 2 is different to 2 — 5. (What are the two

different answers here?) The second sum however is commutative, as 5 + -2 is
the same as —2 + 5. This will help us answer sums like =2 + 5 on the next page.

Exercise

Write the following subtraction sums as addition sums, using the additive
inverse.

@6-2 —6+-2 ®7-2 =FA-ZA (l0-2 =104+-2

d7-5 = F+=-5 (@r10-3=10+=3 @©H14-8 Zi1+-4§

@©5-3 % 54=3 mi-42 n4+=Y Gis-s = \8+=(

()27-12 223412 (-2 :%4«2 (1) 27% — 4% :2424—‘70
%

@mathemateg Page 17



Ysgol y Creuddyn The Mathematics Department

Exercise

Write the following addition sums as subtraction sums.

@5+2 =5—2 (p)5+-3 =5-3 ()5+4 = 5=
@e+-2 =6-2 (98+-1 =3~ (@Ho+3 Z9-3
@7+5 ZF=5 (io+4=10=F @Hi13+4 = 13-4
Example

How do we find the answer to the sum =2 + 5?

Method A
Step | We use the commutativity of addition to write the sum as 5 + -2.
Step 2 Instead of adding negative two (which is the additive inverse of 2), we

can subtract 2, changing the sum to be 5 — 2. So, the answer is 3.
Method B

We use double sided counters to model: we start with two red counters (to
represent —2)

and then add 5 yellow counters:

0
00000

There are two zero pairs here, leaving us with three yellow counters.

000

Exercise

Use a method of your choice to answer the following sums.

@-2+6 X4 b)2+7 = § ©2+4 = 2
d-3+7 < L e-5+8 = 3 H-6+9 = 3
-2+9 = (hy—4+5 = | H-3+12 = 9
() -7+ 10 :} (k)-8 + 13 ;.5 Hh-10+15 =

Y /adolygumathemateg Page 18
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Exercise

Discuss the meaning of the following sums.

Qo ©Q@o o ®

+
+

+

+

+
+

® ®© &6 & © & ® ©
o 0 0 0 0 0 0 O

Qo :°:@0o0 @

00O OOOO
Qo ©Q@o o ®
00000000
Qo ©Q@o o ®

Space for calculations:

___________________________________________________________________________
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(c)4+-2

=2
() 4-2==4
(hy2-4=~§

(b) 4 -2

c P
>

T o !
3 0
CN+
S8
SN G
YE(

- =4
- -2

h-4+-2= —=§
(i) -2 + —4

H2-4

=6

(k) 2 ——4

-2
2
&

(g)—2+4

(d) —4 +2
(i) 4--2

10

—5

—6

—2

—6
-5

-3

-3

-5

—2

-3

-5

-3
-2

—6

-2

-3

-3

-3

-5

-5

-5

|10

Fill in the blanks in the following tables. (Blue add green, then blue multiply by

Exercise
green.)

You® /adolygumathemateg
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What is the missing number?

Example
2—8=|-0
Exercise
8+ 3 =|11
3+8=|11
—8+3=|-5
8+|2|=11
4+|2]=6
7+ =
5]+ 6 =11
10|—4=6
Al+=2=2
3+4=2+[5]
9—-2=10—|%
2—-9=1-(9

7]+3=—-1+6

—4+5=7-[¢

10—-(4|=1+5

84+-3=2+[3

1.2+15=24+

o4

3 il
2-2=14]]

@mathemateg

0.5

—05=73+0.:6

8+[-2]=6

8—3 =[]
3-8=[-5
—-8—3=[-11
8+[-3]=5
5+[1]=6
8+[-2]=
—2]+6=4
3]-4=-1
—3|+-2=-5
3+4=[2]+5
9-3=[1]-5
2-9=[0]-7
4l+2=-4+10
—4+[6]=8-6
—10—-4=1-[15
8+—-3=[9]-4
12415 =[16]+11
04—0.6=07-[09

1_ E
WIPHE

The Mathematics Department

4—-2=[5]-3
8+ —3 =[]

-3 +8=|[5]
-8+ -3 =|—11
8 +-11]= -3
6+[0]=6
15+|-9|=6
—10]+ 6 =—4
—2|-4=-6
5]--2=7
3+|4|=245
9-[4]=12-7
2—9=[-d|+2
[9]-1=-3+11
—4+7=[-5]+8
-10+4 =[-2]+2
8+-3=[-2]+7
1.2 +[1.6|=2+0.38
2—-04=1+[00
2-|7|=1+;
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Order of Operations

What is the answer to the following puzzle?

L\
'\
&

12

¥
'\
'\

L
[
o

) Ja

)
)

ys

>$

<y o

\
\

Nl

The flowers are worth

The dragon S! 2 isworth =

The leek * is worth 5
The sum in the final line is 5 "" l X z
In the final line, if we do the addition sum first, the answer is L/'

In the final line, if we do the multiplication sum first, the answer is ﬂ

Which answer is correct?

Y /adolygumathemateg Page 22
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We have previously discussed that addition is commutative. So, for example,

4+5=5+4,

++5 900000000
s+4 000000000

By writing 2 X 2 instead of 4 on both sides of the equation, we arrive at
2x2+5=5+2x12

By working from left to right, calculate the answer to the sum on the left side of
the equation, and the answer to the sum on the right side of the equation.

Left side:2 x2 +5 Right side: 5 + 2 x 2

44529 | Fx2=1F

____________________________________

Because the two answers above are different, it looks like we have broken the
equation! To fix this, we must decide that multiplication takes priority over
addition in a sum like 5 + 2 x 2. This way, we must calculate 2 X 2 to begin
with, to obtain 4, and then calculate 5 + 4 to obtain 9. This agrees with the
answer on the left side, and with the number of counters shown in each row of
the diagram above. Therefore, 9 is the correct answer to the puzzle!

© RULE: Given a choice between an addition and a multiplication sum in
mathematics, the multiplication sum must be done first.
T— | —

@m))

Giving priority to multiplication over addition ensures that we do not break
the commutativity of addition.

Exercise

@5+3x2 = || b)y5x3+2 —|F (5+2x3 = ||
(9+2x5 =19 @2+9x5 =4F (H2+5x9 =47
g 12+3x3= 2] M3+12x3 =39 @(3+3x12 = 39
()1+2x3+4 =1] (QI1x2+3x4 =M ()1+2+3x4 =I5
(m) 1 x2+3+4=9 (m|x2x3x+=zy-(@|x2x3+4:(o

@mathemateg Page 23
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See ke Leacher’s gw'ak for Al answers .

Choose three different numbers out of the five numbers given, to complete

the sums in different ways.

(@2 3,45, 6
2|~ 4] gl
= 14

6 different answers

(d)2 3, 4,5 6
3|1+~ |S
=23

4 different answers

(€2 3, 4,5, 7

Z X 3 + 7'
=13
6 different answers

(G) 3, 4, 6, 7, 9

f-’- + 3 X .;
=25
4 different answers

(m)4, 5 7,8 9

7]-[5]+ [
=27
2 different answers

You® /adolygumathemateg

E-j.

(b)2, 3, 4, 5, 6
3 x L’- + 6
=18

2 different answers

©2 3,45 6
S|* 6]+ 4
=22

4 different answers

"2 3,45 6

L’-+5xé

(€2 3, 4 5, 6
3]+ 4]~ [6
=27

2 different answers

(h)2, 3, 4, 5 7

= 34
2 different answers

:—,—+3XB

=19
6 different answers

()2, 3, 4, 5, 7
4= -5
=33

2 different answers

K3, 4 6 7,9
3 x [ G| + 7
=27

6 different answers

(n)4, 5 7,8 9

()3, 4, 6,7, 9
7 [#[3
= 43

2 different answers

(0)4, 5, 7, 8 9

5] [l < [3

51-18]+19

= 4]
4 different answers

= 49
4 different answers

Page 24
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Multiplication

Is multiplication commutative? For example, is the answer to 4 x 5 the same as,
or different to, the answer to 5 x 4?

90000 0000
90000 0000
00000 0000
00000 0000

0000

We see from the above diagrams that multiplication is commutative, because
the answers to 4 X 5 and 5 x 4 are both 20. We can therefore write the
equation

4x5=5x4

Agreeing that 5 is the answer to the sum 2 + 3, it is reasonable to write 2 + 3
instead of 5 in the above equation:

4x2+3=2+3x4,

Remembering that multiplication takes priority over addition, what is the
answer to the sums on both sides of this equation?
Left side: 4 x 2 + 3 Right side: 2 + 3 x 4

v 1)
—‘..
O)
)\
N
+
N
()
¥

b o o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e o e e e e e e e e e e e e e e = = e o e

None of the answers above are equal to 20, so we have a problem! We fix this
by introducing a pair of brackets into each side of the equation, writing

4x(2+3)=(Q+3) x4

Each side does now give 20, if we insist that any sum in brackets takes priority
over any other addition or multiplication sums.

@mathemateg Page 25
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RULE: In any sum including brackets, the sum in the brackets
) must be completed before doi hing el
pleted before doing anything else.
T CE——_ | —

@)

Giving priority to sums in brackets ensures that we do not break the
commutativity of multiplication.

Exercise

@5x(4+2)=30 O@+2)*x5230 (94x(5+2)=2F
GE+2)x4 =26 (@©5+@+2) 2] H2x@4+5) ZI8
@G+49x2 =1 (M2xExH=40 (5x2+4 =230

Challenge! A

Repeat the above exercise, but this time ignoring all the brackets (so that
question (a), for example, changes to 5 x 4 + 2). Two of the answers stay the

same — which ones? (e') ond (‘\\

Exercise

@ @+2)x@B+5)SHF B)10x2+6)=2FO (9 (*2)+(4x3)222
(d) (4x2)+(3x5) 223 () 10+ 2x6) =22 (H(G+2)x(“+3) —4q
(®4x(2+3)x52(00 (h)(10+2)x6 =32 ()5x(2+4)x3290Q

(4=x2+3x5 <23 (K10x2+6 =26 ()5x2+4x3=22

(M4+2x3+5=]§ (nN)10+2x6=22 (o) (5x2+4) x3=42

So far, we have decided on the following order of operations.

Sums in brackets
WMultiplication sums

Addition sums

("> &

Where do subtraction and division sums fit into this puzzle?

Y /adolygumathemateg Page 26
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Addition and subtraction sums

Let us consider the following four sums.

8+4+2

8+4-2

What do you notice about the sums?

8—4+2

The Mathematics Department

8—4-2

Complete the table below to answer the sums in two different ways: first by
doing the red sum to begin with, and then by doing the blue sum to begin with.
Leave the final column of the table empty, for now.

Sum

Answer when
starting with
the red sum

Answer when
starting with
the blue sum

Which sum
heeds to be
done first?

8+4+2

(A4+2=hf

Fto=1t

Does not matter

8+4-2

2-2 =\0

g+ =10

Does not matter

8—4+2

442=6

3 —6=2

Red.

8—4-2

Y4-2=2

g8-2=6

Red

The answers in the first two rows are the same, but the answers in the final two
rows are different. Which answer is correct each time!?

Because it is possible to write every subtraction sum as an addition sum, using
the additive inverse, we can re-write the final two sums as addition sums like this:

8+—4+2

Answer these sums in two ways:

8+—4+-2

Sum

Answer when
starting with
the red sum

Answer when
starting with
the blue sum

8+—4+2

H4+2=6

34-22 6

8+—4+-2

H4+-2 =2

g+-6=2

The answers in each row of the above table are the same, so we can use them
to complete the final column of the first table, and state which sum needed to
be done firstin8 -4+ 2and 8 -4 — 2.
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In each of the four examples on the previous page, starting with the sum
appearing first on the left (the red sum) leads to obtaining a correct answer.
This in turn enables us to establish the following rule.

@ RULE: Given two or more addition or subtraction sums, =
we must complete them by working from left to right.
T R
Exercise
@9-6+3 =& b)y9+6-3=12 ©9-6-3 <O
d9+6+3 = 1§ e 6-3+9 =12 H6+3-9 =0
@6+9-3 =12 h6-9+3=0 H)3-6+9 =&

) 10-3+5 = |2 kl0+3-5 =R )10-5+3 =8
(m) 127+ | =6 M7-12+1 ==l ©) | +7-12==Y
Exercise

@2x3+4-5<§  ())2+3x4-5 =9 (2+3+4x522§
(d)2-3+4x5 =219 (92+3-4x5=~I§ (H2-3x4+5 =-§
(g 6x3-2+7223 (h)3x2-7+6=5 H2x7-6+3 =)
6+3%x2-7 =26  (3+2x7-6 =10 ()2+7x6-3 =4}l
(M6-3+2x7=(F ()3-2+7%x6=43 (o)2—7+6x3:.l3
Exercise

Complete the following equations by writing +, — or X in the boxes.

@) 3[F]4[F]5= 12 (b) 3 [X] 4[+]5=17 (c) 3[+]4 [X] 5 =23
(d)3[X]4[x]5=60 ()3 [xX]4=15=7 (N 3[F]4[=15 =2
(g) 31415 = —6 ()34 [X]5=—-17 ()3[=4[+]5=4

Challenge! A

Use the numbers 2, 3 and 4 and the operations +, — and X to create sums with
as many different answers as possible.

Y /adolygumathemateg Page 28



Ysgol y Creuddyn The Mathematics Department
Division

Is dividing two numbers commutative or noncommutative?! For example, is the
answer to the sum 4 + 2 the same as, or different to, the answer to 2 + 4?

Exercise NO“COMM IAEAL;\IQ

Write = or # in the middle.

8x4 = 4x8 8+4 # 4+8
4x8 = 8x4 4+8 # 8+4
12+3 # 3+12 12x3 = 3x 2
5x2 = 2x5 5+2 # 2+5

Take care with these next ones!

5x4 # 4+5 9+3 = |2+4
10+2 = 5x| I5+3 = 30+6
4x6 # 6+4 2x3%x4 = 4x3x2

Division as multiplication: using the multiplicative inverse

Let us consider the division sum 6 + 2. We can think of this sum as starting with
six yellow counters

000000

and dividing them into two equal parts containing three counters each.

000 000

So, 6 +2=3.
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Here is a different way of thinking about the sum. Instead of dividing by two, we

. T o e | .
can multiply by the multiplicative inverse of two, namely > So, instead of

writing 6 + 2, we write 6 X % We can think of this sum as arranging six half

counters in a row

A A A A A A

which come together to form three whole counters.

000

So, as before, 6 + 2 = 3.
Exercise

Werite the following division sums as multiplication sums, using the multiplicative
inverse.

[ 1
@8+2 = 8X3 , ()8~ 4-8X ©6+3z bx3
(d) 12+ 6 'llxz () 12+3 I2)(5 Ml12=12 <A “2
(821 +7 -zlxi (h)24 =8 -J',‘f_",3 (i) 45+ 9 :4,5-,(7
Exercise
Write the following multiplication sums as division sums.
@10 =j6=2 ®O6xi=b=3 (©20x; =207Y

@10x: =109 (e)exloé':'é () 20 x — =20-10

5

(8)42"% "“"3"6 (h)44x Lflf'-ll (i)28x% ;zg-}?
ot 272000355 gy

Calculate the answers to all the sums in the above two exercises. = <
Challenge!& ‘)—,2 ’5, 2, ', '2., q"-l-' +

Huw weighs six times as much as his cat, Jess.
Holding his cat in his hands, Huw stands on a weighing scale.
The scales show 42 kg.

What is Huw’s weight? 36'53
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Multiplication and division sums
Let us consider the following four sums.

8 x4 x2 8x4+12 8+4x2 8+4+12
What do you notice about the sums?

Complete the table below to answer the sums in two different ways: first by
doing the red sum to begin with, and then by doing the blue sum to begin with.
Leave the final column of the table empty, for now.

Answer when Answer when Which sum
Sum starting with starting with needs to be
the red sum the blue sum done first?

8x4x2 | 32 x2=bY| § %8 = b | Does not matter
8x4+2 [ 32-2z1b | ¥X2 =] b | Does not matter
8+4x2 | 2x2=487%= [ | Red
8-4-2 | 252> [372=4 | Red

The answers in the first two rows are the same, but the answers in the final two
rows are different. Which answer is correct each time?

Because it is possible to write every division sum as a multiplication sum, using
the multiplicative inverse, we can re-write the final two sums as multiplication
sums like this:

| I
8 % 2 x 2 8 % 7 X 3
Answer these sums in two ways: (Hint: i X % = é.)
Answer when Answer when
Sum starting with starting with
the red sum the blue sum
I - I _
Bx3x2 Z’('Z-"‘f‘ Bxz =4
I ) o
8 x o x l)(a:., 87(2_41

The answers in each row of the above table are the same, so we can use them
to complete the final column of the first table, and state which sum needed to
be done firstin8 +4 x2and 8 + 4 + 2.
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In each of the four examples on the previous page, starting with the sum
appearing first on the left (the red sum) leads to obtaining a correct answer.
This in turn enables us to establish the following rule.

© RULE: Given two or more multiplication or division sums, o))
we must complete them by working from left to right.
T— | —

Exercise

(@ 6x2+3 =4 b)6+2x3 =9 ©6+2+3 = |
d6x2x3 =36 ()2x6+3 = tf MHe+3x2 =
g 12+2%x3 = |B (h)12+3x2 =B (12+3+2 =2
()5x6+2 =15 I18+3%x6 =23k (1x2x3 =6
m8x3+6= & (nN)40 +5+4 = 2 (0) 100 = 10 x 10=1 00

Here is a summary of the order of operations in mathematics.

Sums in brackets

WMultiplication and divisiow,
working from left to right

Addition and subtractiow,

o= )work‘mg from left +o ri@l/wr(;\ |

Exercise

@4+6x2x< |6 b)(4+6)x2 =20 ()4+6-2=9Q
(d4+@6-2) =8 (e)4+6+2 =F H@E+e)+2 =5

(8 12+(3%2)-939 (h)(12+3)%x2-922]) () 12+(3%2)-9 ==
()12+3%x2-9 =9 (9(12+3x)+9 22 () (12-3)x(2+9) =99
M I5+15+3220 () (I5+15 <3210 (o) I5+15+3= L
P)I15-15+3 =10 (9 (5-15+3 =@ () I5+15-3 =23
(5)8+(2x2+3)=1F OB+ *x(2+3)=50 (W) (B+Q2x2)+3 =IJ
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A pair of brackets
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16 -C2+4) —§=2

Here is a mathematical sum without brackets. I 6 -(2 "'""‘8) = '8

What is the answer to the sum?

16 —2+4-8
=10

Now add one pair of brackets to the sum in different ways.

How many different answers can be formed?

Exercise

(5%x2+3 2 (9
(d)4+5x3 =<9
(8)3x(4+5) =27
()3x4+6x2 =2

(M) 6x@2+3)x42 120 (n) 6+ (2+3)x4=26

Exercise

(b)3+5%x2=2 13 )4+5%x2 = 4

@4+Gx3)= 1  H@+5x3 =2F
(h) 3 x (4 +6)= 30 ()3x4+6 =19
) 6x2+3x4 =24 ()6x2+(3x4) =24

(0) (6+2x%3)x4=HR

Add one pair of brackets to the left side of each of the following equations in

order to fix them.
@2+ 4=20
@O -3)x2=12
©10-3-0- %6

Example

@ %=

Exercise

(@) (4+10)+2 =£
d=+4 = 9

@5-4=|

@mathemateg

(c)(6+é+2=5
H2x3+3x2=18

M 10-3-2-1)=10

(b) 10-B +2)=5
(@ 2x(3+3)x2=24

h103-2-1=8

(b) 6+ =6+4 (===
=10 =6
(b)4+10+2=9 (c)4+'2°:°'
@5 = O3+; =F
M4-5 == )5 =3
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S oy TN

Siwan keeps 3 rabbits and 2 cats as pets.

Carwyn asks Siwan: ‘How many legs do all of your pets have’?

Siwan uses the following methods to count all the legs. Which method does not

work? N\e K\w& 3

[Method 114 +4 + 4 +4 + 4 [Method 2] 4 x (3 + 2)
© O O O O C0000
© O O O O |||
© O O O O C0000
© O O 0 O ||
C0000
C0000
[Method 3] 4 x 3 +2 [Method 4] 4 x 3 + 4 x 2

For each method that does work, try to explain how Siwan went about counting

the number of legs using that method. SQQ u.e ‘;QOde”sauak .
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Let us consider two of the methods that did work from the previous page.

4% (3+2) 4%x3+4x2
00000 = 000 ©0
000 00
00000 000 00
Q00 00
00000
00000

In the first method, we multiply 4 by a group of numbers added together in a
bracket. In the second method, we multiply 4 by the individual numbers (the
ones appearing in the previous bracket) and then add the answers. This is an
example of distributivity in mathematics. When moving from the first method
to the second method, we say that the 4 is distributed across the 3 + 2 to give
4 x 3 and 4 x 2. Here are some more examples.

3x(2+4)=3%x2+3x4 5x(6+9)=5x6+5x9
2x(7+11)=2x7+2x|]| 12x (1 +8)=12x]+12x8
Exercise

Fill in the blanks below.

@ 4x(2+3)=4x[2]+4x3 (b)4x(2+3)=4x2+[4]x3
(€©)4x(2+[3)=4x2+4x3 d)[A]x2+3)=4x2+4x3
(€ 5x(3+7)=5%x3+5x[7] A 5x([A]+7)=5x4+5x7

@e]*x(3+7)=6x3+6x7 (hy6x(3+8)=[¢]x3+6x8
() 10x(4+9)=[10]x4+10x9 ()8x(3+5)=8x3+8x|[5]

()7 x3+7x[A]=7x(3+4) ()7x5+7%x6=7x(5]+6)
(M)7x7+7%x8=7x(7]+8) () 17x7+[F|x8=17 x (7 +8)

(0)23x4+23x6=23x(4]+6) (p)8x(9.2+08) =8x[02]+8x08
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Using Distributivity

It is possible to use distributivity to split complex sums into simpler sums.

Example

6x17=6x(10+7) 4 x 148 =4 x (100 + 40 + 8)
=6x|10+6x7 =4x]100+4%x40+4x8
=60 + 42 =400 + 160 + 32
=102 = 592

Exercise

Use distributivity to answer the following sums.

(@ 6x14 =T b)3x 14 =442 () 3x24 =F2
(d)3x104 =312 (€)3x 140 =420 ()3 x 146 =438
@4x27 =109 (h)7x322 224 ()9x68 =612
G)2x 145 =290 (k)7 x 145 = (619 ()7 x 345 =2415
(m)3x7|;2|3 (n)3x70|:2.|o3 (0) 3x7001= 210673
P)9x18 =[b2 (@) 9x38 =342 (9x98 =FB2
(s)5x 64 =320 (©) 5% 136 = b¥0 (u) 5 x 2016 =10 980

We can also use distributivity to combine sums in order to simplify them.

Example
4x6+14x4=14x(6+4) 6x23+6x7=6x(23+7)
=14 x 10 =6 x 30
= 140 = 180
Exercise

Use distributivity to answer the following sums.

@) 18x7+18x3%18(0 (b) 18x8+ 18 x2=140 (c) I8 x 98 + 18 x 2= Q0
(d)27x6+27%x4 2230 (e) 5% 13+5%x7 2100 4x34+4%x6 =140
(€)24x9+24x 1224¢) (h) 132 x 7+ 132 x 320320(i) 2 x 178 + 2 x 22 =00
()63x2+63x8 =630 (K)3x41 +3x59 £300()2.7x4+27x6 -2F
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Distributivity also works with subtraction sums.

Example
3x29-3x23=3x(29-23) 43 x |7-33x17=(43-33)x 17
=3x6 =10x 1|7
= |8 =170
Exercise

Use distributivity to answer the following sums.

(@) 3x27-3x23212Z (b)3x37-3x32=15 (c)3x37-3%x27=90
(d) 4 x54—-4x52 :8 (€)4x54-4%x44Z40 ()4%x54-4x4 =200
(g)5%x38-5%x322Z9%) (h)5x48-5x%x43=2% ()5x71-5%67 =20
()27%x3-23%x3 =2 (I18x4-11x4229 ()26x5-16x5 =50
(m)54x6-51 x6=(f (N78x7-77x7=7 (o) 112x8—107 x 8% 40
(P)72x9-64x9 F2 (q)27x 11 -24x 11233 ()76x12-74x 12 =2of
(s)3><|23—3><|2|.':6 (t) 424 x 5—-421 x5 =1\§ (u) 2 x 145 -2 x 45 =200
Exercise

Use distributivity to answer the following mixed sums.

(@) 14x2+14x8 =140 (b) 14x2+14x3+ 14x5=IH0D
(c)I4><2+I4><3+I4><4+=I:1*><OI(d)l4><|3—|4><3 = IO
(e)l4><7+|4><5—|4><2__._,q.o H14x21+14x5-14x%x16 = 140

@ 17x3+17x7 =130 (h)y3x17+7x 172 \FO

) 17x7-17x5 =3 ()18x17-5x17-3x17 = |70
K 6x18 =169 () 4x29 =il

m) 16x7= 112 n)36x8 = 28%

(©) 16x7+4x7=140 (P)40x8-4x8 =238

(@ 154x3 =HE&2 ") 416 x2 = §32

(s) 154 x3-54x3 =)00 ©416x2-2x2 = 2B
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Associative operations

A mathematical operation (like addition or multiplication) is associative if
re-arranging the brackets in a sum, as shown in the following exercise, does not
have an effect on the answer to the sum.

Exercise

Answer the following sums.

(@)@+4)+2 = (b)8+(4+2) =14
€ (8-4-2 = 2 d8-(4-2 =6

() 8x4)x2 = bif M8x@4x2) =p4
g B+4=+2 =) (h)8+(4+2) = 4

Exercise

Write = or # in the middle.

@8+4)+2 = 8+(4+2)

8-4-2 # 8-(4-2)

(8x4)x2 = 8 x (4 x2)

(8 +4) +2 # 8+ (4+2)

Fill in the blanks: Out of addition, subtraction, multiplication and division, the

two associative operations are a»\ k\'d'\ and N!\:([’l‘wl"\ﬂﬂ .

and the two non-associative operations are SMWOJ.:\G'\ and
a:iss;m

With associative operations, it is possible to use their associativity to help us
answer sums that contain these operations. For example, in 8 x 4 x 2, is it

easier to answer the sum by doing (8 x 4) x 2, or by doing 8 x (4 x 2)?
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Exercise

Pair the following bubbles. (The first one has been done for you.)

(4+9)+3 e

(7x2)x4

8+ 1) +3
8+ (2 +7)
8+2)+7
4+(9+3)
(4%3)x9
7%x(2x%x4
ey 8+ (1 +3)
Exercise
Werite = or # in the middle.
0x(5%x2) = (10x5)x2 12+(6+2) # (12+6)+2
(10-5) =2 # 10-(5-2) 12+4(6+2) = (12+6)+2
0x(5x2) # (10x5)x3 12-(6-2) = (12-2)-2
(10x5)x2 # 10+ (5+2) (12%6)x2 = 12x(6x2)
0x(5x2) = 10x(2x5) 0+(6+2) = (0+6)+2
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The following equations all show the associativity of addition or multiplication.
In each equation, circle the side that is easiest to calculate.

Example
(a)= |7+ 3+ 18)
17 + 3 bonds
to 20
Exercise
(Hf (16 +4)+ 1816+ (4+18)

©@3+8)+ 12423 +(8+12))
(e)(25 + 15) + 47X 25 + (15 + 47)
(©) (39 +23)+7=G9 + (23 + D

Example

(b)(l3><5)><2=

13 x |10 is easier
than 13 x5

® (17x5 x 2 L7 x (5 x 2D
(d)@ x 5) x 27 D2 x (5 x 27)

(f) (23 x 4) x 5 23 x (4 x 5))
(h(25 x 4) x 7 25 % (4 x 7)

Calculate the answer to (58 + 27) + 3, using associativity if required.

(58 +27) + 3 =58 + (27 + 3)
= 58 + 30
= 88

Exercise

Using associativity (recognising a bond to 30)
Calculating the sum in brackets
Adding the numbers

Calculate the answer to the following sums, using associativity if required.

(@ 42+8)+31 =g |
(©)3+8)+12 =43
€ B4+17)+3 =S+
(0 48+ (23+7) = F9Q
i)14+©6+79 =99
() 35+ (15+128) =199
(m)34+16+47 =qF

You® /adolygumathemateg

(b) (5%x2)x18 = IFO
d(17x5)x2 = IFO
M (7x25) x4 = F00
(h) 18 x (5 x2) = |96
()20x(5x9) =q00
2x@8x5 = O
M 19x5x2 =190
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Commutativity and Associativity
Example

Use commutativity and associativity to re-arrange the sum 2 x (17 x 5) to give
the sum (2 x 5) x |7,

2 x (17 x5)

=2x (5% 17) Using the commutativity of multiplication
=(2x5)x17 Using the associativity of multiplication
Exercise

Use commutativity and associativity to re-arrange the following sums.

Original sum Sum after re-arranging

@ 2x(I8x5) (2% 5)x |8 1?0
(b) 2% (16 x 5) (5x2)x 16 16 O
(©) 4 x (24 x 5) (4 x 5) x 24 Hg]0
d) 5x(18x6) (6 x 5) x |8 540
(e) (24 % 5)x2 24 x (5 % 2) 240
A (5 %27) %2 27 % (5 % 2) 270
(g) (7 x25)x4 7 x (25 x 4) 090
(h) (9 x 20) x 5 9 x (5 x 20) Q00

Exercise :,‘
Calculate the answers to the sums in the above exercise.

Challenge! A

Use commutativity and associativity to re-arrange the sum
8x(2x23)x(19%x5)x5
to give the sum

(2 % 5) x 23 x |9 x (8 x 5)
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Example

Use commutativity and associativity to re-arrange the sum 14 + (19 + 16) to
give the sum (14 + 16) + |9.

14+ (19 + 16)

=14+ (16 +19) Using the commutativity of addition
=(14+16)+ 19 Using the associativity of addition
Exercise

Use commutativity and associativity to re-arrange the following sums.

Original sum Sum after re-arranging

(a) 25+ (39 + 15) (25 + 15) + 39 9
(b) 52+ (27 + 38) (52 + 38) + 27 (3
(c) 15+ (45 + 34) (15 + 45) + 34 9+
(d) 17+ (41 + 33) (17 + 33) + 41 q |
(e) 17+ (41 +33) 41 + (17 + 33) 9
) (56 +21) + 24 21 + (56 + 24) [0)
) (Bl+11)+49 31+ (11 +49) T |

(hy (32+126)+ 118
() (32+126)+ 118
() 0.8+ (0.15+0.2)
(k) (0.45+0.12) +0.15

126 + (32 + 118) 2?.6
(118 +32) + 126 236
(0.8 +0.2) +0.15 1.5
0.12 + (0.45 + 0.15) 0.2
Exercise

Calculate the answers to the sums in the above exercise.

Challenge! A

Use commutativity and associativity to re-arrange the sum
8+(3+9)+(6+2)+7
to give the sum

2+3)+6+(7+8)+9
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